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The core of this thesis is about inferring from inconsistent knowledge bases.
To that purpose we first present and study a probabilistic consequence relation,
>¢. The idea behind this consequence relation responds to the situation where
the set of premises (or knowledge base) consists of the beliefs of a single rational
agent. A sentence in the knowledge base can then be assigned a degree of belief,
corresponding to the degree to which our agent believes the sentence to be true
(which we identify with subjective probability). What we could do next is to fix
a lower bound probability threshold for each sentence in the knowledge base, say
1. It might then be argued that we should be willing to accept as a consequence
of it any other sentence which as a result has, by probability logic, probability at
least some suitable threshold (.

Initially we identify our knowledge base with a finite set of propositions (in
classical propositional logic). Later we extend results by considering infinite
knowledge bases and the possibility of distinct probability thresholds for each
sentence in our knowledge base.

We also present the consequence relation 7 »¢, of the same nature as "¢, with
the difference that n and ¢ are now truth-functional thresholds (within the frame

of Lukasiewicz and Godel logics).
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Chapter 1
Introduction

It is with great frequency that we come across information which is, when
formalized in a classical language, inconsistent.! In the presence of inconsistency
classical entailment explodes.

A good example of inconsistent information is our set of beliefs. It is bound
to be inconsistent. Moreover in most cases it may be so because we are not aware
of such inconsistencies -maybe, if we were, we would revise our beliefs. In some
cases though that does not seem to be reason why we hold them and the Sorites
paradox is a good example of what we mean.

The Sorites paradox goes as follows:

Suppose we have a certain number of objects, say n (if we assume
that n is a large number we will reasonably believe that we have a pile
of objects). Next we start removing objects, one at a time. We may
believe that removing one object cannot make a difference as to turn
a pile into a non-pile. Eventually though, by removing objects one at

a time, we will come down to just one object, which is not a pile.
Let us formalize this paradox with classical propositional logic. Let
p; stand for the proposition 7 objects are a pile’, for all i € {1,...,n}.
The following set of sentences gives form to the paradox:

Ly = {pn, Pn — Pn-1, s D2 — D1, D1}

The paradox rests upon the fact that it seems reasonable to believe

1Unless otherwise stated we will understand inconsistency in a classical way. That is, with
respect to a classical language and classical semantics and entailment.
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each sentence in I'), even though I',, is inconsistent.

This paradox, which originates due to the ambiguity of our natural language
(due to the vagueness in meaning of the word ’pile’) seems to indicate that we

can reasonably hold beliefs that as a whole happen to be inconsistent.

Although of slightly different nature, the next example (known as Kyburg’s
lottery paradox, see [28]) dwells on the same idea.

It goes as follows:

Suppose we have a lottery with n tickets. One of them will be declared
the winner. If n is a large number it seems reasonable to believe that
Ticket ¢ will not win the lottery, for ¢ € {1,...,n} -notice that the
probability of Ticket ¢ not winning, provided the lottery is fair, is "T_l
which, for n large, is very close to 1. On the other hand, it is clear

that one ticket will be the winner.

Let us proceed as in the previous example and formalize the paradox
with propositional logic. Let t; stand for the proposition 'Ticket ¢ will
win the lottery’, for ¢ € {1,...,n}. We will have the following set of
sentences:

Ly ={~t, o, tp, t1 V... Vi, b

The set I',, is inconsistent. However, as in the previous example, it

seems reasonable to believe each sentence in it.

The idea of high probability seems to be behind the formation of such beliefs

in this example.

Other examples of inconsistent information may be easily found. Databases
or legal systems may be or become easily inconsistent.

Suppose we have a legal system with the following two laws:

e Householders are allowed to vote in local elections.

e Immigrants do not have the right to vote in a local election.

But it may be the case that an immigrant be a householder and so such a

legal system is clearly inconsistent. It is true though that this inconsistency is
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pretty obvious but, nonetheless, it is not hard to imagine situations where legal

systems or databases could hold inconsistencies of this nature.

Some theories are clearly inconsistent too. The examples are numerous. We
mention just one in the empirical sciences: The Big Bang theory and Classical
Thermodynamics. When brought together and regarded as a unit we get an
inconsistent theory. It is well known that one of the consequences of the Big
Bang theory is that at some point in time the universe will start contracting.
However, according to Classical Thermodynamics, that cannot happen since the

entropy tends to increase indefinitely (see for example [14]).

But what to do in the face of such inconsistencies? Revise. The world (or,
more generally, what we commonly refer to as reality) seems to be consistent
~holding the belief that there are contradictory objects or events would certainly
be controversial- and so, in as much as such sets of beliefs, databases, or theories
are representations of some bits of this reality (and as much as we want them
to be so —see [16]), they should be consistent and so revised in order to be left
with consistent information. However, it may happen that we do not know how
to go about revising, like in the last example, or that it is not efficient or feasible
to revise. Some argue (see [48]) that revision theory is sometimes an ongoing
process and so we are most of the time reasoning in the presence of inconsistencies
and an inference relation able to account for such reasoning could be desirable.
That is even clearer when talking about our beliefs in general, not just theories.
Even though our beliefs taken as a whole may be inconsistent it is true that we
are able to argue in a reasonable way and draw sensible conclusions out of our
inconsistent beliefs (we do not ezplode in the presence of such inconsistencies).
An inference relation able to account as fairly as possible for our reasoning from

possibly inconsistent sets of beliefs would be desirable.?

The definition and study of some consequence relations able to model such
reasoning in some particular situations is the aim of this thesis. The approach that
we propose rests on the concept of degree of belief. We identify belief functions
with probability functions (based on an identification between coherent or rational

belief functions and probability functions made and justified by De Finetti -see

2There literature about inconsistency and the problem of dealing with inconsistent informa-
tion is abundant. Some survey articles can be found in [2] and [40]. Formal methods for dealing
with inconsistency are numerous. Some are described in [18], [38], [39], [41], [42] and [47].
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[6] or, alternatively, [19] or [46] for a better insight).

1.1 Notation and some definitions

Throughout, unless otherwise stated, we will work with a finite propositional
language L = {pi,...,p}. We will denote its corresponding set of sentences
by SL (finite boolean combinations of our primitive propositions in L) and its
corresponding set of atoms by At”. By atoms we mean all the sentences of the
form

o A A Ep

where +p; and —p; stand for p; and —p; respectively.

Let ¢ € SL. By the Disjunctive Normal Form Theorem (see for example [1]
or [5] for this theorem and its proof) we know that there exists a unique set of
atoms S, C Atr such that = ¢ < \/ Sy, where I is classical entailment (here and
throughout). It is clear that S, = {« € At!| a - ¢}.

Definition 1 Let w : SL — [0,1]. We say that w is a probability function on
L if the following two conditions hold for all 6,¢ € SL:

1. If 0 then w(f) = 1.
2. If E =(0 A @) then w(V ¢) = w(0) + w(e).

From these two conditions the standard properties of probability functions
follow. We cite some without proof (see [37] for a proof and more details).
Let 0,¢ € SL. The following properties hold:

L w(¢ Vo) =w(g)+w(®) —w(dA0).
2. w(=¢) =1—w(g).

3. If ¢ - 6 then w(g) < w(6).

4. If F ¢ < 60 then w(p) = w(h).

It is worth observing that a probability function w is determined uniquely by

the values it assigns to the atoms via the identities

w(9) = w(\/ S) =Y w(w)

ak¢
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and can thus be regarded as a 2'-coordinate vector in Dy, where
Dy = {(21, .., ) |25 > 0, Y a; = 1},
i

Sentences in SL can also be identified with 2'-coordinate vectors.

Let ¢ € SL and define the 2'-coordinate vector gg as follows: For each i €
{1,...,2!}, ¢' = 1if a; I ¢ and ¢' = 0 otherwise.® A finite set of sentences, say
I'={¢1,...,01} € SL can then be identified with a matrix (which we will denote
by Mr) whose rows are the 2!-coordinate vectors corresponding to such sentences.

Though the order that we consider for the columns and rows of M does not
really matter to our purposes we will assume throughout, unless otherwise stated,
a certain ordering for them. The order of the rows will correspond to the order
of ' (assuming T is an ordered set of the form specified above, {¢1, ..., ¢ }). The
order of the columns will match that of the atoms of L, say <, which we define
in a quite intuitive way.

First, for a € At", we define |a| = [{p € L| a - p}|. Now let 4,5 € {1,...,2'},
i # 7.

L. If o] < || then o; < o).

2. Assume now that |o;| = |a;|. Let us take the first propositional variable in
L (which for this purpose we will assume ordered, {p1, ..., i }), say p,, such
that o; + p, and a; = =p, or o = =p, and o; F p,. In the former we will

have that a; < «; and in the latter a; < o;.

That < is a total ordering on At” is clear.

Notice that in Mr we will likely have columns which are identical -which
correspond to distinct atoms in At” logically implying exactly the same sentences
in I". To simplify we will sometimes consider, instead of At*, the set of consistent

sentences of the form
TP N AN EPy

which we will denote by i, ..., G, and set B = {01, ..., Bn}. We will consider B

to be an ordered set.

3Here the superscript denotes the coordinate of a vector. In some other sections the notation
will be slightly different and coordinates will be denoted by subscripts. We also assume that
the atoms of L are ordered and the subscript ¢ in «; refers to that ordering.
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We can define a total ordering < on B as we did above for At”.
For 8 € B, we define || = |[{¢ € T| BF ¢}|. Now let 4,5 € {1,...,m}, i # j.

2. Assume now that |5;| = |5;|. Let us take the first sentence in I, say ¢,,
such that §; = ¢, and 3; - =¢, or §; - =¢, and 3; F ¢,. In the former we
will have that 3; < 3; and in the latter 3; < ;.

By using the sentences in B each sentence ¢; can be identified with an m-
coordinate vector ¢;: For j € {1,...,m}, ¢! = 1if B; F ¢; and ¢ = 0 otherwise.
The matrix of I' (denoted Mr) will then be a k& x m matrix. In some sections,
in contexts where I' is taken to be a set of premises or knowledge base and 6
a possible consequence of I' under some inference relation, it will be useful to
appeal to what we call the matrix for I" and 6 (denoted Mr ), which is given by
the matrix of I' just defined by adding an additional row, that corresponding to
g, defined as follows: For j € {1,...,m}, 69 = 1 if B; 6 and 67 = 0 otherwise.

Let us consider an example:

Let L ={p,q,r},

C={(pVgAr,(gVr)Ap,(rVp) Aq}={¢1, P2, ¢3}

and 0 = p.
Cle&rly B = {ﬂla 627 637 647 55}7 with

B1=¢1 A\ o2 A @3,

B2 = 1 A\ g2 A\ 3,

B3 = ¢1 A g2 A\ @3,
Ba= =01\ P2 N\ @3,

fs = 21 A =y N\ =3,

We will thus have the following matrix for I'" and :

5
>
|
oo O O
— = = o
O|l—= O =
| o =
—| = = =
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The matrix of I" would be the corresponding submatrix of Mr 4:

00111
Mr=1]101011
01101
My would have the following form:
0000O0T1T11
Mr=1000011H01
00001O0T11

We can trivially extend Mt to the matrix My as we did above with
Mr and Mng.

In some further applications we will not consider columns which con-

tain only 0’s for the sake of simplicity.



Chapter 2
Measuring inconsistency

We start by considering some inconsistency measures.

2.1 n-coherence

In [45] Schotch and Jennings talk about the idea of level of coherence of sets of
sentences and, to make the idea precise, they define what they call the coherence

function, c, which in our settings can be defined as follows:

Definition 2 Let ¢: P(SL) — NU{w} ' and T C SL.

If L ¢T, c¢(I'))=m <= mis the least natural number such that
there exist sets Aq,...,Ap, (with A; ¥ L for all i € {1,...,m}) and
UL A =12

If L € T we adopt the convention ¢(I') = w.

Although probably suitable to measure inconsistency in some contexts this
function does not seem to be able to capture certain differences in degree of

consistency that to us seem quite intuitive.

Let us consider Kyburg’s lottery paradox as presented in the introduction. Re-
call that the set of sentences considered in this example to formalize the paradox
was I, = {—ty, ..., t,, t1 V... Vt,} for n € N.

Clearly c(I';,) = 2 —since any proper subset of I',, is consistent (for example,
set Ay = {—ty,...,~t,} and Ay = {t; V ... V t,}). Notice that this is so for any

I'P(SL) is the power set of SL and w is the first transfinite cardinal.
2Here and throughout L stands for classical contradiction.

15
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value of n. ¢(T',) is independent of n. But this is in some way counterintuitive
and we are tempted to argue that the larger the n the less inconsistent I',, seems
to be.

Based on this approach we can give an alternative measure of consistency.

For the next two definitions let I' C SL and 7 € [0, 1].

Definition 3 We say that ' is n-coherent if and only if there exists a collection
A of q copies of some consistent subsets of I' and every sentence in I' occurs at

least in p copies, for some § >.

Let us consider again the set of sentences I',, = {—t1,...,~tpn, 1 V ... V t,}
in Kyburg’s lottery paradox. Every proper subset of I',, is consistent. We can
consider a collection A consisting of a copy of each maximal consistent subset of
I',,. We will have n + 1 such subsets, each containing n sentences. Thus I',, will
be —t5-coherent, which somehow reflects our intuitive idea that the larger the n
the less inconsistent I',, seems to be.

2.2 n-consistency

Next we recall the definition of n-consistency given in [25] and [26].

Let I' = {¢1, ..., 0o} € SL and n € [0, 1].

Definition 4 We say that I is n-consistent if and only if there exists a probability
function w such that w(¢) > n for all ¢ € T' and maximally n-consistent if and

only if I' is n-consistent and there is no A > n for which I' is \-consistent.

Normally we will use the abbreviation w(I') > 7 to mean that w(¢) > n for
all ¢ € I and the abbreviation w(I') = 7 to mean that w(¢) > n for all ¢ € T’
and w(¢) = n for some ¢ € I.

We will denote the maximal consistency of I' by me(I).

It is important to remember that mec(I") is always rational and always at-
tained® by a certain probability function (see [25] or [26] for these and other

properties of 7-consistency).

3That is to say, there exists a probability function w on L such that w(T') = mc(T).
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Lemma 5 There exists a probability function w that assigns only rational values
to the atoms in At* such that w(T') = mc(T).

Proof. Let me(I') = .
Recall from Section 1.1 that we can identify any probability function on L
with a vector Z in Dy and a sentence ¢ € I' with a vector 5 of 0’s and 1’s of the

same dimension. Thus the statement (which we will denote by ©)
"There exists a probability function w such that w(I') = X’

can be expressed in the language of the structure (R, 4+, <,=,0,1,\). Further-
more, O is true in (R, 4+, <,=,0,1, \).

(Q,+,<,=,0,1,\) is an elementary substructure of (R, +,<,=,0,1,\) and
thus © has to be true in (Q, 4, <,=,0,1,\) too. Therefore, there has to exist a
probability function w that assigns only rational values to the atoms of L such
that w(I') = me(T') = A [

Again let B = {f, ..., Bm} be the set of sentences of the form
+p1 A ... N Lo,
that are consistent.
Proposition 6 I' is n-coherent if and only if I is n-consistent.

Proof. Let us assume that I' is n-coherent. Thus there exists a collection A with
q copies of consistent subsets of I' in which every sentence occurs at least p times,
for n < %’.

Assume that A = {A4,...,A,}. Since the subsets A; are consistent we can
take ap, € Atl such that oy, B A;. This way we get a collection of ¢ copies of
atoms in AtY, {ay,, ..., g, }- Now let w be a probability function that assigns to
each atom a € At' probability g, where 7 is the number of copies of « in the

collection {ay,, ..., ak, }. Thus I' will be r-consistent since w(¢) > 2 for all ¢ € I'.

In the other direction let us assume that I' is 7-consistent, n < § = mc(T"). Let
us consider a set of atoms {ay,, ..., g, } € AtF that yields the maximal consistency
of T (that is, there exists a probability function w such that w(\/;_; ax,) = 1 and
w(l') = me(l') = £). Assume further that w is such that w(o,) = £ for some
positive integers p; and ¢;, for each i € {1, ...,r} (we know that such a probability
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function needs to exist by Lemma 5). Let @ be the least common multiple of the

g; and p} be such that 2 = % (and & = g) Let us set now

A:{A},...,A;T,...,Aq,...,A;:},
where A? = {¢ € T'|ay, = ¢} for each j € {1,...,pj}. Notice that in such

collection there are at least P copies of each sentence. Thus I' is coherent to

degree g and therefore n-coherent. |

Corollary 7 There existsn € QN|0, 1] for which T' is mazimally n-coherent (that

is to say, I is n-coherent and there is no A > n for which I' is \-coherent).

We will denote the maximal coherence of I' by MC(I'). We will then have
that MC(I") = me(D).



Chapter 3

The consequence relation 77!><

In this chapter we study different aspects of the consequence relation "¢
which, in a more restricted form, was first presented in [34] (for n = {) and later
extended in [43] (for n, ¢ rational).

The idea behind this consequence relation responds to the situation where
the set of premises (or knowledge base) consists of the assertions held by a single
rational agent, such as ourselves. A sentence in our knowledge base can then be
assigned a degree of belief, corresponding to the degree to which we believe the
sentence is true (which we identify with subjective probability —see [6], [19] or [46]
for a justification of this identification and a better insight into the topic). What
we could do next is to fix a lower bound probability threshold for each sentence
in our knowledge base, say n. It might then be argued that we should be willing
to accept as consequences of it any other sentences which as a result have (by
probability logic, see for example [10] or [37]) probability at least some suitable

threshold ¢. The consequence relation ">¢ responds to this idea.

The natural choice for ( is n itself —that is, that given a probability threshold
for the premises the consequences be at least as probable as the premises (that
was the approach followed in [34]). However, in some situations, the fact that

¢ > mnor n < ¢ may be well justified.
3.1 ">c: Definition and some properties
Throughout this section let ' = {¢y, ..., ¢} C SL, 6§ € SL and n, ¢ € [0, 1].

Definition 8 We say that I' (n, ()-implies 6 (denoted I >¢ 0) if and only if, for

19
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all probability functions w, if w(T') > n then w(f) > (.

The next proposition gives us some information about how the relation be-

tween I'" and 6 under ">¢ is preserved when varying the values 7, (.
Proposition 9 If [ >. 0 then I >e— 0, where (- < ¢ andn <n*.

