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Abstract

Eruptive bushfires or wildfires and any other form of unsteady fire-spread involve a process of
dynamical interaction between spread rateR and fireline intensity I . If for example, spread rate
changes abruptly, the intensity is then adjusted more slowly as the amount of vegetation that is
actively pyrolysing varies through the initiation of flaming in new vegetation and the burning
out of previously ignited vegetation.

Using a fairly simple model description for the movement of a narrow zone of pyrolysis
through such a vegetation layer, which thus generalises an earlier approach [1], the unsteady
dynamical behaviour of a fireline is examined. In its simplest expression, the intensity can be
determined as a weighted integral of previous rates of spread from a burnout time into the past
up to the present moment. The weighting arises because different parts of a stratified vegetation
layer can contribute differently to the overall intensity of an evolving fireline. The problem is
closed, dynamically, if the rate of spread is then expressed as a function of the intensity.

By examining a power-law expression for a rate-of-spread law, of the form R / I � , it is
found that fires have stable rates of spread in all sublinear cases (having 0 < � < 1). This is the
usual nature of fire-spread that is found in the field. But eruptive fire growth is also sometimes
observed in the field and this is found to be reproduced by the model in linear cases (� D 1)
or superlinear cases (� > 1) provided only that a dimensionless ratio (here called the ‘Byram
number’) exceeds unity in value. These features are shown to arise for any realistic form of
weighting in the integral that is used to determine the intensity, modified only through relatively
modest differences of detail.

Introduction

Most existing models for the spread of bushfires or wildfires implicitly assume that the fire
spreads in a quasi-steady manner, having a rate of spread R that is fully determined under
any given conditions of wind, vegetation and topography. Widely used simulation programs
such as BEHAVE [2] and FARSITE [3] adopt this approach, making use of the formulations
of Rothermel [4] and Albini [5] (themselves built on experimental correlations and theoretical
insights) to provide spread rates for fires that have evolved towards an equilibrium rate of spread.

Some commonly used formulae relating properties of these fires can only hold when the fire
is spreading steadily. For example, the fireline intensity I of a line fire is defined as the chemical
energy from the vegetation that is released as heat through combustion, per unit transverse
length along the fireline. For a fire that spreads at a rate of R m s�1, consuming a fuel load
of m kg m�2 and releasing an energy of Q kJ kg�1 as the vegetation is ultimately oxidised, a
simple energy balance identifies the fireline intensity as I D QmR kW m�1. This formula,
generally called Byram’s fireline intensity in the forest fire literature [6, 7], is frequently used as
if it was the definition of fireline intensity whereas it is only correct under steady conditions.
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Interestingly, in his original article, Byram [8] was not so categorical and presented an
alternative formula for fireline intensity in the form I D d Pq (not Byram’s notation) where d m
represents the ‘depth’ of the flaming region, or its length from front to back of the fire, and
Pq kW m�2 is dubbed the ‘reaction intensity’ within the flaming region. This formula is valid
for both steadily and unsteadily spreading firelines as long as the reaction intensity remains
constant through the flaming region.

In a later article, Albini [9] made clear that he would not have expected the quasi-steady
spread-rate formulations to extend into general circumstances. His objective in this much ne-
glected paper was to offer an explanation for the unduly large, almost resonant response in
spread rate and intensity that can be encountered when fires are subjected to some unsteady
winds. His article discusses important features that must interact in any unsteady evolution. For
example, he noted that the time-scale for gaseous mixing-controlled oxidation and the response
time over which the spread rate R of a fire adjusts itself to variations in the intensity I are
likely to be relatively short when compared with the ‘burnout time’ �b of the vegetation. On the
other hand, the intensity of a fire with (say) an abruptly altered spread rate should evolve over a
time-scale that is of the order of the burnout time.

This comes about, in its simplest terms, through an adjustment of the flame-depth d . For
example, if a fire has been spreading steadily for some time at a speed R1 under a mild wind,
it would have developed a flame depth of d1 D �bR1 and generated a fireline intensity of
I1 D QmR1 D d1 Pq; it follows that Pq D Qm=�b so that I1 D d1Qm=�b. However, if
a sudden wind change increases the spread-rate to R2, the intensity would not also increase
instantaneously to QmR2. Instead, the leading edge of the flaming region would initially move
at a faster speed than the trailing edge, progressively increasing the flame depth d until it reaches
a new equilibrium value of d2 D �bR2 after a burnout time �b has passed (when the trailing edge
then advances at the speedR2). Along with this, the intensity I D d Qm=�b would also steadily
increase towards its new equilibrium value, as d increases towards d2. In the interim, the value
of the ratio QmR2=I D d2=d , or ‘Byram number’ (see below), would exceed unity.