Proof. 1t follows directly from the definition of ">¢. |

Next we state some properties of ">¢ regarding extreme values for 1, ¢ and

classical entailment.

Proposition 10 We have what follows:

(i)  T"o0 for alln € |0,1].

(it)  Forn > mc(I") we have that T 1> 6.
(iii) For(>0,T b0 < T .

(iv) For(>0,T"p:0 < 1+0.

Proof. Parts (i) and (77) follow immediately from the definition of ">..

Let us prove (ii¢) by reductio ad absurdum. Let us assume that I' ¢ 6, for
¢ > 0, and that I' ¥ . Thus there exists o € At" such that a - ¢ for all ¢ € T’
and a ¥ 6. Then we can define a probability function w that assigns probability
1 to this atom and null probability to the other atoms, which contradicts the fact
that ' >¢ 0 for ¢ > 0. Conversely suppose that I' - § and that w is a probability
function on L for which w(I') = 1 (the result follows trivially if there is no such
probability function). Thus, if w(a) > 0 then a = ¢ for all ¢ € I'. But since
I' - 6 we will have that «a b 0 too, giving w(f) = 1 and consequently I'" »¢ 6 for
any ¢ € [0,1]. This completes the proof of (ii7).

To prove (iv) let us proceed again by reductio ad absurdum and assume that
I 0, for ¢ > 0, and that ¥ 6. Thus there has to exist an atom a € At* such
that o ¥ 6. Then we can define a probability function w that assigns probability
1 to this atom and null probability to the other atoms. That would imply that
I %, 6, contradicting the assumption above. In the other direction, if F 6 then
all probability functions w are such that w(f) = 1 and therefore T'° > 6 for any
¢ € [0,1]. This completes the proof of (iv). |

Proposition 11 I >, 6 for all n € (0,1] if and only if there exists ¢ € I' such
that ¢ F 0.
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Proof. Let us proceed by reductio at absurdum to prove the right implication.
Let us assume that I >, 6 for all € (0, 1] and that for all ¢ € {1, ..., k} we have
that ¢; ¥ 6. Then for all i € {1, ..., k} we can find an atom «;, € {o, ..., ax} such
that a;, F ¢; and «j, ¥ 0. Let us take one such atom for each ¢; and denote by
S the set defined by them. We can define a probability function w that assigns
probability ﬁ to every atom in S and null probability to any other atom. Clearly

w will be such that w(I") > ﬁ and w(f) = 0, contradicting the assumption above.

Conversely suppose that ¢; = 6 for some i € {1, ..., k}. Thus, w(¢;) < w(f) for
any probability function w on L (see Section 1.1). Therefore, for all probability
functions w, if w(I") > n then w(#) > n, for all n € (0, 1]. |

We state now two properties of ">¢, those corresponding to left weakening

(monotonicity) and right weakening.

Proposition 12 We have what follows:

(Z) ]fF" I>Ce then FU{@Z)}W D¢ 0.
(ii) IfT"pe 0 and 0 F 9 then I e ).

Proof. The proof follows directly from the definition of "> and the properties of

probability functions presented in Section 1.1. [ |

The next proposition gives a closure property of the pairs (1, () for which
I l>< 0.

Proposition 13 Let {n,} be an increasing sequence with limit n and {(,} a
sequence with limit ¢. If I'™ ¢ 0 for alln € N then I' ¢ 0.

Proof. Let us proceed by reductio ad absurdum assuming that I'7 ¢, 6. Then
there exists a probability function w such that w(I') > n and w(#) < ¢. But then,
for some n € N, w() < ¢, and, since n, < n, I'™ ph, 6. This contradicts our

assumption. [

We next prove that ">¢ is language invariant.

By language invariant we mean that, given two finite propositional languages
Ly and Ly with I' € SL; N SLy and 6 € SLy N SLy, wy(0) > ¢ for any probability
function w; on L; such that wy(I') > 7 if and only if wy(#) > ¢ for any probability
function wy on Ly such that we(I') > 7 (in other words, I >¢ 6 in the context of
the language L; if and only if I > 6 in the context of the language Ls).
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Proposition 14 The relation ">¢ is language invariant.

Proof. Suppose that I'>¢ 6 in the context of the language L. It is enough to show
that if L* is the language obtained from L by adding a single new propositional
variable p then I'>¢ 0 in the context of L* if and only if I >¢ 6 in the context of
L.

Let us first suppose that w* is a probability function on L* such that w*(I") > n
but w*(f) < ¢. Let w be the restriction of w* to L. Then w will agree with w*
on I' and 6 and so I'" ¥, 6 in the context of L too.

Conversely suppose that w is a probability function on L such that w(I') > 7
but w(#) < ¢. Notice that the atoms of L* are of the form o A +p, where +p and
—p stand for p and —p respectively and « is an atom of L. We can define w* on

L* as follows:

w(a Ap) = w(a),
w*(aw A —p) = 0.

Then, for ¢ € SL,

w(¢):2w Zw (@ Ap)+w (aA-p) = Zw (¢)

ak¢ ak¢ B

where the (3’s range over the atoms of L* since, for ¢ € SL,
alF¢ < aApk¢ < aA-pk .

Hence I'" ¢ 0 in the context of the language L*. [ |

3.2 An equivalent of "> within propositional logic

In this section we derive an equivalent to ">¢ in terms of propositional logic.
The first part of the derivation we present here follows the pattern of that in
[34] for the consequence relation ">,. It first appeared in [43] for the consequence
relation ">¢, where 7 and ¢ were rational values, and we reproduce it here (with

some important modifications).

We start by considering the case of n and ¢ rational, say n = £ and ¢ = ?,



CHAPTER 3. THE CONSEQUENCE RELATION "¢ 23

with ¢, d, e, f € N. We can assume that 7, ( > 0 since, if either of these values is

0, we trivially have an equivalent propositional version by Proposition 10.

So let us assume that

¢ (3.1)
and for the present that ¢ is not a tautology.
Consider B = {f, ..., B}

Let 6; be that m-vector with j™ coordinate 1 if B F 6; and 0 otherwise (i.e.
in case §; F —6;) and let gz_g be the m-vector with j coordinate 1 if 3; - ¢ and 0

otherwise.
Condition (3.1) is equivalent to

Forall # € D,,, if 6, - 7> <

for i € {1,...,n} then ¢ - & > (3.2)

aul
| ®

where

Do = {(21, 000y ) |2 > 0, > 2y = 1},

This follows since for any probability function w,

(w(B1), ..., w(Bn)) € Dy,

and

W) = S w(By) = ;- (W(B), oy w(B)).

Bj-0;
Let 1 be the m-vector with 1’s at each coordinate and let

ISH e

Then (3.2) can be restated as

For all # € Dy, if ;- 7 > 0 for i € {1,...,n} then ¢ -7 > 0. (3.3)
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This is equivalent to the assertion that é is in the cone in Q™ given by

{iaﬂ_j—i—ib]u_ﬂogaz,bj EQ}

i=1 j=1

where ) is the m-vector with j coordinate 1 and all other coordinates 0.! In
other words, it is equivalent to (3.3) that there are some positive a; € Q such
that

n

6> ab; (3.4)
i=1
Written in terms of a common denominator M let a; = % where M, N; € N.
Then (3.4) becomes

Mwﬁ—@ﬁzfywﬂé—dﬁ

i=1

Equivalently

MA(f — )+ ef SONIT > Map(i— 8)+ S dfNd. (35)

i=1
Conversely if (3.5) holds for some natural numbers M > 0, Ny,...,N,, > 0

then we can reverse this chain to get back (3.1).

Now let x1,...,xn € {01, ...,0,} be such that among these x1, ..., xn; the sen-
tence 6; appears exactly df N; times for each ¢ € {1,...,n} (so N = df Y . N;).
Then for 3, ¥ ¢ it follows from (3.5) that the 7" coordinate of 7 is non-zero for

at most
cN — d?eM

_deM+szi:Ni: pi

many j (notice that because ¢ is not a tautology there is at least one such r).

Vo Axte (3.6)

Sc{1,..,N} JES
cN—d2eM
|S|> ="+

Hence

Notice that, by the choice of N, M is an integer and indeed non-negative

1See [34] for a more detailed explanation of this equivalence and [27] (page 50, Theorem 2)
for the result in linear algebra in which such equivalence is justified.
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since ¢ is not a tautology. Similarly if 8. b ¢ then it follows from (3.5) that the

rth coordinate of X; is non-zero for at most

M(f —e)
d

Md(f—e)+cfzn:Ni:CN+d2

1=1

many j. Hence

V Axi kL (3.7)

Sc{1,..,N} JES
cN+d2M(f—e)
ISI>=——""—

Now let
2 _
7 - 1+cN—|—d24(f e)
cN — d?eM

T o= 1
Ty

sol1<T < Z and
Td(f —e) = fcN —edZ + df.

From (3.6), (3.7) we have that

Vo AwtrdL (3.8)

SCc{1,..,N} jES
|S|=2

V. Axite (3.9)

Sc{1,..,N}JES
|S|=T

Td(f —e) = fcN —edZ +df and T < Z. (3.10)
Conversely suppose that for some T, Z € N and xi, ..., xy (not necessarily
those above) (3.8), (3.9) and

Td(f —e) < fcN —edZ +df and 1 <T < Z (3.11)

hold. Then for any atom o € AtY | if o F —¢ then for at most 7' — 1 many j can
we have that o = ;. Similarly if o = ¢ then there can be at most Z — 1 such j.

Hence, using the earlier vector notation but now with the genuine atoms in At”
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replacing the (’s in B we have that

N

E:fg T—-1)I+4(Z-T). (3.12)

Now suppose & € Dy and xj - & > § for j € {1,...,N}. Then dotting each
side of (3.12) with & we obtain

( Vo - T EN T+ 1.
But from (3.11) we have that
EN-T+1 _ e
>
7-T =7
0 qz; > %

To sum up, if (3.8), (3.9) and (3.11) hold then

X155 XN d [>% Qb

and by Proposition 12 (i) (if necessary) we have

Conversely if

91, ,Qn d D? ¢

then there are sentences x1, ..., xy € I' (possibly with repeats) such that for some
Z and T conditions (3.8), (3.9) and (3.11) hold. [Indeed we can even have equality
in the first inequality in (3.11) though for practical purposes it is very convenient

to adopt the weaker version.|

Taking n = § and ¢ = § we now obtain the following propositional equivalent
of ™>.. We Wlll complete the proof of this theorem for possibly irrational 7, (
at the end of the next section (which will assume this theorem but only in the

proved rational case).

Theorem 15 Letn,¢ € (0,1]. Then for 6y,...,0,,¢ € SL,

0,...0, "> 9 =
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Ixt, e X € {01, ..., 0,} (possibly with repeats) and T,Z € N such that

T(1=¢) <nN—-CZ+1, T<Z and

Voo AxrL

SC{1,..,N}j€S
|S|=2

Proof. The proof follows from the above discussion except for the case when ¢ is
a tautology.

Let us then assume that ¢ is a tautology. Then both sides hold since we can
take =N =0and Z = 1. [ |

Theorem 15 allows us to work with 7> entirely within the framework of the
propositional calculus.
To give an idea of how this works in practice let us consider an example.
Let '={pAgpA—-gAr,-pAgAr}and ¢ =r.

To see that indeed I's >2 ¢ it is enough here to take xy; = p A g A r
and xo = -pAgAr (so N =2). Then, for Z =2 and T = 1, the
conditions (3.8), (3.9) and (3.11) in the above discussion hold.

3.3 [ITp: Definition and some properties

We have seen in the previous section that if I > 6 then I' > 6 for any
¢~ < (. In this sense the supremum of ¢ for which I'7 >¢ 6 at each value 7 is of

special interest.

Let us define the map Fr g as follows, for all n € [0, 1]:

Fro(n) = sup {¢|T">c 0}
We now state some basic properties of Frg. The first one is rather trivial.

Proposition 16 It is increasing.



CHAPTER 3. THE CONSEQUENCE RELATION "¢ 28

Proof. Tt follows directly from the definition of ">. |

The next proposition states that, given I' n-consistent, the value Frg(n) is
actually attainable by a certain probability function. The proof of this proposition
makes use of the fact that we can represent sentences and probability functions

as 2'-coordinate vectors (see Section 1.1).
For the next propositions let I' = {¢1, ..., ¢, } € SL and 0 € SL.

Proposition 17 Let I' be n-consistent, n € [0,1]. There exists a probability
function w such that w(I') > n and w(f) = Frg(n).

Proof. Let Mp be the matrix representing the set of sentences I' with respect to
the atoms of L and § the sentence 6.

We can define a decreasing sequence {(,} whose limit is ¢ such that for all
n € N there exists a probability function w, with w,(0) = ¢, and w,(I') > n. By
using the same notation as above we can represent {w, } by a sequence of vectors
{2} such that 6z, = ¢, for all n € N and (Mp(a,)T)? > n for all j € {1, ...,m}.

We need to prove now that there exists a probability function ¥ € Dy such
that 6 - 7 = ¢ and (Mp(2)T)’ >y for all j € {1,...,m}.

We can take a convergent subsequence {#, } in the first coordinates of {,}.
We know such a convergent subsequence needs to exist and converge in the in-
terval [0,1] by compactness —the first components (7,)! of the vectors of the
sequence {7, } are all in the compact space [0, 1]. Next we can pick a convergent
subsequence {Z7 } in the second coordinates of {Z}, }. As before, such subse-
quence needs to exist by compactness. We can proceed in the same way for the
other coordinates.

The final subsequence, {f%lr}, will have as a limit the probability function
Z € Dy such that (Mz(f)T)j >nforall je{l,..,m}and §-7=C. |

Proposition 18 Frj is conver on [0, mc(I)].
Proof. Assume that 0 < 1, < 1y < me(I'). By definition Fry will be convex on
[0, me(T)] if and only if, for all A € [0, 1],

Fro(Am + (1= N)m2) < AFpp(m) + (1 = A) Frg(m2).

By Proposition 17 we know that there exists a probability function w; such
that wy(I') > n; and wy(0) = Fre(m). In the same way we know that there exists
a probability function wq such that we(I') > 1y and we () = Fro(n2).
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Thus we can define a new probability function w as follows:

w(p) = Mwi(¢) + (1 — Ag)wa(¢)

for ¢ € SL.
Then w(F) Z )\17]1 + (1 — )\2)772 and w(@) = )\1Fp79<7]1) + (1 — )\Q)FRQ(T]Q).
It follows that

Fro(Am + (1= A2)n2) < AMFro(m) + (1 — A2) Fro(n2).
Therefore Frp is convex on [0, mc(I)]. [
Proposition 19 Fry is continuous on [0, mc(I")].

Proof. Let us prove it by reductio ad absurdum.
Suppose Fr g is not continuous from the right at n € [0, mc(T)).
That means that there exists € > 0 such that, for all € (n, mc(T)],

|Fro(z) — Fro(n)| > €

Let us consider x = Amc(T") + (1 — A)n, where

€

A= o (me(D) — Fra()

with 0 < e~ < €. Then
Fro(x) < AFpg(me(l)) + (1 = A Fro(n)

since Fr g is convex.

Therefore

[Fro(x) — Fro(n)| < [AFro(me(I) + (1 = A) Fro(n) — Fro(n)| =€ <e

which contradicts the assumption we started with.

To prove continuity from the left at n € (0, mc(I)] let us consider again Mr,
the matrix of I' with respect to the atoms of L, and the vector g.

Let us assume Fp g is not continuous from the left at 7.



CHAPTER 3. THE CONSEQUENCE RELATION "¢ 30

Let ¢ = sup {Fro(y) |y < n}. We can define an increasing sequence {n,,} with
limit 7 and a sequence {(,} with limit ¢ such that for all n € N there exists a
probability function w,, with w,(I') = n, and w,(0) = (,. We can represent {w,, }
by a sequence of vectors {#,} such that (Mp(z;)")? > n, for all j € {1,...,m}
(with (Mp(2,)T) > n, for some j) and 6§ - 2, = ¢, for all n.

We can take a convergent subsequence {7}, } in the first coordinates of {7, }.
We know such a convergent subsequence exists by compactness —the first com-
ponents (Z,)! of the vectors of the sequence {Z,} are all in the compact space
[0,1]. Next we can pick a convergent subsequence {7, } in the second coordinates
of {a‘:’}lk} As before, such subsequence needs to exist by compactness. We can
proceed in the same way for the other coordinates. The final subsequence, {f%lk},
will have as a limit a probability function # such that (Mp(Z)T)? > n for all
je{l,..,m} and 0.7 =lim, . Fro(n,) = ¢ since FT g is increasing. Therefore

Fr p needs to be continuous from the left at 7. [

Proposition 20 Fr g is made up of a finite number of line segments with rational

coefficients.

Proof. Let R = (R, +,<,=,0,1). The set

{(z,y) ER?| y = Fro(2)}

is R-definable and, since R is an elementary extension of the structure
Q = <Q7 +7 <7 = 07 1>7

it is OQ-definable too.
The theory of R has quantifier elimination (see for example [29]). Therefore
the set

{(z,y) € R?|y = Fro(x)}

is given by a finite boolean combination (which reduces to a finite union of inter-

sections by the complement and distributive laws for sets) of sets of the form
{(z,y) € R*| my < nz + k}

and
{(z,y) € R} my = nx + k},
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for n,m, k € Z.

Notice that each intersection of sets of such form is convex so, since Fry is a
function, such intersection has to be a polynomial of the above mentioned form,
with coefficients in Q. [ |

Next we state some further conditions Fry needs to satisty.

Proposition 21 F14(0) € {0,1}, Fry(1) € {0,1} and on the interval (mc(T), 1]

Frp has constant value 1.

Proof. Notice that Fr(0) = 1 if and only if 8 is a tautology. Otherwise Fr4(0) =
0.

The fact that on the interval (mc(I'),1] Frp has constant value 1 follows
directly from the definition of ">..

If ' is not 1-consistent then clearly Fr (1) = 1. Notice that I' is 1-consistent
if and only if I' is consistent. If I' is consistent then Fr (1) =1 only if I' - 6 by
Proposition 10 (iii), otherwise Fr (1) = 0. |

Proposition 22 The line segments y = qix + g2 that constitute Fr gy are such

that n =g =0o0rqgu=0and g =1o0rqgq >1—q > 1.