Recent work [1] has taken the ideas of Albini [9] further and has shown that the way in
which intensity feeds back into spread-rate can lead to quite different evolutions of fire spread,
depending on whether or not the feedback is sublinear. Under sublinear conditions, which
would involve having R / I � (for 0 < � < 1) the fire always evolves towards a steady
equilibrium spread-rate. But under linear or superlinear conditions the spread rate accelerates
whenever a quantity, which is dubbed the ‘Byram number’ in [1], is greater than one. The
Byram number, which is defined simply as

B D QmR=I

is clearly exactly equal to one under steady flame-spread conditions (when I D QmR). When-
ever it is not equal to one, the flame must then be propagating in an unsteady way. The value of
the Byram number B is therefore a good indicator of unsteadiness in fire spread.

So far, the articles that have examined unsteady bushfire behaviour in this way [1, 9] have
all involved simplified situations in which pyrolysis rates or reaction intensities are taken to be
constant. That is, quantities such as Pq would always be equal to their overall mean valueQm=�b

and would remain constant throughout the burnout time. This might be a reasonable approach
if the vegetation were to consist only of a single component. But if, for example, the vegetation
were to contain a range of fine and coarse fuels, each with a different partial fuel load, the finer
fuels are likely to be completely pyrolysed over a shorter period of time than the coarser fuels.
Thus it would be realistic for the mass-loss rate from the vegetation (and consequently the rate
at which vegetation contributes to the gaseous exothermic chemistry) to vary with time from
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Figure 1: A schematic illustration of an unsteadily evolving fireline in which a thin region of
pyrolysis at the interface y D �.t; x/ spreads into unburnt vegetation at a burning speed S .

the moment that the vegetation first begins flaming at any point.
This article examines situations of this type, in which the fireline intensity depends on the

total rate at which mass is lost within the flaming zone, including situations in which this mass-
loss rate is not constant over the burnout time �b. Although the problem can be formulated in
different ways (as in [1]) only one relatively simple approach is detailed here.

Model

In order to focus on a straightforward but illustrative model, a good starting point is to
consider a bed of vegetation that has a vertically stratified structure, of height h, as illustrated
in Figure 1. The fuel thus consists of different densities %.y/ at different heights y, integrating
to the total fuel load m between y D 0 and y D h.

The discussion that follows selects only one possible mode in which fire can spread through
the vegetation and serves to demonstrate how equation (4), presented later, below comes about.
Other situations would lead to a similar result, suggesting that this equation can provide a
generic simplified model for the accumulation of intensity in a spreading fireline. For example,
it is relatively easy to see that the same form of equation as (4) would arise in a relatively thin
vegetation layer in which vertical engagement in the fire occurs rapidly at the onset of flaming,
but different vegetation components with different partial fuel loads would be consumed more
slowly over a range of different burnout times.

Keeping the approach simple but realistic, a situation will be considered here in which
the vegetation pyrolyses rapidly in a narrow region around an interface y D �.t; x/. The
fuel should thus be relatively fine (for this situation to arise) so that its pyrolysis time is short
when compared with the time taken for the interface to spread through the vegetation layer.
This spreading is taken to occur at a burning speed S.y/ that varies with the local vegetation
properties, so that it too varies with vertical height y; other nonlocal factors, such as radiative
and convective heat flux through the burning interface, are taken either to be uniform or to
contribute in such a way that S.y/ remains a known function of y. Some factors that determine
the burning speed S are discussed in [1].

The flame begins where x D X.t/ and �.t; X/ D h, with the leading edge of the flame mov-
ing forwards at the spread rate dX=dt D R.t/. This description is a modest development from
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earlier models [1, 9] and it leads to the partial differential equation for the interface y D �.t; x/

�t D �S
�
1C �2x

�1=2 for 0 � X.t/ � x � d.t/ with �
�
t; X.t/ � d.t/

�
D 0 (1)

so that S acts as a normal rate of advancement of the interface and d is the flame depth. Since
� is the vertical location of the interface at a fixed value of x, the rate of decrease in its value,
namely ��t is greater than the normal spread-rate of the interface S whenever �x is not zero.