Proof. Let us assume that ¢; > 0 (otherwise g2 € {0,1} by what has already
been proved) and pick an interior rational point (7,() on this line segment (so
n,( < 1). Frg(x) will be of the form g1z + ¢ for all = in a neighborhood of 7,
say (n —e,n+¢€) (for some € > 0).

By Theorem 15 for rational values there exist N, Z and T for this pair and
the corresponding I' and ¢ that give the propositional equivalent of I'">¢ 6. Notice
that 7' > 1 (otherwise - § and ¢; = 0, g2 = 1) and T' < N (otherwise ¢; = g2 = 0).
So

(1-QT <nN —-(Z+1
and
¢ < nN —T + 1.
Z =T

Clearly we must have equality in (3.13) since otherwise we could increase ¢ to

(3.13)

some (T and these values of N, Z and T would give a propositional equivalent
for I >+ 6, contradicting the fact that Frg(n) = ¢.
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Notice also that the line

_aN-T+1
VST
must be the same as the line y = ¢1x + ¢o since otherwise the values N, Z

and T considered above would give a propositional equivalent for I > 60, with
nem—ent+e) (neQ,n #n)and ' > ¢n + gz, contradicting the fact that
Fro(z) = 1z + ¢2 on the interval (n — e, n+ €).

Therefore ¢; = % and ¢p = % Notice that Z < N + 1 since otherwise we
could replace Z by N+1 without changing the required conditions and that would
contradict the fact that Frg(n) = ¢. The required inequalities ¢z > 1 —¢2 > 1

follow. [ |

3.4 A representation theorem for Iy

Next we show that any function satisfying the properties stated in Proposi-
tions 16, 18, 19, 20, 21 and 22 above is of the form Fry for some I' and 6 in a

finite language L. The next lemma is key to proving this.

Lemma 23 Given I'1,I's, 01,05 there are I' and 0 such that

FF,G(x) = max{FFL% (l’), FF2792 (m)}

Proof. We may assume that I'y C SLy, I'y C SLy and 0, € SLq, 05 € SLs,
for Ly = {p1,....,pn} and Ly = {qi, ..., gm } disjoint languages with atoms At =
{ag,...,aq} and Atl? = {3y, ..., Bom} respectively. Let L = L; U Ly and set
Fr=ryuly,CSLand § =6,V 0, SL.

First note that by the language invariance of "> if w is a probability function
on L such that w(I') > n then w(6y) > Fr,p,(n) and w(62) > Fr,e,(n), so

certainly
’LU(@) > ma’X{FFLGI (77)’ FF2,92 (77)}

Thus it only remains to show that there is some probability function w which

takes exactly this value.

Without loss of generality assume that

FF1,91 (77) > FF27¢92 (77)
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Let wy be a probability function on L; such that wy(I'y) > n, wi(61) = Fr, 6, (n)
and wy a probability function on Lo such that we(I's) > 1, we(b2) = Fr,0,(n).
We define a finite sequence of probability functions {w"} on L such that for

each r

w (o) = wilay) forie {1,..,2",
w'(B;) = we(fy) for j € {l,..,2™}, (3.14)

SO in consequence

w'(01) = Fr,0,(n) > w"(02) = Fr,6,(n)

and such that for the final w” in this sequence
w"(0) = w"(6y),

equivalently
w" (o A ;) = 0 whenever «; ¥ 61, (5, F 6s. (3.15)

To start with set
wo(ozi A B;) = wi () - wa ;).

Now suppose we have successfully constructed w”. If (3.15) holds for this w”
then we are done. Otherwise take the atoms a; A 3; with w”(a; A5;) > 0, §; = 65,
a; ¥ 0. In this case we can find an atom o, A B, with w"(a, A 3,) > 0, o, b4,

By ¥ 05. Such an atom of L must exist since if not then
w'(f2) = > w' (e, ABg,) + Y w(ai, A By)
t s

and

wr(el) = Zwr(ait N /Bjt)
t
for t, s such that gj, & 6s, a;, = 01, B;, = 02, o, ¥ 01. But then
FF2,92 (77) = wr(QZ) > wr(el) = FF1,91 (n)v

contradiction.
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Now define w"*! as follows, for 4, 7, p and ¢ as above:

w ey ABy) = w(a; ABj) — min{w (a; A Bj), w" (a, A By)},
w ;A By) = Wi A By) + min{w”(ai A By),w (e A By}
w ey ABy) = w(ey A B) + min{w (a; A By), w (e A By)
w o, ABy) = w(a, ABy) —minf{w" (o A B;), w" (e, A By},

1

and w"™ agreeing with w” on all other atoms of L. Then again we have (3.14)

holding for w™! in place of w” and compared with w” the probability function
w™t gives non-zero probability to strictly fewer atoms a; A 3; with either §; - 6,
and o; ¥ 0, or with a; = 0, and 3; ¥ 6,. Clearly then this process eventually

terminates at the required probability function. [ |

We now state and prove the representation theorem we mentioned at the

outset.

Theorem 24 Let r € [0,1]NQ and let F be a function such that
(1) F is increasing, with F(0) € {0,1} and F'(1) € {0,1}.

(i1) On [0,7] F is continuous and conver and made up of a finite number

of line segments of the form qix + qo with ¢1,q2 € Q and g1 > 1 — g > 1.
(i1i)) F(x) =1 for all x € (r,1].
Then there are T' and 0 such that F' = Fry on [0, 1].

Proof. In view of Lemma 23, it is enough to show

(A) Ifr € [0,1] N Q then there are I and 6 such that

0 for0<z<r
Frolz) = - =
ro() {1 forr <z <1.

(Notice that if 7 = 1 the result is trivial. We can take 6 to be a contradiction

and I' any consistent set of sentences).

(B) Ifq1,q2 € Q, 1 > 1— g2 > 1 then there are I and 6 such that

0 for0<z< ;—‘f,
Fro(r) = ¢ qiz+q for 72 <z < 22

1 for =2 < 7 < 1.
q1
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We can proceed in several ways to define suitable I' and # for the graphs
described above, both for (A) and for (B). Here we adopt what I call the matriz
approach -we first set a suitable matrix for the I' and 6 we are looking for (as
seen in Section 1.1)? and then from it we define I" and 0 by considering suitable

disjunctions of atoms (to view a slightly different approach see [35]).

To show (A), if r = 0 just take 6 to be a contradiction and I" = {0}.

Suppose that » = 2 > 0. Let us set a matrix of 0’s and 1's with ¢ + 1 rows
and t columns. The row ¢+ 1 will consist of £ 0’s. For the other rows we will have
exactly s 1’s distributed as follows: For the i** row we will have s consecutive 1’s
starting at the i’* coordinate (when we reach the last column we go back to the
first one and carry on until we complete a sequence of s consecutive 1's).

This way we get the matrix Mrpg.

We will associate an atom to each column. We will thus need at least ¢ distinct
atoms, oy, ..., ay € At” (L has to be large enough: 21 > ¢).

For the first ¢ rows we will define a sentence as follows: For the i* row we
will set ¢; to be the disjunction of the atoms for the columns that at the i** row
have coordinate 1. We will take I' to be the set given by these sentences. The
row t 4+ 1 corresponds to the sentence 6. Since this row only contains 0's we will

take 6 to be a contradiction.

Let w be a probability function on L that gives I' its maximum consistency. We
can identify w with a vector & € Dyz;. Any permutation of the first ¢ coordinates
of & of the form x; — x;41 for i € {1,....;t — 1} and 2; — x; will give us a
new probability function that gives I' its maximum consistency and thus so will
the average over these permutations. Hence we see that I' attains its maximum
consistency of ¢ for the probability function which gives each oy, for i € {1, ..., 1},

probability %

To show (B) let us first suppose that ¢; = 1 and g2 = 0. In this case we can
set 6 to be a tautology.

T and =2 = 2 where, by the conditions on

—92 _
Let us suppose now that 2= . 2

@ and g2, 0 < 3 <2< 1.
We will proceed as above by setting a matrix of 0/'s and 1’s with ¢ + 1 rows

and 2t columns.

2Though the resulting ordering of the columns of the matrix for I' and 6 will be distinct to
the one mentioned in Section 1.1.
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The row t+ 1 will consist of 0's for the first ¢ columns and 1’s from the column
t 41 onwards. For the other rows we will have exactly r 1’s for the first ¢ columns
and exactly s 1’s for last ¢ columns distributed as follows: For the i*" row we will
have r consecutive 1’s starting at the i'* coordinate (when we reach the column
t we go back to the first one and carry on until we complete a sequence of s
consecutive 1’s) and s consecutive 1's starting at the column ¢+ (when we reach
the column 2t we go back to the column ¢ 4+ 1 and carry on until we complete a
sequence of r consecutive 1's).

This way we get the matrix for I' and 6, Mp 4.

We associate an atom to each column (we need at least 2t atoms, s, ..., gy €
Atl) and define the sentences ¢, ..., ¢; and 6 by considering suitable disjunctions
of such atoms as we did in the previous case.

Then if w(a;) = 1, for i € {1,...;t}, w(I') = % and w(f) = 0, so Fr (%) = 0.

Now let £ < g < %, Fry(g) = h < 1 and let w be the probability function
attaining such supremum. As above we can assume that w(q;) has constant
value, a say, for i € {1,...,t} and constant value, b say, for i € {t + 1,...,2t} and

that all the probability is assigned to aq, ..., ag;. Then h = tb, g = sb + ra and

ta+th=1soh= tf:: = 19 + ¢2. From this and the properties of Fry part (B)
follows. u

Let us look at an example to see how this works in practice.

Suppose that we want to find I" and 6 for which Fry is as follows:

0 0<z<?2
IFro(z) =4 bz —2 if2<z<?
1 ifi<a<l

We can set a suitable matrix for I' and 8 as explained above:

ol R — o o
olRkr R, o o o
el e == ==
= o O = =
— O === O
el R e i = =]

O|l—= O O O =
ol O O = =
OO O R = O
o O = ==
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Let us take ten atoms aq, ..., aqg in a sufficiently large language L, one

for each column of the matrix.

By following the above procedure we will get the following set of

sentences I' = {¢1, do, P3, ¢4, P5}:

01 =a1VasVagVarVas,
P =g VazVarVagVag,
¢35 =azVayVagVagV a,
Oy =y VasVagVaygV ag,

§b5:Oz5\/Oé1\/Oélo\/OZ6\/CY7.

On the other hand # will be given by the following disjunction:

9:a6\/a7\/a8\/a9\/0z10.

It is easy to see that Fpy indeed corresponds to the graph defined

above.

3.5 Theorem 15 revisited

At this point we finally return to complete the proof of Theorem 15 in the

case when one or both values for n and ( are irrational.

Proof. (of Theorem 15 continued). We first consider the case where 7 is irrational
and ¢ rational. In this case if I b¢ ¢ then by Proposition 20 Frg(z) = g1 + ¢
for some ¢, g2 € Q for all z in some open non-empty neighborhood (n —€,n+¢).
Since ¢11 + g2 is irrational (¢; # 0 otherwise ¢ = 0) it must be that ¢1m + ¢z > ¢
so there are 11,79 € Q (with 7, € (n — €,m + €)) such that r; < n, ro > ¢ and
@171 + g2 > r2. We then have that Frg(r;) > re so there is some xi,...,xy € I’
and Z, T such that T(1 —ry) <N —rZ+1,T<Z<N+1and

Vo o AxrL (3.16)

SCc{1,..,N}j€S
|S|=2
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\/ /\ X F 6. (3.17)

But then
T(1-¢) <nN—-(Z+1 (3.18)

as required.

Conversely if we have yi,...,xy € ' and Z,T satisfying (3.16),(3.17) and
(3.18) then the inequality in (3.18) must be strict, since ¢ € Q so there must be
ry <m, rg > ¢ such that

T(1—1ry) <riN—ryZ +1.

Thus by the two rational case already proved I'"™ ©,, ¢ and, by Proposition 9,
I D¢ ¢

The case where n € Q, ¢ ¢ Q is proved similarly.

Suppose that both n and ( are irrational. If I">¢ ¢ and Fro(n) = ¢in+q2 > ¢
then we can proceed as in the previous case. So suppose Frg(n) = @1+ ¢2 = (.
In this case by Proposition 20 Fr¢(z) = ¢12 + ¢2 for z in some non-empty open
neighborhood (7 — €, + €). Pick 71 in this interval and set 7o = ¢171 + ¢2. Then
by the two rational case there are some x1,...,xny € I', Z and T such that T' < Z
and T'(1—ry) < r N —ryZ+1. Notice that we must have equality here, otherwise
we could increase 7o with r; fixed and so (using the two rational case) show that
Fr(r1) > ra. It must be the case that the two lines T'(1 —y) = N —yZ +1 and
y = 1T + @2 are the same, otherwise the former would go above the latter at a
rational point in the interval (n — €, 7+ €), contradicting the proved completeness
result in the rational case.

This provides the required equivalent to I'" >¢ ¢.

Finally in the other direction in the case n,{ ¢ @Q, suppose that we have the
required 7', Z and 1, ..., xn satisfying (3.17),(3.16) and (3.18). Then for rational
r1 close to n and ry < %, ro close to ¢ these same x1, ..., xn, Z and T give
' >,, ¢. Since r and 79 can be made arbitrarily close to n and ¢ respectively

we can conclude by Proposition 13 that I' b¢ ¢, as required. |
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3.6 A brief note on the values of N, Z and T

In Theorem 15 we established an equivalence between "> and some condition
only dependent of propositional logic. That condition was formulated in terms
of three values: N, Z and T

Let us recall the theorem:

Let n,¢ € (0,1]. Then for ¢y, ..., ¢,,0 € SL,
D1y ey O 1D O =

Ixt, - XN € {1, .., On} (possibly with repeats) and T, Z € N such that

T(1—¢)<nN—CZ+1, T<Zand

Vo AxrL

Sc{i,..,N}J€S
1S|=2

\/ /\le—e.

SCc{1,..,N}Jj€S
\S|=T
We have that N, Z and T need to be positive integers, that T' < Z and that
Z need not be greater than N 4+ 1. The question rests on N. How big can N be?

Can we set an upper bound on N in terms of the size of I'?

As above, consider I' = {¢1,...,¢,} € SL n-consistent and § € SL. First
notice that the maximum number of distinct sentences in the set B is 2" and
thus the maximum number of sets of sentences of this form is 22". Therefore the

number of distinct matrices My g that we can have for || = n is 22"

We can find values N, Z and T for which the above propositional equivalence
for I >pp () 0 holds (notice that such values are valid in general for I >¢ 0, with
0 < ¢ < Fry(n)). Since such values depend only on the sentences in B and ¢
—that is to say, on the matrix My~ we will have that we can effectively fix an
upper bound for N (since the number of distinct matrices Mr y that we can have

is finite).

We do not know about any sharp bound for N though. The next example
shows that any bound for N that we could determine would be pretty large.
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Consider a collection of prime numbers pq, ..., pg.

Next, for each number p;, consider a set of p; + 1 distinct atoms,
o, O‘;ﬁl C At*,

where L is large enough to allow for such a number of atoms.

Let A; = {¢},...¢} .1} be the collection of sentences given by all

the distinct disjunctions of p; of the atoms of,...,aj, |, for each i €

{1,...,k}.
Set T =, A,
Let w be a probability function for which w(I') = me(I"). Then, by

symmetry, we will have that

for some values a;, and

a1P1 = A2P2 = ... = APk

for all i € {1,...,k}. (Notice that a;p; = mc(I)).
By the properties of probability functions we will also have that
k

Zai(pi +1)=1

i=1

From all these identities it follows that

k
_ Hi:l Di
2 .
izt 1zpi(pi +1)

Let us define the sentence 6 as follows:

me(T)

Assume that there exists a € At* such that o ¥ 6 (that is to say, 6 is
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not a tautology).

Then the graph of FT 4 on [0, mc(I")] will then consist of a line segment

joining the origin (0,0) and (me(T), 1) with slope

Zf:l Hj;éi pj(pi +1)
H§:1 Di

For any pair (7, () on this line segment we will have that ' > § and
the values N, Z and T for which the condition above holds will have
to satisfy the equality

k
N > izt L zipi(pi +1)
Z =T Hf:l Di

For the choices of py, ..., pr such fraction will be irreducible and thus
N > Zle [1;4ipj(pi +1). That this value is large is clear. Consider
for example p; = 29, p, = 31 and p3 = 37. We have

pep3(p1+1) + pips(p2 +1) +pipa(ps +1) _ 102908
P1P2p3 33263

which is a proper fraction. Thus N > 102908 for this example
when working with pairs (7, () on the line segment joining (0, 0) and
(me(I), 1), and that for a relatively small I' (|I'| = 100).

3.7 An Example

In this section we give a real world example of how the consequence relation

> works in practice.

A dedicated naturalist has acquired, and remembered, the following facts

concerning the world’s largest amphibian:
e It can kill a chicken and comes from Japan.
e [t is not the Japanese salamander but it can kill a chicken.

e [t is a salamander and if it is not a chicken killer then it must be the

Japanese salamander.
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Taking p to stand for ’it can kill a chicken’, q to stand for ’it is Japanese’ and
r to stand for it is a salamander’ these can be formalized as p A q, ~(g A7) A p
and 7 A (=p — (r Aq)).

Denoting this set by I' we find that mc(I") = 2, being given by the probability
function which gives each of the atoms pAgA”r, pAgA—r and pA—gAr probability
%. From this it follows that

I's o 2p AT

In other words if our naturalist sets his primary threshold at % then on the
basis of just this knowledge I" he should be willing to accept ’it is a chicken killing

salamander’ at this same threshold.

On the other hand if the naturalist felt that his recall was so faulty that
a higher secondary threshold was required before actually making any public
assertion based on it then setting the threshold at its highest possible value of 1
would give
ri >1pA(gVr).

In other words, with this more rigorous demand in place, the naturalist should
still be happy to assert that the world’s largest amphibian is 'a chicken killer and

either Japanese or a salamander’.

In the other direction lowering the secondary threshold sufficiently would in
this case enable the naturalist to make stronger assertions, but at the same time

risk being unacceptably inconsistent. For example
IS 1, o
3

so at the threshold % he would be directly asserting both the statement that it is

a salamander and the statement that it is not a salamander.



Chapter 4

Inference from inconsistent

premises: Other approaches

In this chapter we review some relevant inference relations in the literature
and compare them with 7> on distinct grounds. We also define a consequence

relation based on the notion of n-coherence presented in Chapter 2.