Any small element dx within the flaming region encounters a mass-loss rate of vegetation
of %S .1C �2x/

1=2 dx, as the interface advances. If the calorific value of the pyrolysis vapours
produced is Q, which could also (in principle) vary with height, and if all of these vapours
are burnt relatively quickly to release their chemical energy, the fireline intensity can then be
expressed as

I D

Z X.t/

X.t/�d.t/

Q%S
�
1C �2x

�1=2 dx: (2)

In principle, for any known variation of the spread rate R.t/ with time, the evolution of �.t; x/
with time can be followed, from any given initial pyrolysis surface �.0; x/, and the evolution of
the intensity I can be calculated.

In practice, the spread-rate R itself must depend on the intensity I in some way, as well as
depending on external conditions such as wind and slope. This dependence is not yet known for
the unsteady evolution of bushfires although Albini [9] proposed one, as yet untested formula.
Being an issue of central importance, numerous approaches to describing the spread-rate of a
line fire can be found in the bushfire/wildfire literature (for example [9]–[16] and references
therein). However, with the exception of [9] these consider situations in which the internal
dynamics of the fire spread are in a steady state. The focus of this article is to examine key
dynamical aspects of unsteady fire spread, primarily stability and eruptive growth, and to deter-
mine how these must relate to particular forms of the dependence of R on I .

Following [1] a working hypothesis that helps to uncover generic forms of fireline evolution
is arrived at by adopting either of the two simple power-law relations

R

Rs
D

� I

NQmRs

��
or R D B �

I

NQm
(3)

the latter being the linear version of a power law for the case in which the exponent � takes the
value � D 1. In nonlinear cases for which � ¤ 1, the spread rate can be considered to have
a non-zero steady-state value Rs, but for linear variation of R with I , having � D 1, the only
possible value for Rs is zero, requiring the different formulation shown in the second equation
above for which the Byram number B is then constant. For nonlinear variation of R with I the
value of the Byram number clearly depends on the intensity. If Q varies within the vegetation
layer, then NQ in the formulae (3) should be assigned the mass-weighted mean value of Q.

In situations involving steady spread of a line fire, with separation of the air-flow brought
about by buoyancy at the fire, it has been found (for example [17, 18]) that the mean flame
length varies approximately as I 2=3. If radiation is the main heat transfer mechanism and if
radiation is dominated by flame length then this would suggest that the spread rate should also
be approximately proportional to I 2=3.

However, other factors must come into play, as discussed by [11, 15, 16] in the context of
energy balances in steady bushfire spread. Radiation per unit length of flame tends to increase as
the flame gets thicker, since this alters the overall optical thickness and so the emissivity of the
flame. Wind or slope driven changes in flame angle, controlled by interactions between wind,
buoyancy and slope, must alter the radiative transfer. Radiative transfer from hotter to colder
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vegetation must contribute to some degree. Also, if the combustion is incomplete, as it often
is in open-air vegetation fires, not all of the mass-loss is converted into thermal and radiative
energy.

Convective heat transfer is likely to be enhanced as the angle between the flame and the
vegetation is decreased and parts of a turbulent flame more frequently come into contact with
fresh vegetation. Where buoyancy is not strong enough to induce flow separation, as would be
the case in strong enough winds with low enough intensities, convective heat transfer is likely
to be greatly increased. Up steep enough slopes, the buoyancy may actually encourage flow
attachment, as in the notorious Kings Cross escalator fire in 1987 [19]. In attached flow the
burning takes place in an attached plume and if the flame depth becomes very long a great deal
of the burning would be complete before the leading edge of the fire is reached. Thus not all
of the intensity would be involved in driving active flaming ahead of the fire front, although it
would contribute to the flow and thermal field in the attached plume [20].