4.1 ">, and consistency

In this section we compare ">¢ in terms of consistency with other consequence
relations. Even though the aim of "¢ is not to yield a consistent set of conse-
quences (in our approach this is in general rather irrelevant) it may have some
interest in some situations.

First we introduce some other inference relations from the literature. We

proceed as in [4] and [3] to a large extent.
We start with some definitions.

Throughout let I' = {¢1, ..., ¢} € SL and 6 € SL.

Definition 25 We say that A C T' is mazimally consistent if and only if A is
consistent and, for allp € ' — A, AU{¢} F L.

Definition 26 We say that A C T is minimally inconsistent if and only if A is
inconsistent and, for all p € A, A —{p} ¥ L.

We will denote the collection of maximally consistent subsets of I' by MC(I')

and the collection of minimally inconsistent subsets by MZ(T).

43
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The approach made by Rescher and Manor in [42] is among the most pop-
ular when dealing with inconsistent information. They define two consequence

relations for this purpose.

Definition 27 6 is said to be a universal (or inevitable) consequence of T (de-

noted by T' by 0) if and only if, for all A € MC(T), A+ 6.

Definition 28 0 is said to be an existential consequence of I' (denoted by I' -3 0)
if and only if there exists A € MC(T") for which AF 6.

We will denote the set of consequences of I' under v by Cy(I') and those
under 3 by C5(I').
Throughout C(I') will denote the set of consequences of I' under classical

entailment.

Given the difficulty of finding all the maximal consistent subsets of a set
of sentences (in general the cardinality of MC(I") increases exponentially with
respect to the cardinality of I') some authors have proposed selecting a subset of
MC(T') (see [4]), denoted in this reference by Lex(I') and defined as follows: For
A e MC(T'), A € Lex(I") if and only if, for all A" € MC(T"), |A| > |A].

Definition 29 6 is said to be a Lex-consequence of T' (denoted by T Fre, 0) if
and only if, for all A € Lex(I"), A+ 0.

We will denote the set of consequences of I" under 1., by Cre.(T).

For the next approach we appeal to minimally inconsistent subsets.
Define
Inc(T') ={¢ € SL| A € MZ(TI"), ¢ € A}

and

Free(I') =T — Inc¢().

Definition 30 6 is said to be a Free-consequence of I' (denoted by I' Fppee 0) if
and only if Free(T') 6.

The set of consequences of I' under F g will be denoted by Cpee(I).

It is interesting to observe that, for all I' C SL,

CFree(F) g CV(F) g CLea:(F) g CE!<F)1

1See [4] for a proof and more details.
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We now move back to our probability approach.
Throughout let C,, (I') = {6 € SL| " >, 6}.

The next proposition shows that the consequence relation "> does not do
completely away with inconsistency. For certain values of n ">¢ explodes like

classical entailment.

Proposition 31 Assume that T" is inconsistent and let 1 > n > mc(I'). Then
Cpce(l)=CT)=SL.

Proof. 1t follows trivially from the definition of ">.. [ |
The next two propositions state some closure properties of C,, +(I).
Proposition 32 Let A < 7. We have that Cy(I') C C, ¢(T')

Proof. The result follows trivially from observing that the set of probability
functions w such that w(I') > 7 is a subset of that of probability functions w for
which w(I") > .

Let 6 € Cy(T"). Thus, for all w, if w(I') > X then w(¢) > (. But then, since
n >\ 0 C, () too. |

Proposition 33 Let ( < . We have that C, ,(I') C C, (T').

Proof. Let 0 € C,, ,(I"). Then, for all w, if w(I') > n then w(#) > p > ¢. Thus
0 € C, () too. |

Throughout let us assume that B = {3, ..., O }-

Proposition 34 Assume that 0 < n < mce(l') and 0 < ¢ < 1. We have what

follows:

Coc(T) ={0 € SL|IC C B,\/CF 0 and Fryc(n) > ().
Proof. 1t is clear that

{0 € SLIAC C B, \/C+ 0 and Frye(n) > ¢} C Cye(D).

Let us assume now that 6 € C, ((I') and that > 0 (notice that for n = 0 the
set Cy,¢c(I") becomes the set of tautologies of SL and thus the result is trivial).
Recall from Theorem 15 that
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' 0

Ix1, s Xn € T (possibly with repeats) and 7,7 € N such that

T(1—¢) <nN—-C¢Z+1, T<Z and

Vo AxtL

SCc{1,..,N}JjES
|S|=2

Vo o Axireé

SC{1,..,N} j€S
|S|=T

Notice though that the sentence

Vo Ax

SCc{1,..,N} €S
|S|=T
is of the form (or logically equivalent to one of the form) \/C, for some C C B.
This proves that

Che(D) €{0 € SLIFC C B \/C+ 0 and Fryc(n) > ¢}
and completes the proof. u

Proposition 35 C, ((I') is consistent if and only if there exists a nonempty set
C C B such that \/ C F 6 for all § € C, ((T).

Proof. The implication from right to left follows trivially.

In the other direction let us proceed by reductio ad absurdum by assuming that
C, (') is consistent and that there is not any nonempty subset C C B for which
VCF 6 forall 0 € C,e('). Thus, by Proposition 34 there would exist subsets
C; € Band Cy C B, with C;(Cy = 0, with \/C; € C,¢(T) and \/ Cy € C, (T,
contradicting the fact that C, ((I') is consistent. |

As an example of the above condition for consistency let us consider the case
when 7 = 0 and ¢ > 0. We have that Cy(I') = {# € SL| F 0}. Notice that the

condition for consistency stated in Proposition 35 is satisfied (take any C C B).
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Corollary 36 C, (') is consistent if and only if

M€ € Bl Fryeln) = ¢}

15 not empty.
Proposition 37 We can always find n and ¢ for which C, (I") is consistent.

Proof. Take n = me(I') and ¢ = 1. Notice that Proposition 35 is satisfied here
by setting
C={p € B|Jw, w(B) > 0and w(l') = n}.

Proposition 38 Let (* = min{Fr_3(n)| 8 € B}. The set C, (') is consistent
if and only if ¢ > C*.

Proof. Let us proceed by reductio ad absurdum by assuming that C, (I") is
consistent and that ¢ < ¢*. Then

{\V/(B={B}1<i<m}CCpl).

But {\V/(B—{f;})| 1 <i < m} is inconsistent and, therefore, so is C, ((I'), which
contradicts the assumption we started with.

Let us now assume that ( > ¢* and that 6 € C, ¢(I"). Let § be the sentence
in B such that ¢* = Fr _g(n). Thus it has to be the case that 5 F 6. To see this
notice that if 5 6 then, by Proposition 34, there would exist C C B — {3} such
that \/C - 6 and Fyyc(n) > ¢ > ¢*. But that contradicts the assumption that
¢* = Fr-p(n). This completes the proof. |

In what follows we will focus our attention on the consequence relation ™M,
and Cinery,1(I)) —which is consistent and most of the times can be worked out

easily from any set of sentences I', as we shall see in the comparisons that follow.

Notice that, for I' consistent, we have mc(I') = 1 and thus

>0 < T'H6.

We can compare ™) in terms of consistency with Fgpee, Fv, F3 and Fpe,.
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We first show that "), is not generally comparable with Fy. That is to say,
it is not the case that, for I' € SL, Cpcry1(I') € Cy(I") or Cy(I") C Crery 1 (T).
To see this consider

['= {¢1, 02, P3, Gu, D5, 6 }
with

o1 = 2V ay,
P2 = az V as,
P3 = a1V azVay,
¢y =1 VazVas,
¢s =z Vau Vas,

¢6:a1Va2Va4\/a5

and o, oo, g, oy, o5 € AtE.

Notice that mc(I') = 1 and that the maximal consistent subsets of I' are

{¢37 ¢47 ¢6}; {gbl) ¢37 ¢57 Qbﬁ} and {¢27 ¢47 ¢5a ¢6}
We then have what follows:

C’mc(r),l(r) = {9 c SL| as VazVaygVas F 9}

and
CV(P) = {(9 S SL| a1 VayVas H 0}

In this case then Cy(T") € Crery1(I) and Chuery1(I) € Cu(T).

Thus we have that both Fy and "M, yield consistent sets of inferences but

they are not comparable in the terms presented above.

Notice that for the above example we have four minimally inconsistent subsets

of I': {1, 2}, {01, Pat, {2, 03} and {3, ¢4, ¢5}. The sentence ¢g is not in any
of these subsets. Thus we have that

Crree(I) ={0 € SL| a1 V ag V ay V a5 + 0}.

Therefore, Cpree(I') and Cpory1(I') are not comparable either.

We may wonder if such a comparison is possible between F .., and (U, The
answer is negative. It is not in general the case that, given I' C SL, Cyery,1 (I') C
CLex(F) or CLea:<F> g Cmc(F),l(F)~
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To show this let us set

I' = {1, ¢2, b3, Pa, 05, 06 }

with
¢1 = O,
¢2 = ag,
¢3 = Oy,

P4 = 01 V g,
o5 = o1 V ag,

V6 =01V oy

and o, ao, a3, o, a5, g € AtE.

Notice that me(I') = § and the largest consistent subset of T is {4, ¢, ds}.
We then have what follows:

Cmc(r),l(r) = {9 & SL| gV asV oy - 9}
and
CrLe(I')={0 € SL| oy F 6}.
Clearly, Cres(T') € Cruery1(T) and Crrery1(T) € Crex(T).
Proposition 39 Let I' C SL. Cyemy1(I') € C5(I).
Proof. Let
C={p € B|Fw, w(B) > 0and w(l') = n}.

As seen previously

Crneryn = {01 \/ C F 6}

Consider 8 € C and assume that there is no A € MC(T") such that A - §.
Let ® = {¢;,, ..., ¢;, } be the set of sentences in I' logically implied by 3. We can
extend ® to a maximal consistent subset of I', say ®*. Clearly the conjunction
given by the sentences in ®* and the negation of the sentences in I' — ®* will be

a sentence implied by ®* in C. [ |
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4.2 F 0o and others

Schotch and Jennings define an inference relation in terms of coherence in

connection with the function ¢ defined in Chapter 2.

Let ' CSL and 8 € SL.

Definition 40 We say that a collection C,, = {Ay, ..., An} of consistent subsets
of I is an m-cover of " if and only if U | A; =T

For the next definition let us assume that c(I') = m.

Definition 41 We say that T forces 0 (denoted U'[F 0) if and only if for every
m-cover Cp, = {A1, ..., Ay} of T' there is some @ € {1,...,m} such that A; 0.

We will denote the set of consequences of I' under the relation [ by Cg,(I).
The relation [ possesses some desirable classical properties (the classical

structural rules):
1. Reflexivity: If ¢ € T" then I'[- ¢.
2. Monotonicity*: For c¢(I'UA) = ¢(I'), if I'[F ¢ then T' U Al ¢.
3. Transitivity: If T'U {4} 0 and T'[+ ¢ then I'[ 6.

According to Schotch and Jennings this fact makes [ the most suitable con-
sequence relation among its competitors. Consistency of Cs;(I") was not pursued
and, in general, Cis;(I") is not consistent. In fact, Cs;(I") will be consistent only
if T" is since, by reflexivity, we will have that I' C Cs;(T).

We can define a similar consequence relation by appealing to the notion of
n-coherence presented in Chapter 2 for which the classical structural rules (with

some restrictions) will also hold.

For the next definition, lemma and propositions let MC(I') = E. 2

Definition 42 I' Fy,¢ 0 if and only if for each collection of copies of consistent
subsets of I' of the form A = {Aq, ..., Ay} yielding MC(T') there exist tp copies

classically entailing 6, where t is a positive integer.

2Recall that MC(T') is the maximal coherence of I', which is a rational value, and that
MC(T) = me(T'), see Chapter 2.
For simplicity we can assume that % is irreducible.
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Lemma 43 If ' by 6 then MC(I') = MC(I'U{6}).

Proof. Let us assume that I' -3¢ 6. That MC(I') > MC(I' U {#}) is clear.

Let A = {Aq,...,Ay} be a collection of copies of consistent subsets of I'
yielding MC(I"), where t is a positive integer. We can define A* = {A], ..., Af },
a collection of copies of consistent subsets of I' U {#}, where A} = A; U {0} if
A; F 0 and A7 = A; it A; ¥ 0. Notice that, since I' Fyo 0, 6 will belong to
more than tp copies of subsets of I' U {#} in A*. Thus we can conclude that
MCTu{8}) =MC(T). |

The next proposition states that the classical structural rules (with some

restrictions) hold for Fyc.

Proposition 44 The following rules are sound for t-jyro:
1. Reflexivity: If ¢ € I" then T’ Fye .
2. Monotonicity*: For MC(I'UA) = MC(T), if T' Fye ¢ then TUA Fyeo 6.

3. Transitivity: If T U{¢} Farc 0 and T' by ¢ then T e 6.

Proof. That k¢ is reflexive and monotone in the terms stated above is clear.
Let us prove transitivity.

Let us assume that I' U {¢} Fye € and T Fyc ¢. By Lemma 43 we know
that MC(I') = MC(I' U {¢}). Let us proceed by reductio ad absurdum by as-
suming that I' ¥, 6. In this case there has to exist a collection of copies of
consistent subsets of I' of the form A = {A4, ..., Ay}, for some positive integer ¢,
yielding M C(T") and containing less than ¢p copies of subsets classically implying
f. Notice that, since I' Fyc ¢, A will contain at least tp copies of subsets of I’
classically entailing ¢. Let us now define A* = {A], ..., A}, }, a collection of copies
of consistent subsets of I' U {¢}, where AF = A; U {¢} if A; F ¢ and AF = A,
if, on the contrary, A; ¥ ¢. A* yields MC(I' U {¢}) but it contains less than
tp copies of subsets of I' U {¢} classically entailing 6, contradicting the fact that
I'U{¢} Fae 0. Therefore it has to be the case that if 'U{¢} Fpe 0 and ' Fpe ¢
then I' b0 0 |

Proposition 45 T ¢ 6 if and only if T™®) >, 6.
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Proof. Let us proceed by reductio ad absurdum to prove the right implication. Let
us assume that I' ke 0 and that T™e@) mer) 0. Thus there exists a probability
function w on L such that w(I') = me(I') and w(f) < me(I'). Suppose that
C = {ap,...,an } C AtF is the set of atoms that are given probability greater
than zero by w and that C* C C' is the set of atoms among them that logically
imply ¢. Let us suppose that, for each i € {1,...,7}, w(ay,) = £ > 0 for some
positive integers p; and ¢;.> Let @ be the least common multiple of the ¢; and p}
be such that 2 = % (and 2 = g) Let us set now A = {Af, AL, L AL L ALY,
where A? = {¢ € I'| ay, - ¢} for each j € {1,...,p;}. Thus in such collection
there have to be at least P copies of each sentence of I' and thus A yields M C(T").
On the other hand, A will contain less than P copies of subsets of I' classically
entailing #, which contradicts the assumption we started with. Therefore, if
I Fae 0 then T ) 6.

Let us proceed again by reductio ad absurdum to prove the left implication.
So let us assume that ™) Drmery 0 but that I' ¥yc 6. In this case there has
to exist a collection of consistent subsets of I' of the form A = {Ay, ..., Ay} for
some positive integer ¢ that yields M C(I") but that contains less than ¢p copies
of subsets classically implying 6. Let A* C A be the collection of subsets in
A that classically imply 6. Since the subsets A; are consistent we can find a
collection of copies of atoms in AtY, {ay,, ..., ay,} (possibly with repeats), such
that oy, = A\ A;. For A ¢ A* we will choose o € Atl such that a ¥ 0. If A € A*
then any atom « classically implying A will do. Now let w be a probability
function that assigns to each atom a € At probability %, where r is the number
of copies of a in the collection {ay,, ..., ag,}. Thus w(I') = £ and w(f) < £,
since the number of copies of atoms in {ay,, ..., a,, } that classically imply 6 is
less than tp. This contradicts our initial assumption. Therefore, if [me(l) Drme(r) 0
then I' F0 6. |

3We can assume that the probability given to the atoms ay,,...,ax, by w is rational by
substructureness. As in Lemma 5, if the statement

"There exists a probability function w such that w(I') = A and w(f) < N’
is true in the structure (R, 4+, <,=,0, 1, A) then so is in (Q, +, <,=,0,1, \) by substructureness.
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4.3 Dempster-Shafer belief functions

In this section we adopt Dempster-Shafer belief functions to measure degrees
of belief and redefine our consequence relation ">; in terms of such belief func-

tions.*

For what follows let P*(At") = P(Atl) — {0}, where P(AtF) is the power set
of Atk

Definition 46 A probability mass assignment is a map pu : P*(AtY) — [0,1].

Definition 47 We say that a map from SL to [0,1] is a Dempster-Shafer belief
function (DS-belief function for short) if there exists a probability mass assign-

ment p for which

and, for ¢ € SL,

0#£SCS,

We will denote this function by w*.

Notice that a probability function can be regarded as a DS-belief function.
To see this assume that w is a probability function. We can easily define a D.S-
belief function w* from w such that w*(¢) = w(¢) for all ¢ € SL by setting
p({a}) = w(a) for all a € AtL.

In this sense we will say that probability functions are DS-belief functions.

For what follows let I' C SL and 7 € [0, 1].

Proposition 48 T is n-consistent if and only if there exists a DS-belief function
wh such that w*(T") > n.

Proof. Let us first assume that I' is n-consistent. Then there exists a probability
function w such that w(I') > 7. We can define a DS-belief function w" as
mentioned above: u({a}) = w(a) for all a € AtE. Thus w*(T") > 7.

4See [7] for a good insight into Dempster-Shafer belief functions.



CHAPTER 4. OTHER APPROACHES 54

Let us assume now that w* is a DS-belief function such that w*(I") > 7.
Suppose that p(S) > 0 for all S € {51, ..., S} and that u(S) = 0 for all S ¢
{51, ..., Sk} (where S; C Atl for all i € {1,...,k}). For each i € {1,...,k} we can

choose an atom in S; and define a probability function w such that
w(a) = Z{M(&) | is the chosen atom of S;}.
Then we will have that w(I") > 7. [

Corollary 49 T' is maximally n-consistent if and only if there exists a DS-belief
function w* such that w*(I') > n and there is no other DS-belief function wh'

such that w* (I') > 7.

Definition 50 We say that I' (n,()-implies 0 (denoted I'" I-¢ 6) if and only if,
for every DS-belief function w*, if w*(I') > n then w*(0) > (.