All of these factors are of relevance in determining the relation betweenR and I , making it a
major challenge to arrive at a general description for fires spreading unsteadily over vegetation.
Many of the effects have been examined in the literature in the context of fires spreading over
solid or liquid impermeable surfaces, for example [21]–[23]. In the context of vegetation fires
the paradigm has centered on steady fire spread leaving open the question of more general
dependence of spread rate on intensity.

This article focuses on the dynamic effect of intensity accumulation, as described by (2) in
its more simplified expression obtained below, when combined with the more generic spread-
rate dependences (3). This has the advantage of providing a fairly general connection between
key forms of dynamical bushfire behaviour and the most essential features of the intensity–
spread-rate relations that can give rise to it.

Further simplification for cases in which R� S

The essential features of the intensity accumulation process in (2) are most easily uncov-
ered in situations for which the spread-rate R is significantly greater than the burning speed S ,
as might arise for example through rapid heat transfer from flames above a thick and relatively
dense layer of vegetation. The value of �2x in equations (1) and (2) is then very small. Neglect-
ing it means that the interface is always dominated by its downwards burning, now taking the
simpler form �t D �S.�/, at a fixed value of x, with � D h at the moment when the burning
begins. If � is defined, for 0 � � � �b, such that

� D

Z h

�

dy
S.y/

with �b D

Z h

0

dy
S.y/

then �t � 1, at a fixed value of x, so that � represents a time-like coordinate, measuring the
time elapsed after flaming is initiated at any position x. Also, since � is a straightforwardly
decreasing function of �, having �� D �S.�/, properties such as S , % and (if it is not constant)
Q can all be considered to vary as functions of � up to the burnout time �b.

Morover, since differentiating �t � 1 gives �xt � 0, the partial derivative �x must stay
practically constant at any position x as time progresses. That is, at a time t and position x,
the value of �x.t; x/ is the same as its value at the earlier time t � �, when the pyrolysing
interface began burning downwards for the same value of x. Also, since �x begins with the
value �x D S=R at � D h, for S � R, it follows that

�x.t; x/ D �x.t � �; x/ D
�x.t � �; x/

��.t � �; x/
D

S.h/

R.t � �/
�

1

�S.h/
D

�1

R.t � �/
:
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The fireline intensity formula (2) can then be transformed into the simpler expression

I D

Z �b

0

Pq.�/R.t � �/ d� with Pq.�/ D Q
�
�.�/

�
%
�
�.�/

�
S
�
�.�/

�
(4)

which would reduce to the form studied in [1] if Q%S were to stay constant. That is, I would
take the form I D Pq d.t/ and changes in fireline intensity would then be determined purely by
changes in flame depth d . In effect, the time-dependent ‘reaction intensity’ Pq.�/ in equation (4)
provides a weighting factor, so that different parts of the flame depth are allowed to contribute
differently to the intensity I . If the spread rate happens to be steady (having R constant) the
intensity becomes

I D R

Z �b

0

Pq.�/ d� D NQmR

which implicitly identifies a formula for the mean or mass-weighted calorific value NQ.
As alluded to earlier, the same form of intensity accumulation as in (4), essentially involving

a weighted integral over prior spread rates, can arise in other situations. As a model, equation (4)
allows for a considerable degree of flexibility in describing the way that a vegetation layer feeds
into fireline intensity. As shown above, it applies in cases where the burning is predominantly
downwards through a stratified and probably relatively dense vegetation layer. Or it can apply
in situations where downward spread is rapid but the vegetation involves numerous components
that become engaged in the pyrolysis process and burn out differently over different time scales
releasing different amounts of energy through the overall burnout process.

Taylor approximation

A revealing way of examining equation (4) in situations where the spread-rate R does not
vary too rapidly with time, is to consider a Taylor expansion in the form

R.t � �/ D R.t/ � �R0.t/C 1
2
�2R00.t/ � 1

6
�3R000.t/C � � �

giving
I D NQm

�
R.t/ � 1

2
�1R

0.t/C 1
6
�22 R

00.t/ � 1
24
�33 R

000.t/C � � �
�

with
NQm D

Z �b

0

Pq.�/ d� and �kk D
k C 1

NQm

Z �b

0

�k Pq.�/ d�

so that the time-scales �1, �2, etc. arise from different moments of Pq.�/. It is readily noted that
if Pq is constant then all of these times are exactly equal to the burnout time �b.

Several forms of variation of Pq with � and their resulting moments are shown in Table 1. As
should be expected, distributions of Pq.�/ that are biased towards � D 0 lead to reduced values
of each of the moments, while a bias towards � D �b leads to increased moments. For example,
in the two very different cases e and g shown in the table, the intensity can be written in the
following forms, involving derivatives of R.t/ and the relevant values of �1

I D NQm �

(
R.t/ � 1

2
�1R

0.t/C 1
5
�21 R

00.t/ � 1
15
�31 R

000.t/C � � � (case e)

R.t/ � 1
2
�1R

0.t/C 9
64
�21 R

00.t/ � 9
320
�31 R

000.t/C � � � (case g)

having coefficients that tend to decrease more rapidly with order in cases that are more biased
towards � D �b (as in case g) partly because �1 is greater in such cases. These formulae
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Table 1: Some of the time-scales �k arising from different distributions of Pq.�/.

Pq

NQm

1

�b

3.�2b��
2/

2�3b

3
p
�b��

2�
3=2
b

2.�b��/

�2b

3.�b��/
2

�3b

6�.�b��/

�3b

2�

�2b

sketch
ζ

bτ

ζ

bτ

ζ

bτ

ζ

bτ

ζ

bτ

ζ

bτ

ζ

bτ
case: a b c d e f g

�1=�b 1
3
4

4
5

2
3

1
2

1
4
3

.�2=�b/
2 1

3
5

24
35

1
2

3
10

9
10

3
2

.�3=�b/
3 1

1
2

64
105

2
5

1
5

4
5

8
5

.�4=�b/
4 1

3
7

128
231

1
3

1
7

5
7

5
3

suggest strongly that the first-moment time �1 provides a suitable representative time-scale for
evolutionary problems, with relatively mild differences arising in the higher derivatives from
different biases in the distribution of Pq.�/.

In the context of the power-law relations (3) for the dependence of the spread-rate R on I ,
for � ¤ 1 or � D 1, this leads to the respective phase-plane relationships

�1

2Rs

dR
dt
� R=Rs � .R=Rs/

1=� or
B�1
2

dR
dt
� .B � 1/R (5)

if the Taylor expansion is truncated at the first derivative. These formulae do not depend ex-
plicitly on any bias in the function Pq.�/ and would generate the same dynamical behaviour on
the time-scale of �1, although the value of �1 itself does depend on Pq.�/ through its definition.
Further differences would arise only from higher derivative terms that are omitted in (5), reduc-
ing the validity of these equations if temporal changes do not happen relatively slowly. The full
effect of higher derivatives is present in the stability analysis carried out in the next section.

Phase-plane diagrams based on equation (5) for various values of � ¤ 1 are shown in
Figure 2. These diagrams all involve two ‘steady’ spread rates (having dR=dt D 0) although
one of these is the zero spread rate R D 0, which would mean that there is no fire; the other
steady spread rate is R D Rs.

In cases having � < 1 (representing sublinear dependence of R on I ) the sign of dR=dt for
any positive spread rate R > 0 is always such that the spread rate changes with time towards
R D Rs; it decreases if R > Rs and increases if R < Rs. Thus the steady spread rate Rs should
be stable. For cases having � > 1 (superlinear dependence of R on I ) values of dR=dt are
negative (so that R decreases) for R < Rs and positive (so that R increases) for R > Rs. The
steady spread rate is therefore unstable and any spread rate below Rs should evolve towards
zero; above Rs the spread-rate increases. Arguing on the basis of energy balances in steady
spread rates, studies by Thomas (1971) and Vaz et al (2004) have also suggested that stable and
unstable spread rates are possible [11, 15].

7



1

0.2−

0.2

3
2

ν = 2

2
3

2

3
2

2
3

1
2

τ1

2Rs

dR

dt

R/Rs

ν = 1
2

Figure 2: Relationships between dR=dt and R as approximated by the first of the equations (5)
for selected values of � ¤ 1. The case � D 1, represented by the second of equations (5) has
dR=dt varying in direct proportion toR, with dR=dt positive forB > 1 and negative forB < 1.

The linear case, represented by the second equation in (5), shows that the zero spread-rate
R D 0 is unstable if B > 1 and is stable if B < 1. That is, if the Byram number is bigger than
one then any positive spread-rate grows exponentially. If it is less than one then any spread rate
decreases exponentially towards zero.