We now prove the equivalence between "> and 7 IF¢.
Proposition 51 I' |- 0 if and only if I' > 6.

Proof. Let us proceed by reductio ad absurdum by assuming that I I-. 6 and
that I'” (6. 6. Then there exists a probability function w such that w(I') > n
and w(f) < (. But this leads to a contradiction since, as we have seen above,
probability functions are DS-belief functions.

Let us assume now that I'7 > 6 and that there exists a DS-belief function
wt such that w*(I') > n and w*(#) < ¢. Suppose that u(S) > 0 for all S €
{S1,..., Sk} and that u(S) = 0 for S ¢ {Si,..., Sk} (where S; C At" for all
i€ {1,...,k}). Let us choose an atom « for each S; (any atom in S; if \/ S; 0
and an atom not implying 6 in S; if \/ S; ¥ 6. If S; is singleton we then take the

only atom it contains) and define a probability function w as follows:
w(a) = Z{“(Sl) | is the chosen atom of S;}.

Thus w is such that w(I') > n and w(#) < (¢, which contradicts the initial

assumption. [
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4.4 Possibility theory

Let us consider now possibility functions (see [8] or [9] for an introduction to

possibility theory).

Definition 52 A map w : SL — [0, 1] is said to be a possibility function if and
only if for all 9,0 € SL the following conditions hold:

1. If 0 then w(0) =1 and w(—=0) = 0.
2. If = ¢« 0 then w(p) = w(h).
3. w(p Vo) =max(w(p),w(d)).

It follows from the definition that possibility functions can be characterized
by the values they assign to the atoms of L. Thus they can be identified with

2!_coordinate vectors in CL:

Ct = {(z1,...,x0) € R? | 2; > 0, maz;{z;} = 1},

Throughout let T' = {¢1, ..., ¢} € SL, 0 € SL and n,¢ € [0, 1].

Definition 53 We say that I' (1, ()-entails 8 (denoted I'" |=¢ ) if and only if,
for all possibility functions w, if w(I') > n then w(f) > (.

Definition 54 Let Pry: [0,1] — [0, 1] be defined by

Pro(n) = sup{C|I" = 0}.
Proposition 55 The function Prg ts of one of the following forms:
1. Pro(z) =0 for all x € [0,1].
2. Pro(z) =1 for all z € [0,1].
3. Pro(x) =z for all x € [0, 1].

Proof. If 6 is a tautology then clearly Prg(x) = 1 for all € [0,1]. Thus, let us

assume that 6 is not a tautology. We will distinguish two cases:
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1. There is no sentence in I' which classically implies 6.

This means that for each ¢; € I', i € {1,..., k}, there exists an atom a,, €
Se, such that oy, ¥ 6. We can define a possibility function w that assigns
value 1 to every such atom. This way, w(¢) = 1 for all ¢ € T and w(6) = 0.
Thus, Prg(x) = 0 for all z € [0, 1].

2. There exists ¢ € I' such that ¢ F 6.

Let w be a possibility function for which w(I") > 7. Then clearly w(0) > 7.
Further, we can define a possibility function w* such that w*(I') > n and
w*(0) = n by setting w*(a) = n for all « € Sy and w*(«) = 1 for all & € S_y.
Thus, Prg(z) =« for all z € [0, 1].

|

We can easily find I' € SL and 6 € SL for which the function Pr g is of any of
the three forms above (the proof of the preceding proposition shows how to find
them).

Corollary 56 Letn € (0,1].
1. If T =¢ 6 for 0 < ¢ <n then I' |=, 6.
2. If T |=¢ 0 for 0 < n < ¢ then T = 0.

Corollary 57 Let n € (0,1]. I'" |=, 0 if and only if there exists ¢ € I' such that
bF 0.



Chapter 5

Multiple thresholds

In Chapter 3 we introduced the consequence relation ">, where 1 was re-
garded as a lower bound probability threshold for each sentence in the set of
premises. FEach sentence was, in that sense, given the same preference and that
seemed to be well justified. However, at least in some situations, it seems reason-
able to treat sentences differently and assign them distinct levels of preference,
which in our settings translates into the possibility that distinct sentences in our
knowledge base have distinct probability thresholds. This is precisely what we

explore in this chapter.!

The notation will be slightly different to that of the previous chapters so we

start by introducing some notation.

5.1 Notation and remarks

In this section our primitive sentences will be denoted by expressions of the
form f; —with the intended meaning ’the probability of € is at least n’ where
0 € SL and n € [0,1]. Let FL be the set of such sentences (that is to say,
FL={f]10€ SLandn € [0,1]}) and SFL the set of boolean combinations of
our primitive sentences in FL (for simplicity we will just consider the connectives
A, V and —). We will use letters g, h... (possibly with subscripts) for elements
of SFL.

Let w be a probability function and g € SFL. We use the expression w > g

IThere are a number of formal proof theories in some way similar to the one that we present
in this chapter (see for example [10], [11], [12], [17], [20], [22], [23], [31], [32], [33] or [36]). The
approach in this chapter is particularly close to that in [17] and [22].

57
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to mean that w satisfies g. We define satisfiability for sentences in SFL in the

obvious way:

wefl = w(g)>n
w>-g <= whky
w>gANh <= wp>g and w>h
w>gVh <= wb>g or wbh.

Throughout let I' = {g1, ..., 9.} C SFL and h € SFL.

Definition 58 We say that ' implies h (denoted T' > h) if and only if, for all
probability functions w on L, if w> g for all g € I' then w h.

Sometimes we will use the abbreviation wI" to mean that w>g for all g € T'.

5.2 The consequence relation >

Throughout this section let ® = {fJ*,..., f"} C FL and fs e FL.
The next proposition states some properties of the consequence relation > for
simple sets of premises like ®.
Proposition 59 We have what follows:
(1) 0> f§ for any 6 € SL.
(2) If 0 1= ¢ then f v f].
(3) 0> f) < F 0.
(4) If 0< ¢ <n <1 then f v f5.
(5) If &> f5 then U > f5.
(6) If ;> [ for each [ € ® and @Dfdf then |, @ibf(g.

Proof. All these properties follow immediately from the definition of . [ |

Next we state a closure property of the probability thresholds in .
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Proposition 60 Suppose that {n’} is an increasing sequence with limit n; for
ie{l,...,r}, {C"} a sequence with limit ¢ and

e fS

for all n. Then
f e s

Proof. Let us proceed by reductio ad absurdum and assume that
m fnr b3 fC
P e

Thus there exists a probability function w such that w(¢;) > n; foralli € {1,...,r}
and w(¢) < ¢. But then, for some n, w(¢) < (" and, since n}* < n;,

SR
which contradicts the assumption above. [ |

For what follows let ¢ = (f1,...,¢,) € SL" and 7= (m1,...,n,) € [0,1]".

Definition 61 We say that 5 is n-consistent if there exists a probability function
w for which w(¢;) > n; for alli € {1,...,r}.

Let C (gz;) denote the set of 77 € [0,1]" for which ¢ is fj-consistent.
Clearly if 77 € C((E) and \; <n; for i € {1,...,r} then X e C((E)

A somewhat more interesting closure property is given by the next proposition.

—,

Proposition 62 C(¢) is a closed subset of [0,1]".

Proof. Let M 3 be the matrix representing the vector gz? with respect to the atoms
in Ath?

Let {7} be a sequence in C(¢) that converges to 7. Then there must be
probability functions w™ such that w™(¢;) > n for all i € {1,...,7} and all n. Let
" € Dy be the vector representation of w™ and consider the sequence {7"}.

We need to prove now that there exists a probability function & € Dy such
that (Mgﬁ' (:15')T)Z > forallie {1,...,r}.

2Such matrix is analogous to those defined in the introduction for sets of sentences in SL.
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We can take a convergent subsequence {Z), } of the first coordinates of {Z,}.
We know such a convergent subsequence needs to exist and converge in the in-
terval [0,1] by compactness. We can proceed in the same way for the other
coordinates.

The final subsequence, {filk}, will have as a limit a probability function ¥ €
Dy such that (M (B)7) > for all i € {1,...,r}. |

5.3 The function F&e

We define the function F 5o 85 follows:

Fy(i1) = sup{ C| [, oo, f 0 f5 )

Proposition 63 Fj, is increasing on [0, 1]".

Proof. Tt follows immediately from the definition of . |

The next proposition shows that F 7.0 Measures the guaranteed minimum prob-
ability that # can assume given the stated, attainable, lower bounds on the prob-
abilities of the ¢;.

Proposition 64 ]fgz_g is A\-consistent then there is a probability function w such
that w(g;) > X, for all j € {1,...,7} and w(f) = F$,9(X)'

Proof. Let M 3 be the matrix representing the vector q? with respect to the atoms

of L and § the sentence 6.

We can define a decreasing sequence {(,} whose limit is ¢ such that for all
n € N there exists a probability function w, with w,(0) = (, and w,(¢;) > \; for
all i € {1,...,r}. We can represent {w,} by a sequence of vectors {z,} such that
01, =(, for all n € N and (Mg(27)")" > X for all i € {1,...,7}.

We need to prove now that there exists a probability function ¥ € Dy such
that 6+ & = ¢ and (M (&))" > A for all i € {1,...,r}.

We can take a convergent subsequence {7}, } in the first coordinates of {7, }.
We know such a convergent subsequence needs to exist and converge in the in-
terval [0,1] by compactness. We can proceed in the same way for the other

coordinates.
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The final subsequence, {filk}, will have as a limit a probability function ¥ €
Dy such that (Mg (B)T) > N forallie {1,...,r} and -7 = (. |

It is clear that as A" moves upwards to a limit X at which gz; is not consistent

then the value of F5,0(Xn> suddenly jumps to 1.
Proposition 65 Fj, is continuous on C((E)

Proof.3 Let {i*} C C(¢) converge to 7j. We show that {F5,(7")} converges to
Es ().
Let w"(¢;) > n for all i € {1,...,r} and

w™(0) = Fzo(7")-

By taking a subsequence if necessary we may assume that {w"} converges to

w™ so it is enough to show that

where w is chosen such that w(¢;) > n; for all i € {1,...,r} and w(0) = F (7).

Let € > 0 be sufficiently small that for v = (1 — €)w + ew™, v(0) < w™(0) + €
for all n eventually. Then for any atom «, if v(«) = 0 then w(a) = w®(a) = 0.

Now let n be large and consider u = v + w™ — w®>. This is a probability
function since for any « if v(a) = 0 then w"(a) — w™(a) = w"(a) > 0 whilst if

v(a) > 0 then, since n is large,
[w"(@) = w*(a)] < v(e)

so again u(a) > 0.
Also if one of w>(¢;), w(¢p;) is strictly larger than n; for i € {1,...,7} then for
some 0 > 0 we will have that v(¢;) > n; + J so since n is large

u(¢i) = v(gi) +w" (i) —w™(ds) > mi + 5 =7

3This proof is due to Jeff Paris.
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On the other hand if w™(¢;) = w(;) = 7; then

u(di) = v(¢) + w" () — w>(di) = w"(d:) > n;'.
But this contradicts the definition of w" since

u(®) = (1 — ew(®) + ew™(0) + (w"(0) — w>(9))

which is less than w"(0). [

Together with the previous propositions our next result provides a clear pic-
ture of the shape of the graph of F 0

—,

Proposition 66 On C(¢) the function F5, is made up of a finite collection of
linear polynomials of the form qy + Y ._, qiz; for ¢; € Q. That is to say, for

-

Tel(9),

@+qr+...+qx, if T€C

@+ @+ ..o+ g, if T,

—,

where the C; are closed convex sets with union C(¢) each defined as the solutions

of a finite set of linear inequalities
ao + a1x1 + asTs + ...+ apx, > bg + bixy + bz + ...+ bz,
with coefficients in Q.
Proof. Let R = (R, +,<,=,0,1). The set
{(z1,...,2,,y) ER"Ty = g p(,..o 2}
is R-definable, so, since R is an elementary extension of the structure
Q=(Q+,<,=0,1),

it is O-definable too.
The theory of R has quantifier elimination (see for example [29]). Therefore
the set

{(z1,...,70,y) ER™ |y = Frp(ar, ... 20}
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is given by a finite boolean combination (which reduces to a finite union of inter-

sections by the complement and distributive laws for sets) of sets of the form

{(xlw"uxrvy) € RTJFI ’ my < anxz+k}

i=1

and .
{(21,...,20,y) ERT | my = mel + k},
i=1
for some n;,m, k € Z.
Notice that each intersection of sets of such form is convex so, since F 5o 18
a function, such an intersection has to be a polynomial of the above mentioned
form (with coefficients in Q) and sets of constraints C; (with coefficients in Q

t00) in the form of finite conjunctions of linear equalities
co+tcari+...+cr, =0 (5.1)
and strict inequalities
ap+aixy+...+a,x, >bg+ bz +...+ bz,

Clearly we may assume the C; are satisfiable in which case, being defined by
linear constraints, their closure is given by the corresponding equalities (5.1) and
inequalities

ap+ a1y + ...+ a,x, > by +bixy + ...+ bx,.
Furthermore since [, is continuous it still takes the required linear polynomial

form on these closures. [ |

We now give the main result of this section, an equivalent of the consequence
relation > (similar in flavour to that given in [22]) which captures it entirely within

classical propositional calculus.

Theorem 67 For ¢y,...,¢,,0 € SL and ny,...,n.,¢ € (0,1],
o f £

if and only if there exist a multiset U consisting of some N7 copies of ¢; for
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je{l,..,r} and Z,T € N with T < Z such that,

T(1-¢) < ianj —(Z+1,

J=1

Vo Axrd

Sc{1,..,N}j€S
|S|=2

Vo o Axire

SCc{1,..,N} €S
|S|=T

and

Proof. The derivation follows a similar pattern to that of ">¢ in Chapter 3.

—

Let us take ¢ = (¢1,...,¢,) € SL" and § € SL. For the time being we assume
that 6 is not a tautology.

We first consider the case where 1y, ...,n,,¢ € (0,1] NQ, say 0 < n; = %, for

ic{l,..,r}, ¢ =4, for p;,q;,c,d € N, and assume that
e (5.2)

Let B={f1, ..., B}

Let gzg; be the m-coordinate vector with " coordinate 1 if 3; = ¢; and 0
otherwise and @ the m-coordinate vector with i* coordinate 1 if B; = 6 and 0

otherwise.

We have what follows:
For all ¥ € D,,,, if ¢, - T > z—; for all j € {1,...,r} then 6 - & > <

Now let % and g be m-coordinate vectors with each coordinate % for the first

and g for the latter and define

Lo
I
<
|
S)S:

(SsY
Il
Ty

|
o]

for j € {1,...,r}.

Thus we have:
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For all & € D,,, if@j-fz()for all j € {1,...,r} then § - & > 0.

From this it follows that é has to be in the cone in Q™ given by
{Zajéj—i‘széH 0 S aj,bi S @}
j=1 i=1

where €; is the m-vector with i coordinate 1 and 0’s elsewhere, say

with 0 < (Ij,bi € Q.
Let a; = =X and define M = [[;v5, Nj = Ma;, Q = [[;¢; and Q; = %.

Removing the rightmost summation and multiplying both sides by MQd gives
the inequality

j=1
Notice that if (5.3) holds for some natural numbers M and N; then (5.2) holds

too.

From (5.3) we obtain

[dz N;Qjp; — MQC] [>dQ(Y " N;é; — M),
j=1 =1

Equivalently

[dz N;Qjp; + MQ(d — C)] [>dQ(Y N, + M(T—0)).
=1

j=1
Let x1,...,xn consist of N9 = dQN; copies of each ¢; for j € {1,...,7}, so

N=3, NI = > dQNj.
For i, ¥ 0 (notice that there is at least one such & since 6 is not a tautology)

we have the following inequality for the k™ coordinate:

SOHNT - eMQ 2 dQ Y Njo
— {j
7j=1

j=1
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where ¢¥ is the k" coordinate of ¢;. Thus we have that:

VA

S ies

where the disjunction is over S C {1, ..., N} with
1> 3 PN - @
j=1 1

(notice that 7%, %N J — eM@Q will have to be an integer greater than or equal
J

to zero).

Similarly, for f; - 6 we will have the following inequality:

Z%N1+(d—c)MQ >dQ)  Njdf,
=1+

j=1
SO

V Ak

S eS8

where the disjunction is over S C {1,..., N} with

51> %Nj +(d— ) MQ.
j=1 "

Now let .

Dj arj

Z =1+ =N+ (d—c)MQ
o
T=1+Y %Ni—cmQ

— 4

j
giving

T1-¢)=> N +1-(Z

J=1

Vo o AxirlL (5.4)

SCc{1,...,N} €S
|S|=2
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and

Vo Axite (5.5)

SC{1,....N}i€S
|S|=T

Conversely suppose that for some Z, T € N and Yy, ..., xy consisting of N’
copies of ¢; for j € {1,...,7} the above conditions (5.4), (5.5) hold and

T(1—¢) <> mN —(Z+1 (5.6)
j=1
with 1 <T < Z.

Then for any atom o € At*, if a = —6 then for at most 7' — 1 j’s can we have
that o = x;. If a = 0 then for at most Z — 1 j’s can we have that o - v;. Hence,
adopting the previous vector notation (now with real atoms instead of the 3’s)

we have that

N
Z;z <(T-1)I1+(Z-T)8.

Now let us suppose that ¥ € Dy and that (Ej -Z>mnjfor j € {1,...,r}. Then

Z;:l anj — T+ 1
Z =T
Notice that the right expression is at least ( if

g.7>

TA-¢) <Y mN +1-(Z

=1

which it is. Thus 6 - & > ¢ and the result follows.

Summarizing, if (5.4), (5.5) and (5.6) hold then

n m nr N ¢
X1 I o Xz;;}mﬂ""’ Y o

and by Proposition 59 (5) (if necessary) we have

Fls o I 5.
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Conversely if
I

then there are sentences

X155 XN € {¢17 "'7¢T}

(possibly with repeats) such that for some Z and T' conditions (5.4), (5.5) and
(5.6) hold.

Let us suppose now that # is a tautology.

From left to right we can see that the result follows by taking valuesT' = N = 0
and Z = 1. From right to left, if the right-hand side of the equivalence holds with
T = 0 then # must be a tautology.

This completes the proof in the case where the n; and ( are rational. Suppose
now that not all the n; and/or ¢ are rational. Notice that we only need to consider
the case when ¢ = F3,(7) since, if F;,(77) = ¢’ > ¢ and we have a collection of

sentences

X1y ooy XN1y ooes XZ;;II Ni41r XN € {¢17 ] ¢r}
(possibly with repeats) and Z, T for which conditions (5.4), (5.5) hold and

SN +1-T

'
<
¢= 4 =T

with T' < Z then, clearly, such a collection of sentences and Z and T" will be such

that . ,
Zj:177jNJ +1-T

¢ < Z_T

So suppose first that
L fr e £

Referring back to Proposition 66 we may assume that 77 € C} in the notation
of that proposition. Let § be the mean of the (finitely many) extreme points of
(. Notice that such extreme points are all rational by Proposition 66 and that
5 e (.

By Proposition 66 F (59(5') is rational so by the discussion above we know that
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there exist sentences
X153 XN € {(bh sy gb?"}v

and Z,T with T' < Z for which conditions (5.4), (5.5) hold and

Z;leij+1—T
Z =T ‘

Fi{,e(g) <

In fact we must have equality here since otherwise we could increase the left

hand side whilst keeping 5 fixed, contradicting the maximality of Fj; ,(5). Hence

NI+ 1-T
Fgg(f):Z]_l J
’ Z-=T

(5.7)

when 7 = s.

By Proposition 66,
Fs0(®) = qo+ Y x5 (5.8)
j=1

for # € Cy and in fact the right hand side polynomials in (5.7), (5.8) must
actually be identically equal on C;. Otherwise, because § could not then be the
only (necessarily then extreme) point of C, there would be a point @ € C close
to § at which

. r . Z;Zluij—i—l—T
F&,e(u):%ﬂL;UﬂJ< Z-T

contradicting the already proved rational case.

Therefore, given the above equalities, we must have that

Egzlanj+1_T

¢= 7T

In the other direction, suppose that we have sentences

X1; - XN € {¢17 ES) (br}?
Z and T for which conditions (5.4), (5.5) hold and

Z =T ’

(<
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with 7" < Z (where of course we are no longer assuming that ¢ = Fj,(77)). If

—

7 ¢ C(¢) then we trivially have the required conclusion that

TS Sy

-

So let us assume that 7 € C'(¢). Then, by the proved rational case for rational

-,

points, we will have g € C(¢) close to 77 and

Z;zlijj‘i‘l—T
Z—T ’

o e f

Hence , ,
ijlijJ +1-T

Fq?,e(ﬁ)z 7 _T

and by continuity '
Zj:lanJ +1-T > ¢
Z—-T

giving the required conclusion that
e Sy

When ¢ and/or all the n; are zero, for i € {1, ...,r}, we have a trivial equivalent
version.

If only some of the n; (not all) are zero then the equivalent version in classical
propositional calculus reduces trivially to the one above by only considering those

n; that are non zero. [ |

5.4 A complete proof system for >

We now introduce the proof system I which we will shortly show is sound and
complete with respect to >. It consists of some complete and sound set of rules
and axioms for classical propositional logic*, say in a natural deduction format to

tie in with what follows, together with the following probability rules and axioms:

4Which we assume has rules which allow us to freely add to and remove repeats from the
left hand side of sequents.
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Fraction Rules:

Let {¢1,...,¢,} € SL and, for each i € {1,...,r}, let x = ¢; for all

i—1 i
ke{) N +1,..,) N}
P =1
(where N7 is the number of copies of ¢;).

Vo Axrd

Sc{1,..,N} j€S
|S|=2

Uil m Nr Mr ‘f(
X1 I o XZ";;}N?H’W’ | 4

where

\/ /\Xj|_¢

sc{1,..,N}j€S
|S|=T

TA-Q) <Y miN'—=(Z+1and 0<T < Z.

=1

Negation Replacement Axiom:

=fILfLT

Introduction Axiom:

| fo

Elimination Axiom:
fANTILTS

Tautology Axiom:
| /7

We define I' IF g to hold if there is a formal proof of A|g using these rules

and axioms for some A C I'; that is, if there is a finite sequence

AI |917 “'7A7‘ | 9r,
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with the A; finite, A, | g, = A|g, and each A;|g; is either an axiom or follows

by one of the rules from previous sequents.

Theorem 68 Let I' be a finite subset of SFL and g € SFL. Then
'bg <= T'lkFg.

Proof. That the rules and axioms are sound for these semantics is easy to check.?

In the other direction suppose that I'> g. Appealing to the Disjunctive and
Congunctive Normal Form Theorems, in order to prove that I' I+ ¢ it will be

enough to show that

m  k; r hy
VA= E AN £
i=1j=1 u=1v=1

whenever this holds with > in place of I-. From this we have that
ki hu
N£ls e N 0
j=1 v=1

for each ¢ € {1,...,m} and u € {1,...,r} and again by appealing to the proposi-

tional calculus it will be enough to show this holds with I in place of .

If every fg:; here is negated and every fgjj is not negated then we will have
that

k; hy
Mij 1
AN AN i

j=1 v=1

and, assuming that all the 7;; and (,, are greater than zero, the required result
with IF in place of > will follow by applying some Fraction Rule (if it were not
the case that all the 7;; and (,, be greater than zero then we should apply some
of the axioms above in a trivial way).

On the other hand if some f;** here is not negated (or some ij is) we can

shuffle these literals across and leave ourselves to show something of the form

q d
NN N-F2 £
i=1 i=1

5Notice that in the Negation Replacement Axiom, — fg | fi;", we appear to lose some infor-
mation since the negation of fg amounts to w(¢) < 7, equivalently w(—¢) > 1 —n and the rule
replaces this by w(—¢) > 1 —n.
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where this holds with > in place of IF.
If

q d
N Fin =12
i=1 i=1
is not satisfiable then .
q _
NFn N1 13
i=1 i=1

and we can repeat the above argument (in a case with fewer literals). On the

other hand if this conjunction is satisfiable then Lemma 69 below tells us that

q d
ARV AV A4
=1 =1

and, assuming that all the 7; are greater than zero and all the §; less than one,
applications of some Fraction Rule and Negation Replacement Axioms give us

the required proof. [ |

Lemma 69 If
q d
NN NS 1
i=1 =1

and
q d
AV
i=1 i=1
15 satisfiable then

q d
NS NI fa
=1 i=1

Proof. Let us proceed by reductio ad absurdum assuming that there is some
probability function w; such that wq(¢;) > v; for i € {1,...,q} and wy(—g;) >
1 —¢; for i € {1,...,d} but wy(0) < .

Let wq be such that we(1);) > 7, for i € {1,...,q} and we(—¢;) > 1—46; fori €
{1,...,d}. The latter condition is equivalent to —(wq(p;) > 0;) for i € {1,...,d}.
Thus wy(0) > 5.

Hence we could find a convex combination w* = (1 — €)w; + ewy (e > 0) with
w* (1) > v for i € {1,...,q} and w*(—g;) > 1 —9; for i € {1,...,d}. But then
w*(6) < [, which contradicts the assumption we started with. [ |
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It is easy to see that we cannot extend this to infinite I' (in the forward

direction) since for example

{fy "|neN}» /!

but since this fails for any finite subset of the left hand side we cannot have

(" |neN} I L.



Chapter 6

> for infinite languages

In this chapter we consider a countably infinite propositional language L
along with its corresponding set of sentences SL> (finite boolean combinations
of the primitive propositions in L*°) and study some properties of the consequence
relation "> when considering possibly infinite sets of premises (in particular we
prove the non-compactness property of ">¢). We finish the chapter with a rep-
resentation theorem for the functions of the form Fry, for I' C SL*> (possibly
infinite) and 6 € SL>®.

We start with a somewhat brief discussion that aims at proving the above

mentioned representation theorem.

Let 0 < p <1 and let F : [0,u] — [0, 1] be a function with the following

properties:
1. F(0) = 0.
2. F is increasing.

3. For u > 0, F is continuous and convex on [0, x].

4. The greatest element § € [0, u| for which F(J) = 0 is less than 1 and the
line segment joining the points (9,0) and (1,1) is a lower bound of F.

Let £ be the set of straight lines ax + b for which the following conditions
hold:

1. a,b € Q.

75
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2. 5<0,1—b<a.
3. ar+b < F(x) for all x € [0, y.

We will denote these straight lines in £ by I, (that is to say, l(x) = az +b).

Take l,, € L. Since a and b are rational numbers we know that the points

at which it intersects the lines y = 0 and y = 1 are rational pairs: (=2,0) and

(=2,1) respectively.
Let a = 5—“ and b = % with p, > 0 > py. In terms of p,, q., pp and g, the pairs

(=2,0) and (2, 1) become (b, 0) and (22-ett 1) respectively.

Let L be a finite propositional language such that 2gp, < 2!/ and SL its
corresponding set of sentences.’

Recall from Theorem 24 that we can find a finite set of sentences I'y, C SL
and 0, € SL such that Fr , 9., behaves as follows:

0 if 0<n<
la(n) if 22 <n<it
1 if E<y

FFabaeab (17) =

In order to define I'y, and 6, we will proceed as in Section 3.4 by first defining
a suitable matrix for I',, and 6,,. The method will be very much based on that
implemented in Theorem 24, only that this time we will define I'y, and 6, in a

slightly different way from the matrix.

We will set a matrix with ¢,p, + 1 rows and 2¢,p, columns. The first ¢,p,
coordinates of the row ¢,p, + 1 will be 0’s and the other ¢,p, coordinates will
be 1’s. For the other rows we will have exactly —¢q,p, 1’s within the first g,p,
columns and exactly gyq, —qupy 1’s for the last gyp, columns distributed as follows:
For the i*" row we will have —q,p, consecutive 1’s starting at the i coordinate
(when we reach the column ¢,p, we go back to the first one and carry on until
we complete a sequence of —g,p, consecutive 1's) and gyq, — gapy consecutive 1's
starting at the coordinate g,p, + ¢ (when we reach the column 2¢,p, we go back
to the column ¢p, + 1 and go on until we complete a sequence of ¢,q, — qups

consecutive 1's).

1We could impose the condition that 2gyp, < 2!*! but, for further proofs, it will make things
easier if we assume that 2¢,p, < 2/*I. This, as we will see, translates into the fact that we will
have atoms in L that do not logically imply any sentence in T'gp U {6ap}-
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Let us see how it works with an example.

Let us suppose that =92 — 2 apd %Pe—9aP — 3 Then the matrix
Ly 5 dbPa 5

described above would correspond to

110001 11O00O0
0110001110
00110(0O01T1T1
0001110011
100011 1001
000O0O0OI1 1T 1T1T1

For our definition of I'y, and 0,, we will need 2¢,p, atoms,

L
Q1 ey Qgypy s Cgppatls -5 X2gpa & AL

Define L* = L U {s} and At’" in the obvious way. We want [',, C SL* and

0. € SL*. First, we set 0,, = s. For the i column we take the following atom:
1. If 1 <@ < gpp, we take the atom a; A —s.
2. If qup, + 1 <0 < 2q,p, we take the atom a; A s.

We then define T'y, as the set of g,p, sentences given by the corresponding
disjunctions of atoms in At*" (that is, take the i"* row of the matrix and define

h

¢; € T'yy as the disjunction of the atoms for the columns whose ' coordinate is

1).

As seen in Theorem 24, I'y, and 6, thus defined give us Fr

abPab

Let £ € N. Let us consider a collection of finite propositional languages
Li = {p},....,p}, }, with k; € N, for all i € {1,...,k}. We will assume that for all
i,j € {1,...,k}, i # j, Lin L; = ( (that is to say, such languages are pairwise
disjoint). The set of atoms of L; will be denoted by Atl:.

Let us define, for each ¢, the language L = L; U {s} and its respective set of
atoms At .

Let us take now a collection of sets of sentences I'; = {¢{, ..., ¢, } € SL} and
0 =s, with m; € N, for alli € {1,..., k}.

Set L* =UF_ LY and I = UF_T; C SL*.
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Claim 70 Letn € [0,1]. If w is a probability function on L* such that w(T') > n

then we have what follows:

w(s) > max{Fr,s(n) |1 <i<k}.

Proof. Let w be a probability function on L* such that w(I') > .
For each ¢ we can restrict w to a probability function w; on L;*. We will then
have that w;(a?) = w(a?) for all af € Atri".
As a result we will have that w;(I';) > 7 since w;(a) = w(a?) for all ot € Atl
and also
w(s) = wi(s) > Fr,(n).

We can then conclude that w(s) > max{Fr, s(n)|1 <i < k}. [ |

For the next claim we need to consider our sets of sentences I'; to be of the
form T, for i € {1,....k}, with a; = 24 and b; = ?.

qa; b,

Claim 71 Letn € [0,1]. We claim that there ezists a probability function w on
L* such that w(I') > n and
()1 <i <k}

w(s) = max{Fr

a;b; 1S

Proof. For each i let w; be a probability function on L} such that w;(Iss,) > 7
and w;(s) = Fl"aibi’SO’]).

Let us assume that

for some j € {1,...,k}.
We can define a probability function w on L* in a way that w(a?) = w;(a?)
for all a € At% such that w(T') > 1 and w(s) = I, ().

If w;(s) > 0 we know that for I',;, thus defined the only atoms of the form
ol A s, with of € Atli| for which w;(a® A s) > 0 are
al N's.

1
Gb;Pa;+1 NS, ..

A
o a2Qbipai

Further, by an argument similar to that employed in the proof of Theorem 24,

the probability assigned to each such atom by w; can be assumed to be the same:
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o )‘ for each atom of the form a’ A s. Likewise, when w;(s) > 0, we will have

k3

that the only atoms of the form o’ A —s for which w;(a’ A =s) > 0 are

i i
ay; A\ S, ., Qg pa, A 8.

The probability assigned to these atoms by wl can be assumed to be the same

wil>8) £ each atom of the form o A —s.2

[t

too:

Let us define the following sets for each i € {1, ..., k}:
Ai = {a; € AtLi | 1<r< qbipai}7

B' = {al € At",

@, Pa; +1 <1 < 23,00, }-

Consider the cartesian product B! x ... x B¥. Its cardinality is TI%_, g, pa,. For
each k-tuple (o, ...,a*) € B! x ... x B¥ we will set w in a way that

w(s A /\ai) = —w](s)

Hk —149b;Pa;

Consider now the cartesian product A x...x A*¥. For each k-tuple (a!, ..., a¥) €

Al x ... x A¥ we will set w in a way that

—|3 VAN /\ —wj _|S)

Hk —149b;Pa;

Notice that for each i € {1,...,k} and each r € {qy,pa, + 1, ..., 2qs,Pa; } We will

have that
wy(s) _ wils)

Qbiptli - Qb,-pai.

w(s Aal) =

Thus, since given gb; € Ty, for j € {1,...,m;} there is a larger number of
atoms of the form s A o' (with o' € B) logically implying ¢ than atoms of the
form —s A o (with o’ € A*) implying ¢!, the probability function w will be as
desired. [ |

These two claims amount to saying that given a finite collection of sets of

2Notice that, although not necessarily the case when w;(s) = 0 we can assume, without loss
of generality, that w; has this property since we have atoms of the form af A =s not logically
implying any sentences in I'g;5, s that could be assigned probability greater than 0 by w; —recall
that 2qp,p., < oLl
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sentences of the form
{Faibi C SL;k ’ I<i< k}

as described above,
F, to ) = maz{ Fr,, () [1 <0 < k),
for n € [0, 1].

Let UFab = U{Fab| lab € E}
For any finite subset A C {I'sp | lap € £} we have that, for any n € [0, 1],
Fyas(n) =maz{Fr,,s(n)| e € A}

The set {Lup|lepy € L} is countable. Let us define the sequence {I'} by

numbering all its elements.

Let n € [0, u]. We can define a sequence of probability functions {w"} in a

way that
w'((JT%) =7
i=1
and
wn(s) = FU?:l Fi,s(n) = maw{FFi,s(n” 1 S i S n}
for all n € N.

Notice that {w"(s)} is actually an increasing sequence bounded above by F(n)
with limit sup{Fr= s(n)|n € N}.
Thus, Fiyr,,s(n) = sup{Fr,,s(n) [la € L}

Let us define recursively the sequence {A"} as follows:
1. Al =T%
2. A" = Anty {1}

{L"} will be the corresponding sequence of languages (that is to say, L™ will
be the language necessary to define all the sets of sentences I' € A™ in the way

shown earlier, with s among its propositions).

Theorem 72 Letn € [0,p]. Fr,,s(n) = F(n).
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Proof. We can define a sequence of probability functions {w"}, with w™ a prob-
ability function on L", such that w"(|JA™) > n and w"(s) < F(n) for all n € N,
with {w"(s)} increasing and with limit F(n). In the limit we will have that

Fra,.s(m) = F(n). u

Proposition 73 Let I' C SL* be infinite, € SL*> and assume that I' >¢ 0,
for some n, ¢ € [0,1]. It is not generally the case that there exists a finite subset
A CT such that A">¢ 0.

Proof. Let F be as above and suppose that there exists n € [0, u] N Q such that
F(n) is irrational. The previous theorem proves that Fjr,,(n) = F(n) and,
therefore, that (JI'e, " >, s. However, for any finite subset A C {T'g |l € L},
A" B xp s since Fa () € Q (see Proposition 20) and Fa 4(n) < F(n). * |

6.1 A representation theorem for Fry within L™

Let I' = {¢,, |n € N} C SL* and 6 € SL*.

Let us define the sequence {A™} recursively as follows:

1. Al = {¢}.
2. A" = A"t U {¢,}.

{L™} will be the corresponding sequence of languages (that is to say, L™ will
be a language large enough to define all sentences in A™).

Let n € [0, me(T)].4

Notice that we can define a sequence {w"}, with w™ a probability function
on L™ such that w™(A™) > n and w"(d) = Fang(n). The sequence {w"(6)} is
increasing and certainly bounded above and we will have that

Fro(n) = Hm Fang(n).

n—oo

In short we will write Frg = lim,,_oc Fian g.

3Notice that we could have done with a much simpler construction of T' to prove this propo-
sition. Here we use the construction of I' originally intended for the representation theorem of
graphs of functions of the form Fr g, with I' C SL* and § € SL.

“In [26] Knight gives a nice characterization of n-consistency for infinite sets of sentences: I'
is m-consistent if and only if every finite subset of I is 7-consistent.
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Next we state and prove some properties of FT .