Nonlinear dependence of spread-rate on intensity

Returning to the fuller set of equations (4) and (3), the stability of the steady solutions can
be studied more precisely (without truncation of a Taylor expansion) in the form

R D Rs C " e
˛t=�1

taking " to be arbitrarily small if � ¤ 1 and taking Rs D 0 in the linear case � D 1. Neglect-
ing small terms, it is found that the dimensionless growth rate coefficient ˛ satisfies the same
equation in either case, namely



Z �b

0

Pq.�/

NQm
e�˛�=�1 d� D 1 or 

Z �b

0

Pq.�/ e�˛�=�1 d� D
Z �b

0

Pq.�/ d� (6)

with  D � for � ¤ 1 or  D B for � D 1. Details of how ˛ changes with  must depend on
the actual distribution Pq.�/, but it is straightforward to observe that ˛ must be negative if  < 1,
and positive if  > 1. In the case when Pq is constant, it is easily seen that

 D ˛
ı�
1 � e�˛

�
with other distributions of Pq.�/ providing qualitatively similar results, as is plotted in Figure 3
for each of the distributions presented in Table 1.

In other words, this confirms that the steady spread rateRs is stable ifR depends sublinearly
on I (� < 1) and it is unstable if R depends superlinearly on I (� > 1). If R varies linearly
with I then the spread-rate grows exponentially if the Byram number exceeds one and decays
exponentially towards zero if it is less than one.

Dynamically stable fire spread

Thus relatively simple arguments show that the nature of any unsteady fire behaviour is
closely linked to the manner in which the spread-rate R varies as a function of the fireline
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Figure 3: Values of the growth-rate coefficient ˛ as a function of  for each of the distributions
of Pq.�/ presented in Table 1.

intensity I . The fact that most fires do spread in a quasi-steady manner under constant or slowly
varying conditions, possibly after an unsteady initial transient, means thatR does normally vary
sublinearly with I .

One might therefore expect that, under given conditions of (say) wind w and slope � , the
fire would have a steady spread-rate of Rs.w; �/, which might be determined experimentally
or, possibly, using Rothermel’s [4] or any other formulation. Under unsteady conditions, when
Byram’s formula for fireline intensity is not satisfied, the spread-rate R might then be deter-
mined by a formula of the nature

R.I;w; �/ D Rs.w; �/ �
� I

NQmRs.w; �/

��
(7)

for a suitable power � that is less than one, being simply the nonlinear dependence already
presented in (3) but with dependence on wind and slope now made explicit. Using this formula,
or (3), to calculate the Byram number, it is found that

B D
NQmR

I
D

� NQmRs

I

�1��
D

�Rs

R

�.1��/=�
(8)

so that the Byram number is greater than one (as a result of which the fire accelerates) whenever
R < Rs or I < NQmRs and it is less than one (so that the fire decelerates) when R > Rs or
I > NQmRs.

Although the form of the spread-rate law (7) is fairly speculative at this time (and it differs in
significant respects from a formula offered by Albini [9]) such a law would nonetheless model
unsteady evolutions towards stable quasi-steady spread rates, when solved in combination with
equation (4) for suitable distributions of Pq.�/. Under conditions in which the spread rate R
is not very significantly larger than the burning speed S , the somewhat more complex model
equations (1) and (2) would need to be solved in place of (4), but the same manner of dynamical
behaviour should be expected.

This is because the Byram number is a strong driver of the dynamics. When it is greater
than one the spread rate is greater than the spread rate that would be expected for the current
intensity of the fire. Whether modelled by (4) or by (1) and (2) this must lead to an accumulation
of intensity as long as the Byram number stays greater than one. Likewise, a Byram number
that is less than one must lead to a diminishing intensity.
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Eruptive fire spread

When modelling eruptive fires, there is no starting point in the literature on quasi-steady
fire spread that can suggest the most suitable model for the dependence of spread rate R on
the intensity I . The evidence of the arguments presented earlier (and in [1]) shows that the
dependence must be either linear or superlinear during any eruptive phase of a fire’s growth.