Proposition 74 Fry(0) € {0,1}, Fro(l) € {0,1} and on (mc(I'),1] Frp has

constant value 1.

Proof. Let us first prove that Frg(0) € {0,1}. Let us proceed by reductio ad
absurdum and assume that Fr»(0) = ¢, with 0 < ¢ < 1. Then we could find n € N
such that 0 < Fan(0) < ¢, which contradicts the fact that Fan(0) € {0,1} (by
Proposition 21).

That Fre(1) = 1 is clear if me(I') < 1. If me(I') = 1 we can proceed in the
same way as above to prove that Fr (1) € {0,1}.

That Frp has constant value 1 on (mc(l'), 1] follows from the fact that

me(T) = inf{mc(A") |n € N}.5

Proposition 75 [T is increasing.

Proof. That Fr g is increasing on (mc(I'), 1] is clear. Let us proceed by reductio
ad absurdum to prove that Fry is also increasing on [0, mc(I)].

Assume that 0 < = < nt < me(I") and that Fre(nt) < Frg(n~). Thus
we can find n € N for which Fry(nT) < Fang(n™) < Fro(n~). But Fang is
increasing (see Proposition 16) and therefore Fang(n~) < Fang(n™), yielding
Fro(n™) < Fang(n™). Contradiction. |

Proposition 76 Fr is convex on [0, mc(I)].

Proof. Let us argue again by reductio ad absurdum.
Assume that 0 <7~ <n™ < me(') and that there exists A € [0, 1] for which

Fro(An™ 4+ (1= Xn%) > AFrp(n™) + (1= X) Fro(n™).

We could find n € N for which Fang(n™) < Fro(n™), Farg(nt) < Fro(n™)
and
Fang(An~ + (1 =ANn") > MFrg(n™) + (1 = A Fre(n’),

5Although quite straightforward see [26] for a proof if desired.
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yielding
Fano(n™ + (1= X)n") > AFanp(n™) + (1= A) Fang(n").
But Fan g needs to be convex (see Proposition 18). Contradiction. [

Proposition 77 Fr is continuous on [0, me(I)].

Proof. Fr g is increasing and convex on [0, mc(I)]. Thus, to prove continuity on
[0, me(T)], it suffices to show that Fr 4 is continuous from the left at mc(T").6
Let us proceed by reductio ad absurdum and assume that It 4 is not continuous

from the left at mc(T"). Thus, for all n € [0, mc(T)),
Fro(me(l)) — Fro(n) > €

for some € > 0.
Let n € N be such that

Fro(me(T)) — Fang(me(l')) =€ <e.

By continuity of Fang (see Proposition 19) we can find n € [0,mc(T')) such
that
Fang(me(T')) — Fang(n) <e—e,

yielding Frg(n) < Fang(n). Contradiction. |

Proposition 78 Assume that Fr4(0) = 0 and that 6 < 1 is the greatest element
in the interval [0, mc(L)] for which Frg(6) = 0. Frg is bounded below by the line
segment joining the points (6,0) and (1,1).

Proof. Let us proceed again by reductio ad absurdum.

Assume that there exists p > ¢ such that the pair (u, Fro(n)) lies below the
straight segment joining (§,0) and (1,1).

Consider the straight line through (u, Fre(p)) and (1,1), say uz + v, and
suppose that uA +v = 0.

Let us define the sequence {0™}, for

0" = maz{n € [0,1] | Fan(n) = 0}.

6See [44].
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Notice that {0"} converges to . Thus there has to exist n for which " < A.
Therefore Fang is bounded below by the straight segment joining (6",0) and
(1,1) (see Proposition 22), yielding Fan g(p) > Fro(p). Contradiction. |

Theorem 79 A function F : [0,1] — [0,1] is of the form Frg for some I' C
SL> and 0 € SL*> if and only if it has the following properties, for u € [0,1]:

1. F(0) € {0,1}, F(1) € {0,1} and, on the interval (p,1], it has constant

value 1.
2. F 1s increasing.
3. For u >0, F is continuous and convex on [0, fi].

4. If F(0) = 0 and the greatest element in the interval [0, p] at which F has
value 0 is 0 < 1 then it is bounded below by the line segment joining the
points (6,0) and (1,1).

Proof. The right implication follows mostly from the discussion in the previous
section culminating in Theorem 72. The only cases not covered in the initial
discussion were F(x) = 0 for all x € [0, 1] and F(z) =1 for all z € [0,1]. For the
former we can set 6 to be a contradiction and I' any consistent set of sentences

and for the latter we can set # to be a tautology and I' any set of sentences.

The right implication follows from the above propositions (Propositions 74,
75, 76, 77 and 78) and the left implication follows from the discussion in the

previous section culminating in Theorem 72. [ |



Chapter 7
Fuzzy logics

In this chapter we develop some of the ideas presented in previous sections
within the frame of fuzzy logics, particularly within the frame of Gddel and
Lukasiewicz logics. The weight functions to be considered in this section will
be truth valuations and thus we will be dealing with degrees of truth instead of

degrees of belief.

We start by introducing the logic BL (short for Basic Logic).

7.1 Basic Logic, BL

Let L = {p,...,p} be a finite propositional language.

We define SL recursively as follows:

1. 0e SL.
2. Let pe L. Then p € SL.

3. Let 0, ¢ € SL. Then =¢, ¢ — 0, p&0, p N0, ¢V O € SL.

6 A ¢ is short for & (0 — ¢).
6 Vv ¢ abbreviates ((0 — ¢) — @) A ((¢p — 0) — 0).
—¢ abbreviates ¢ — 0.1,

Thus we only have two primitive connectives and a constant from which all
the other connectives can be defined (&, —, 0). For convenience though we will

deal with all of them in most results.

1See [21] for a fuller account of this language.

85
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Let us first define the basic fuzzy logic, BL, as in [21].

Definition 80 BL is given by the following aziom schemas:
L (p—v) = (=8 —(0—9)
2. (pN) — ¢
3. (@A) = (W AQ)
4 (oA (0= 1) = WA W — 9))
5. (0= (W —8)—((enY) = &)
6. (GAY) = &) = (0 — (b —8))
7. ((6—1) =& = (0 =) =& —¢)
8. 0—¢

The deduction rule is Modus Ponens.

7.2 Godel logic, G
Let us now define the logic G (Gddel logic).

Definition 81 G is an extension of the axiom system BL by the axiom schema

¢— (0N Q).
The deduction rule is, as in BL, Modus Ponens.

The notion of proof in G is defined in the obvious way.

G proves the equivalence (¢&1)) = (¢ A 1p).2 Thus we can dispense with one

of these connectives.

Definition 82 Let w : SL — [0,1]. We say that w is a G-valuation on L if,
for 0, ¢ € SL, we have what follows:

1. w(ep&l) = min{w(p),w(d)}

2See [21] for a proof of this result.
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L if w(g) <w(0)

w(f) otherwise

2. w(p —0) = {
3. w(0) =0

From these three clauses we can deduce the behaviour of G-valuations with

respect to the other connectives:
L. w(p A 0) = w(p&b) = min{w(p), w(d)}
2. w(p Vo) =max{w(p), w(d)}

1 if w(e)=0

0 otherwise

&whwz{

We will call those sentences in SL that are given value 1 by all G-valuations
G-tautologies whereas G-contradictions will be those sentences that are given

value 0 for all G-valuations.

We may wonder if we could derive some sort of consistency measure from
G-valuations in the same way as Knight did from probability functions in [25]
and [26] (see Chapter 2).

Throughout let T' = {¢1, ..., 0x} € SL and 6 € SL.

Definition 83 Letn € [0,1]. We say that I is G,)-consistent if and only if there

exists a G-valuation w such that w(I') > 7.

Definition 84 Let n € [0,1]. We say that I' is mazimally G,-consistent if and

only if I' s Gy -consistent and there is no X\ > n such that I' is G x-consistent.

Notice that saying that I' is G, -consistent is equivalent to claiming that there
exists a G-valuation w such that w(AT) > n (AT is short for ¢; A ... A ¢x).

Here and throughout we will denote the set of propositional variables that
occur in at least one sentence of I' by Ly and the propositional variables that

occur in a sentence 6 by Lyg.

Let us define recursively the following infinite collection of sets of sentences

in SL:

° ClzLU{(_)}.
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e Co=Coy U{d—,0&0| 6,00 € Coi}, neN.
We will denote this collection by C (that is, C = {C,, |n € N})

Proposition 85 Let w be a G-valuation such that w(0) > 0. Let us define the
G-valuation w* in the following way:

Forpe L,

0 otherwise

w*(p):{ 1 if w(p) >0

We claim that w* is such that w*(0) = 1.

Proof. Let us proceed by induction on C.

Let us first assume that 6 € (' is such that there exists a G-valuation w for
which w(€) > 0 and define w* as above. Notice that 6 has to be a propositional
variable since w(0) = 0. Thus clearly w*(9) = 1.

Assume now that the result is true for all sentences in C),,_;. That is to say,
if ¢ € C,,_1 is such that there exists a G-valuation w for which w(¢) > 0 then w*
defined from w as above will be such that w*(¢) = 1.

Let 6 € C, — C,,—1 for some n € N. Let w be such that w(#) > 0 and define
w* as above from w.

Let us suppose first that § = ¢ — ¢ for some ¢, € C,_;. Since by as-
sumption w(f) > 0 we will have that either w(¢) = w(¢) = 0 or w(v)) > 0. If
w(¢) = w(rh) = 0 then w*(¢) = w*(¢) = 0 and w*(0) = 1. If w(y)) > 0 then, by
inductive hypothesis, we will have that w*(¢) = 1 and, therefore, that w*(6) = 1.

Suppose now that § = @& for some ¢,¢ € C,,_1. We know that w(¢) > 0
and that w(¢) > 0. By inductive hypothesis w*(¢) = 1 and w*(y)) = 1. Thus
w*(f) = 1. [

Corollary 86 Let I' be G, -consistent, for n € (0,1]. Then I' is mazimally G-

consistent.

Proposition 87 Let n € (0,1]. T' is Gy -consistent if and only if I is classically

consistent.

Proof. Any classical valuation is also a GG-valuation and thus the left implication

holds. To prove the right implication assume that I' is G,-consistent, n € (0, 1].
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By Proposition 85 we can define a new G-valuation w* (which is also a classical
valuation) from any w being such that w(I') > n. Thus it follows that I' is

classically consistent. [

Corollary 88 T' is mazimally Gy-consistent if and only if U is classically incon-

sistent.

Thus we see that G-valuations are not good candidates for measuring degrees
of consistency. They behave classically and turn out to be useless when it comes

to determining any presumable difference among distinct inconsistent sets.

Proposition 89 Let w be a G-valuation such that w(f) = n for some n € (0,1)
Then there ezists a propositional variable p € Ly such that w(p) = n.

Proof. The result can be proved recursively in a pretty trivial way. Let w be as
stated above.

If 0 is a propositional variable, say p, then w(p) = n.

If 0 = @& for some ¢, € SL then w(p) =n or w(y) = n.

If 0 = ¢ — 1) for some ¢, € SL then w(y) = n.

Notice that € can not be 0 since w(0) = 0 for all G-valuations w. |

Corollary 90 Let w be a G-valuation and A = {w(p)|p € Ly} U {0,1}. We
have that w(f) € A.

Proposition 91 Let w be a G-valuation such that 0 < w(f) < 1 and X € (0,1].

We claim that there ezists a G-valuation w* such that w*(0) = .

Proof. Let w be a G-valuation such that w(#) = n for some 7 € (0,1).
That there exists a G-valuation w* such that w*() = 1 was proved in Propo-

sition 85. Let us take A € (0,1) and prove that we can define a G-valuation w*
such that w*(0) = .

Let h:[0,1] — [0,1]. The map h has the following properties:

2. h is strictly increasing.

3. h(n) =\
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Let w* be such that w*(p) = h(w(p)) for all p € L.

We claim that h will be such that w*(¢) = h(w(¢)) for all ¢ € SL and thus
w*(#) = A. To see this we can proceed by induction on C.

Let ¢ € SL.

Assume first that ¢ € C;. If ¢ = p for some p € L then, by definition,
w*(p) = Mw(p)). On the other hand, if ¢ = 0 then clearly w*(0) = h(w(0)) = 0.

Assume now that ¢ € C,, — C,,_; for some n € N and that w*(¢) = h(w()))
for all ¢ € C),_4.

Let ¢ = ¢ — & for some ¢,& € C,—y. If w*(¢) = 1 then w*(y) < w*(§).
Thus, h(w(v)) < h(w(£)) and, since h is strictly increasing, w(v)) < w(&). Hence,
w(p) = hw(p)) = 1. If w*(¢) < 1 then w*(¢) > w*(§) = w*(¢). Thus,
h(w(v)) > h(w(€)) and, since h is strictly increasing, w(¢) > w() = w(¢p). But
w*(€) = Mw(&)). Therefore, w*(¢) = h(w(p)).

Let ¢ = ¥&¢ for some ¢, € C,_;. Assume that w*(¢) = w*(¢) -that is,
w*(¢) < w*(§). Thus, Mw(y)) < h(w(§)). Since h is strictly increasing we can
conclude that w(y) < w(§) and therefore w(¢) = w(v). But w* () = h(w(1)).

Thus, w(6) = h(w(6)). .
We define now an inference relation based on G-valuations similar to 7>.

Let n,¢ € [0, 1].

Definition 92 We say that I' (1, ()-implies 8 (denoted I'" >, 8) if and only if,
for all G-valuations w, if w(I') > n then w(f) > .

Next we introduce the equivalent to Fr g for " B>, which we denote by Gr .

Definition 93 The function Gryg : [0,1] — [0, 1] is defined as follows:

Gro(n) = sup{¢|T" > 0}.

Let us consider first the following example. Take I' = {p} and § = p V —p.
Notice that Grg(0) = 0 but there is no G-valuation w such that w(f) = 0. To
see this take € > 0. We can always find w, a G-valuation, such that 0 < w(f) < e
(set for example w(p) = 5). This tells us that the supremum, the value given by
the function Gry at some point in the interval [0, 1], is not always attained by a

G-valuation.
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Proposition 94 Grj is increasing.
Proof. Tt follows trivially from the definition of 7 >>. [
Proposition 95 Gry(1) € {0,1}.

Proof. Let us proceed by reductio ad absurdum and assume that 0 < Grg(1) =
p < 1. Thus there has to exist a G-valuation w such that w(AT') = 1 and
1 > w(f) > pu. We can define a new G-valuation w* the way we did in Proposition
91 such that w*(AT') = 1 and w*(#) = A < p. Notice that we can define this
valuation taking any value of A in the interval (0, ). Hence Grg(1) = 0, which

contradicts the assumption we started with. [ |
Proposition 96 Gr(0) € {0, 1}.

Proof. Let us proceed again by reductio ad absurdum by assuming that 0 <
Grp(0) = p < 1. This means that there exists a G-valuation w such that 1 >
w(f) > p. We can define a new G-valuation w* as in Proposition 91 such that
w*(f) = X < p for any A € (0,p). Hence we have that Gry(0) = 0, which

contradicts the assumption above. [
Proposition 97 Let n € [0,1]. Then Gry(n) € {0,n,1}.

Proof. By Proposition 96 we know that Gr»(0) € {0,1} and by Proposition 95
that Gry(1) € {0,1}.

Let n € (0,1).

Let us proceed by reductio ad absurdum and assume first that n < Grg(n) =
¢ < 1. Since Gry is increasing, Gry(1) = 1 and Gry(n) < 1 there has to exist a
G-valuation w such that w(A ') = n+ v and w(f) = ( + v, with v € [0,1 — )
and v € [0,1 — (). If ( +v < n+ u then we can define a new G-valuation w* as
seen in Proposition 91 such that w*(AT') = n and w*(0) <n. Iff n+u <+
we can define a new G-valuation w* the way we did in Proposition 91 such that
w*(AT) =nand n <w*(d) = A for any A € (n,¢]. If n+u = (+ v we can define
w* in a way that w*(AT') = w*(d) = n. Thus, we can conclude that Gr(n) < .

Let us suppose now that 0 < Gry(n) = ¢ < 1. By what was said above,
there exists a G-valuation w such that w(AT) = n+ v and w(f) = ¢ + v, with
u € [0,1—n)and v € [0,7— ). We can define a G-valuation w* as in Proposition
91 such that w*(AT') = n and w*(f) = A for each A € (0,¢]. Thus, Grg(n) = 0.
This contradicts the assumption above.

Therefore we can conclude that Gr¢(n) € {0,7, 1}. |
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Proposition 98 Gr is continuous on (0, 1].

Proof. Let us first assume that Gr g is not continuous from the right at n € (0,1).

This means that, for some € > 0, Gry(z) — Gro(n) > € for all x € (n,1]. In view

of the previous proposition there are only a few cases in which this could happen:

1.

Gro(n) =n and Gre(z) =1 for all z € (n, 1].

In this case there has to exist a G-valuation w such that w(AT') = n and
n < w(@) < 1. We can then define a G-valuation w* as in Proposition
91 such that n < w*(AT) < 1 and n < w*(f) < 1. That contradicts the

assumption above.

. Gro(n) =0and Gry(z) =z or Gry(x) =1 for all x € (n, 1].

Notice that A T' cannot be a G-contradiction. Let w be such that w(A ') >
n and w(f) < n. Thus we could define a new G-valuation w* from w as
in Proposition 91 such that w*(d) < n < w*(/AT'). This would contradict

what we assumed at the beginning.

Let us assume now that Gr g is not continuous from the left at € (0, 1]. That

is, for some € > 0, Grp(n) — Gro(x) > € for all x € [0, 7).

For n € (0,1) we can proceed as we did above:

1. gng(I) =0 forall x € [0,7]) and gr"g(n) =7 or gr‘,g(’I]) =1.
There has to exist a G-valuation w such that 0 < w(f) < w(AT) <n. We
can define a new G-valuation w* such that w*(6) < n < w*(AT'), which
contradicts the assumption above.

2. Gry(z) =z for all z € [0,n) and Gry(n) = 1.
In this case there has to exist a G-valuation w such that 0 < w(AT') <
and w(AT) <w(f) < 1. We could define a new G-valuation w* as we did
above which would contradict what we assumed.

For n = 1:

1. gng(l’) =0 forall x € [0, 1) and gng(l) =1.