As a fire erupts, its spread-rate and intensity both grow progressively in time (requiring that
the Byram number stays greater than one). It has already been seen that an exponential growth
arises when R depends linearly on I , having the basic form

R D Ri e
˛t=�1 and X D

�1Ri

˛
e˛t=�1 so that R D

˛

�1
X (9)

since dX=dt D R. It follows that the spread-rate R then grows linearly with the distance
travelled, having a constant of proportionality that is the same as the growth-rate factor in the
exponential. From an experimental point of view this would enable an estimate to be made for
the parameter ˛. In turn, the Byram number could be estimated from equations (6) and some
knowledge of the time-variation of the reaction intensity Pq.�/.

If the spread-rate law was genuinely superlinear, having � > 1, then at some stage, the
spread-rate at the front of the fireR.t/would greatly dominate over earlier spread-ratesR.t��/
except when � is close to zero. The integral in (4) would then be dominated by values of Pq.�/
that are close to � D 0 (apart from distributions of Pq in the form of cases f and g, which are
unlikely to be wholly realistic). Changing variables using � D t � & in (4) and proposing
a solution of the form R � A=.t1 � t /

� when the spread rate R is very large, leads to the
approximate solutions

R � Rs

� NQm= Pq.0/

.� � 1/.t1 � t /

��=.��1/
with X � Rs

� NQm
Pq.0/

��=.��1/�
.� � 1/.t1 � t /

��1=.��1/
for describing the behaviour of R close to a time t1 when R itself grows towards an infinite
value. As a result, when R is very large, it can be seen that

R / X�: (10)

This would offer a means of identifying superlinear behaviour in an eruptive fire, through ex-
amining if the spread rate increases superlinearly with distance travelled.

Ultimately, of course, the spread rateR is unlikely to grow indefinitely in value although the
driving factors would persist over some range of intensities. Thus a spread-rate law of the form
R / I � , with � � 1, is unlikely to hold for very large values of R and I . However, because it
does describe eruptive growth for � � 1, such a law must offer a reasonable approximation for
erupting fires over a range of intensities and spread-rates. It is likely that the variation ofR with
I in eruptive fire spread is not a simple power law, but a function that behaves like a power law
with power � � 1 over a significant range of values of R and I , before their growth approaches
some higher intensity limit where the Byram number falls towards unity.

Of course, further study is needed at this stage to establish what relations between R and
I are most relevant for any given eruptive fire and its vegetation conditions. As noted through
equations (9) and (10), examination of the variation of spread rate R with distance travelled X
in any experimental observation offers a practical means of determining how R varies with I in
the internal dynamics that drive the eruption.
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Discussion and Conclusions

Any model for fire-spread that takes into account behaviour that is not quasi-steady has to
address two main points.

The first of these is the manner in which fireline intensity I evolves in response to changes
in spread rate R. This must involve a process of accumulation as the amount of vegetation that
is recruited into supporting the flames either grows or decreases (as it is burnt out). Byram [8]
anticipated this by recognising that one possible expression for fireline intensity should involve
the flame-depth d . His other formula for fireline intensity I D NQmR is more limited because
it is only valid under conditions of steady or quasi-steady fire spread. In order to highlight
deviations from steady fire-spread, it is useful therefore to introduce the dimensionless param-
eter B D NQmR=I (which we name the Byram number) that takes the value one only under
quasi-steady conditions.

In proposing a suitable model for intensity accumulation, some accounting needs to be made
of the amount of vegetation actually involved in the flaming process and the rate at which it is
losing mass. A procedure for doing this has been offered in this article, which allows for the
fact that different parts of the vegetation can contribute differently to the rate of energy release
at different stages in the flaming. An earlier article [1] examined the simpler, but more limited
situation, in which the vegetation was all taken to contribute at the same rate. The intensity
thus emerges as a weighted integral over past rates of spread or, in its fullest formulation, as an
integral related to solutions of a partial differential equation for the movement of a surface of
pyrolysis, that retains information from earlier rates of spread.

As often happens in modelling situations, the simplest model is seen to still capture the
essence of all aspects of the dynamical behaviour. Differences arising from the more general
formulation examined here are found to be matters of detail rather than fundamental change.

The second point that needs to be adressed in any quasi-steady modelling of fire spread is
the way in which the spread-rate R responds to unsteady changes in fireline intensity I . This
relation has barely been touched on in the wildfire literature, with Albini’s work [9] providing a
notable exception. By examining a simple power-law relation of the formR / I � , as a working
hypothesis, different forms of dynamical behaviour are readily identified.

In particular, it is seen that stable quasi-steady spread rates are only possible for spread rate
laws that are (at least qualitatively) of the form R / I � for a power � that is between zero and
one. Albini [9] offered one spread-rate law that is of this form, as was shown in [1]. Another
example is offered in the spread-rate law (7) which would provide for a direct link between
quasi-steady and unsteady formulations for flame spread.

For powers � that are either one or greater, the dynamical behaviour becomes altogether
different. There is then no longer any non-zero stable spread rate and evolutions either lead to
spread rates that decay to zero (if the Byram number is less than one) or to spread rates that
grow indefinitely (if it remains greater than one). There is no body of work on quasi-steady
fire spread that can be drawn on and extended to suggest suitable spread-rate laws in this range.
However, it should be noted that eruptive fire growth is observed in practice [24]–[28] so that
linear or superlinear dependence of spread-rate on intensity is in evidence.

As this article suggests, the manner in which spread rates vary with distance travelled can
offer practical clues about an appropriate expression for the dependence of spread rate on in-
tensity. Although this dependence might not be fitted by a single power over all intensities the
approach would nevertheless identify ranges where different powers can approximate the dy-
namics. This kind of information could be extracted from suitably instrumented laboratory and
field experiments in which unsteady fireline evolutions are initiated either through changes in
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slope, wind-speed or vegetation properties, or through an eruptive fire growth.

Acknowledgements

The encouragement and valued advice of Rodney Weber and Domingos Xavier-Viegas are
very much appreciated as is the financial support of the EPSRC and Manchester Institute for
Mathematical Sciences.

References
[1] Dold, J, Zinoviev, A, “Fire eruption through intensity and spread rate interaction mediated by flow

attachment,” Combustion Theory and Modelling 13: 763–793 (2009)
[2] Andrews, PL, “BEHAVE: behaviour prediction and fuel modeling system,” USDA Forest Service

General Technical Report INT-194 (1986)
[3] Finney, MA, “FARSITE: fire area simulator—model development and evaluation,” USDA Forest

Service Research Paper, RMRS-RP-4 Revised (1998)
[4] Rothermel, RC, “A mathematical model for predicting fire spread in wildland fuels,” USDA Forest

Service Research Paper INT-115 (1972)
[5] Albini, FA, “Estimating wildfire behaviour and effects,” USDA Forest Service General Technical

Report INT-30 (1976)
[6] Pyne, SJ, Andrews, PL, Laven, RD, Introduction to Wildland Fire, 2nd Edition, Wiley, 1996, pg.

66 (also see http://www.forestencyclopedia.net)
[7] Gould, JS, McCaw, WL, Cheney, NP, Ellis, PF, Knight, IK, Sullivan, AL, Project Vesta – Fire in

Dry Eucalypt Forest: Fuel Structure, Dynamics and Fire Behaviour, Report by CSIRO Ensis and
Department of Environment and Conservation: Canberra, ACT (2007).

[8] Byram, GM, “Combustion of forest fuels,” in Forest Fire: Control and Use, KP Davis (Ed),
McGraw-Hill, 1959

[9] Albini, FA, “A Model for Fire Spread in Wildland Fuels by Radiation,” Comb. Sci. and Tech. 29:
225–241 (1982)

[10] Thomas, PH, “Some Aspects of the Growth and Spread of Fire in the Open,” Journal of Forestry
40. 139–164 (1967)

[11] Thomas, PH, “Rates of Spread of some Wind-Driven Fires,” Journal of Forestry 40. 155–175
(1971)

[12] Albini, FA, “Response of free-burning fires to nonsteady wind,” Comb. Sci. and Tech. 42: 229–258
(1985)

[13] Albini, FA, “Wildland Fire Spread by Radiation—a Model Including Fuel Cooling by Natural
Convection,” Comb. Sci. and Tech. 45: 101–113 (1986)

[14] Albini, FA, “Iterative Solution of the Radiation Transport Equations Governing Spread of Fire in
Wlldland Fuel,” Combustion, Explosion and Shock Waves 32: 534–543 (1996)
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