Let us first suppose that 0 < w(AI') < 1 for some G-valuation w. In

this case, since by assumption Gr (1) = 1, there has to exist w’ for which
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0 < w(AT) <1 and w'(f) = 0. We can define a new G-valuation w* as
in Proposition 85 such that w*(A ') = 1 and w*(f) = 0, which contradicts

the assumption we started with.

Let us assume now that w(AI') € {0,1} for all G-valuations w. Notice
that if A I' were a G-contradiction then Gry(xz) = 1 for all z € (0,1]. If AT
were a G-tautology then Grg(z) = 1 or Gry(z) = 0 for all z € [0,1]. Let
us assume now that A I is neither a G-tautology nor a G-contradiction. In
this case, assuming that Gr (1) = 1, for all x € (0, 1] we would have that
Gro(x) = 1 since, by assumption, w(AT') € {0,1}.

We have proved continuity of Gry on (0, 1]. |

The next proposition gives us a representation for the functions of the form

Or.e.

Proposition 99 Grj is of one of the following forms:
1. Gry(n) =0 for alln € [0,1]
2. Gro(n) =n for alln € [0,1]
3. Gro(n) =1 for alln € [0,1]

0 if n=0
1 otherwise

4. Qr,e(n) = {

Proof. Tt follows directly from the previous propositions (94, 95, 96, 97 and 98).
[ |

That the forms above are possible graphs for some I' and 6 can easily be
showed.

Let pe L.

1. Let I' = {p} and 0 = —=(p — p). In this case Gry(n) = 0 for all € [0, 1].
2. Let I' = {p} and 6 = p. In this case Gry(n) = n for all n € [0, 1].
3. Let I' = {p} and 6 = p — p. Here Grp(n) =1 for all n € [0, 1].

4. Let I' = {—=(p — p)} and 6 = p. For this example Gr4(0) = 0 and Gry(n) =
1 for all n € (0,1].
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7.3 Lukasiewicz logic, L

Let us define L (short for Lukasiewicz logic).

Definition 100 £ is obtained by extending BL by the axiom schema

The deduction rule is Modus Ponens.

In L the only primitive connective is —. The other connectives can be defined
from — and 0. In particular, = stands for § — 0 and 0&¢ for —(6 — —¢).

We can introduce a new connective, V, defined from the previous ones. V¢
will be short for =60 — ¢.

Definition 101 Let w : SL — [0,1]. We say that w is an L-valuation if, for
¢, 0 € SL, we have what follows:

1 w(p — 0) =min{l,1 —w(¢) +w(h)}
2. w(0) =0

From these two clauses we can define the behaviour of L-valuations for the

other connectives:
L. w(p A0) =min{w(p), w(d)}
2. w(p Vo) =max{w(p), w(d)}

3. w(=¢) =1 —-w(9)
4. w(p&b) = maz{0, w(¢) +w(f) — 1}

5. w(eVvh) = min{l,w(¢) + w(h)}

Next we state a central theorem in Lukasiewicz logic. In order to do so we

need to specify some previous notation.

Let 6 € SL. Assume that Ly = {p1,...,pn} € L. We will denote this by

9<p17 7pn)
Let w be an L-valuation.
We have that w(f) = f(w(p1), ..., w(py)) for some f:[0,1]" — [0,1]. We will

denote this f by f, —we will write sometimes fp(z1, ..., Z,).
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Theorem 102 McNaughton’s Theorem
In order that a function f :[0,1]" — [0, 1] be of the form fy for some § € SL

it s necessary and sufficient that f satisfy the following two conditions:
1. f is continuous on [0, 1]".

2. There are a finite number of distinct polynomials with integer coefficients
i, 1 <@ <, \j =bi+my,x1+ ... + my,x,, such that for every (xq, ..., z,),
0<uwx <1 forallie{l,..n}, there is \; for some j € {1, ..., u} such that
f@1, o xn) = Aj(x1, .oy ).

For an alternative presentation and a proof of this theorem see [30].

Throughout let I' C SL.

Definition 103 Letn € [0, 1]. We say that T is L, -consistent if and only if there

exists an L-valuation w such that w(I') > n.

Definition 104 Let n € [0,1]. We say that I' is mazimally L, -consistent if and

only if " is Ly-consistent and there is no A\ > n such that I' is Ly-consistent.

Let us consider now the examples we started with in Chapter 1 and check
how this notion of L-consistency behaves.

We formulated Kyburg’s lottery paradox through the set of sentences
Fn = {_|t1, ceey _|tn, tl V..V tn}

Recall from Chapter 2 that I', was maximally ;25 -consistent (and ;%5-coherent).

It turns out that I, is maximally L#l—consistent too (in terms of L the set ',

would be given by {—ty, ..., —t,, t1V...Vt, }. That is to say, we would take the dis-

junction of the paradox to be given by the connective V). To see that this is indeed

the case consider an L-valuation that assigns HLH to each propositional variable

involved in I',,. It is easy to see that I, is L#l—consistent (in fact maximally
L _»_-consistent).
n+1

The Sorites paradox was formulated by means of the set of sentences

Ly = {PnsPn — Pn-1, ., P2 = D1, D1}
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[',, is maximally L#l—consistent. To see this consider an L-valuation w such
that w(p;) = 45 for all € {1,...,n}. In can easily be seen that w gives I, its

maximal L-consistency.

Thus the notion of L-consistency seems to go well with the idea that the bigger
the set of sentences the less inconsistent —at least in some examples (as we justified
in Chapter 2), very much like the notions of 7-consistency and 7-coherence do.
However such an approach to measuring inconsistency has a serious drawback, as

the following example shows.

Let us consider the following set of sentences:
I'={p—q¢-wp—aqp——q¢-p— g}

)

for p,q € L. T"is Ly-consistent (take an L-valuation w such that w(p) = w(q) =

N[

but classically inconsistent.

Furthermore, since not all tautologies (or contradictions) are L-tautologies
(or E-contradictions respectively) —for example, the sentence p — (p&p) is not
an L-tautology— we have that a set of sentences I' which contains an explicit

contradiction does not have to be necessarily maximally Lg-consistent.

The converse holds though.
Proposition 105 IfT is consistent then ' is maximally £,-consistent.?

Proof. Since classical valuations are also L-valuations and the connectives in L
behave classically under such valuations it is clear that if I is classically consistent

then I' is maximally L;-consistent. [

Let A = {¢y,...,¢,} C SL be finite.

We will use the following abbreviations:

N A for o1 A ... A by
\V A for ¢ V...V .
MA for ¢1V...Vo,.
&A for ¢1&... &b

3From a classical point of view the connectives A and & are equivalent and so are V and V.
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In some cases we will indicate with superscripts the number of sentences in-
volved for any of the connectives above. For example \/" § stands for 6 Vv ... VV 0,
where 6 occurs n times.

It is customary to refer to &0 (that is, 6&...&6, where 6 occurs n times) by
o".

Notice that the L-consistency of a set of sentences I' is the same as the L-
consistency of the sentence A\ I". We will talk indistinctively about the consistency

of sentences and sets of sentences.

Proposition 106 For all n € N we can construct a sentence ¢ € SL (which we

will denote by ¢1 ) that is mazimally L1 -consistent.

Proof. Let us define ¢1 as follows:

1 =-pAp"!

Let us check that ¢1 is maximally L1-consistent.
Let w be an L-valuation such that w(p) = ”T_l This way w(—-p) = % and
w(p't) = (n = (") — (n—2) = ;.. Thus, w(¢1) = ;.

Clearly, any L-valuation w for which w(p) < %=+ or w(p) > % is such that
w(pr) < . m

Proposition 107 Letr € QNI0, 1]. We can construct a sentence ¢ € SL (which

we will denote by ¢, ) that is maximally L,.-consistent.

Proof. Let r = = and p € L. Let us define ¢, as follows:

¢r = Mugh%

v~1. By Proposition 106 ¢:1 is maximally Li-consistent. Thus,

¢1 = PAP
V ¢: is maximally Lu-consistent. [

Although obvious, it is worth mentioning that there exists an L-valuation w

for which w(¢,) = 0. Thus, by continuity of f; we will have an L-valuation w
such that w(¢,) = A for each A\ € [0, 7].
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7.3.1 " »; and the function Lrg

Let T' = {¢1,...,¢x} C SL, 6 € SL and 1, ¢ € [0,1].

As with Godel logic we can define an inference relation based on degrees of
truth.

Definition 108 We say that I' (n,()-implies § (denoted I w¢ ) if and only if,
for all E-valuations w, if w(T') > n then w(f) > ¢.*

Definition 109 The function Lry : [0,1] — [0, 1] is defined as follows, for all
n e [0,1]:
Lro(n) = sup{C|T" »¢ 0}.

Next we prove that this supremum is actually attained by a certain L-valuation.

Proposition 110 Let I' be L,-consistent. There exists an L-valuation w such
that w(AT) > n and w(f) = Lre(n) = .

Proof. We can define a decreasing sequence {(,} whose limit is ¢ such that for
all n € N there exists an L-valuation w,, with w,(6) = ¢, and w,(AT) > n. We
can characterize every w, by the values it assigns to the propositional variables
in L. We will thus identify w,, with the vector w,, = (w,(p1), ..., wn(Pk))-

We need to prove now that there exists an L-valuation w such that w(0) = ¢
and w(AT) > n.

We can take a convergent subsequence {a), } in the first coordinates of {1, }.
We know such a convergent subsequence needs to exist and converge in the in-
terval [0, 1] by compactness. Next we can pick a convergent subsequence {u_)?lk
in the second coordinates of {u, }. As before, such subsequence needs to exist
by compactness. We can proceed in the same way for the other coordinates.

The final subsequence, {ID?;}, will have as limit an L-valuation @ for which

w(f) = ¢ and w(AT) > n. |
Proposition 111 Ly is increasing.
Proof. It follows directly from the definition of 7 ». [ |

For the next proposition assume that I' is maximally Ly-consistent, A > 0.

4In [15] we find a consequence relation similar in nature to this one. It could be presented,
in our own terminology and notation, as follows: I' =, 6 if and only if, for all L-valuations w
and all € [0,1], if w(T') > 7 then w(f) > 7.
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Proposition 112 Lrj is left continuous on [0, A].

Proof. Let us proceed by reductio ad absurdum by assuming that there exists
n € (0,\] and € > 0 such that

Lro(n) — Lrg(x) > €

for all € [0,7).

Let ¢ = sup{Lrp(z)|z < n}.

We can define an increasing sequence {n,} with limit n and a sequence {(,}
with limit ¢ such that for all n € N there exists an L-valuation w,, with w,(AT') =
N, and w, (0) = ¢,. We will identify w,, with the vector @, = (w,(p1), ..., Wn(Pr))-

We can take a convergent subsequence {1} } in the first coordinates of {u,}.
We know such a convergent subsequence needs to exist and converge in the in-
terval [0,1] by compactness. We can proceed in the same way for the other
coordinates.

The final subsequence, {wf:}, will have as limit an L-valuation « for which
w(l') = n and w(f) = ( since Lry is increasing. Therefore Lry needs to be

continuous from the left at 7. |

Proposition 113 Lry is of the following form:

an+by if n< N
EF,@(U) = -
agn +by if Mo <n <N\

with a;, b, \i € Q and k € N, 1 <i <k.

Proof. Let R = (R, +, —, <,=,0,1).°
The set of pairs
{(z,y) € R*|y = Lrp(z)}

is R-definable (notice that, since R is an elementary extension of the structure
Q=(Q,+,—,<,=,0,1), it is OQ-definable too).
The theory of R has quantifier elimination (see for example [29]). Therefore

that the set of pairs
{(z,y) € R*|y = Lro(z)}

5Here by '—’ we mean the map given by © — —z.
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is given by a finite boolean combination (which reduces to a finite union of inter-

sections by the complement and distributive laws for sets) of sets of the form
{(z,y) € R*| my < nz + k}

and
{(z,y) € R?*| my = nx + k}

for n,m, k € Z.
Notice that each intersection of sets of such form is convex so, since Lry is a
function, such intersection has to be a line segment (with coefficients and bounds

in Q).

That Ly is left continuous follows from Proposition 112. [

In the next section we give a representation theorem for the functions Lrg.
We prove that a function F : [0, 1] — [0, 1] is of the form Ly for some I' C SL
and # € SL if and only if F satisfies the properties stated in Propositions 111
and 113.

7.3.2 Graphs of Ly
Basic graphs

We define five basic types of graphs.

Proposition 114 (Type 1)
Let r and s be two rational numbers in the interval [0,1]. We can find I and

0 for which Lr g is as follows:

1 otherwise

Proof. Let0<T:Z—iandO<s:1—Z—;<1.

Let T' = {\/""¢.1}, with 1 = =pAp”~! and p € L. As seen above, I is
maximally Lr—:onsi;ltent. K

On the other hand take ¢1 = —q A ¢, for ¢ € L, ¢ # p. The sentence
V@ 1 is maximally L ug —consjfstent. Thus there is no L-valuation w such that

_— vg

w(=(V"2¢1)) <1—2 s

1
—_ vg
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Thus we can set 0 = —(\/**¢ 1 ).
v
Clearly, for I' and 6 thus defined, Lr g is as stated above.

For r = 0 we can take AT to be an L-contradiction. If s = 0 we can take 6

to be an L-contradiction and, if s = 1, an L-tautology. |

It is worth remarking the importance of a subclass of this type of graphs;

namely, the graph given when s = 0.

Notice that in the above example I' is not L;-consistent. Later on, in order to
prove the representation theorem for the functions Lry, we will need to appeal
to graphs of this form for L;-consistent sets of premises. From McNaughton’s
Theorem we can claim that there exist sentences A\ I' and € involving only one
propositional variable —say p € L— with A T' Lj-consistent such that Lrg(n) =0
for n < r and Lry(n) =1 for n > r, for any r € [0,1] N Q. To see this consider
far(z) and fy(x) to be of the following form:

. 1+bo
a1 x if < P
_ _ P f tby 1+bo
f/\l“(m) = 1 (a2$ b2) Zf a1+asz <z < a2
C e 14
asxr — bg Zf # <r<c
1 otherwise

Here aq, as, as, by, by are positive integers and c¢ is a rational number. Other
" 1+b 14b
conditions on these values are that a;(;7°%) = 1 — (aa(75%) —ba) =7, 1+by <

CI,Q,G 1 — (CLQ(%) — bg) = a3(1+b2) — b3 = 0 and as + b3 Z ]_

az

fo(x) =< awr—by if di <z <ds
1 otherwise

Here a4, by are positive integers and dq,ds are rational numbers. Another

conditions on these values are asd; — by = 0, ayds — by = 1 and % <d; <dy <
14by

For AT and 6 of this form the function Lry will be as stated. To see this notice
that f/\p(allia) =, fg(allib;) = 0 and, for all z € [0,1] for which far(z) > r

we have that fy(x) = 1.

Proposition 115 (Type 2)

SNotice that for any » € [0,1] N Q we can find positive integers a;,as and by for which the
conditions stated so far hold.
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Let r < s be two rational numbers in the interval [0,1]. We can find I' and 0
for which Lr g is as follows:

0 ifn<r
Lron) =49 = if r<n<s
1 otherwise

Proof. Let0<T:Z—i<s:“—2

v "

Take s —r = % and define 1, and 0 as follows:

U2V1 —ULV2
v =\/ ¢

)
- v1v2

o=\"6_ .

—_— v1v2

Here ¢_1 = —p Ap»2~!t for p € L.

v1v2

Define 1), as follows:

Voo

(C>

We take ¢ 1 to be =g A ¢t~ L, for g € L, q # p.
Set I' = {11 Vb }.

Lry is as stated above. To see this notice that, since )9 is maximally L,-

consistent, Lrg(x) = 0 for all x € [0,7] and that any L-valuation w for which
w(t)y) = s — r (its maximal consistency) is such that w(f) = 1.

If r = 0 then we can dispense with ¢y and take I' = {4 }. |

As with Type 1 McNaughton’s Theorem guarantees the existence of A" L;-

consistent and 0 such that Lry is as above. To see this consider ¢(p) and 6(p)
(with p € L) for which fs(x) and fy(z) are of the following form:

br if v < %
€Tr) =
f¢( ) { 1  otherwise

ar if x < é
1  otherwise

Here a,b € N and ¢ = . Notice that Lig6(1) = 5

Jo()
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We can then set I' = {¢Vihs}, where 95 is as in the previous example:

ul
o=\ 61,
with g1 = —qgA g™~ L, for g € L, q # p.
v1
Lr g will be as stated, with I" L;-consistent.

Proposition 116 (Type 3)
Let r and s be two rational numbers in the interval [0,1]. We can define T

and 0 for which Lr g is as follows:

EF,H(”) = { ! i n=r

@ otherwise

Proof. Let r = 21 and s = ¥2. We have to distinguish two possible cases here:
1 v2

Case 1. = < 1.

Consider 2 = %% __
1—7r va(vi—uy)

We first define ¢y and 6 as follows:

w= V"

U2V
0=\""¢_ 1 .
vg (v —uy)

%)
vo(vy—uy)

Here ¢___1 = —p Ap2i—v)=l for p e L.

vg (v —uy)

Let us now define ¥, for r > 0 as follows:

o = MU1¢%-

In this case ¢ = ~qg A ¢t~ L, for g € L, ¢ # p.
v1
Set I' = {@DlM@ZJQ}

Clearly Lrp is as mentioned above.

Notice that if r = 0 then we can dispense with 99 and set I' = {4} to get

Lr ¢ as mentioned.

Case 2. 1_:« > 1.
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Consider =2 — %m-u1)
s UV

We now define ¢/, and 6 in the following way:

va(v1—u1)
P =\/ ¢

’
u2v1

U2V
0=\ ¢
uvy

with ¢_1 = —p A p“®~1 for p € L.

uzv1

If » > 0 define 15 as above and set I' = {11 Viho}. Lrp will be as stated.
As before, if r = 0 then we set I' = {91 }. |

Proposition 117 (Type 4)
Let r < s be two rational numbers in the interval [0,1]. We can define T and
0 for which Lrgp(n) = (s —r)n+r.

Proof. Let r = 2 < s = *2 Take s — r = 2812 and define ¢ and 6, as
(%1 U2 v1V2

follows:

V1V2
v=\/" ¢,
viv2

UV —U V2
91 = \v/ 95 1,

v1v2

where ¢ 1 = —p Ap"r2~! for p € L.
v1v2

Let us define 65 as follows:

br==(V"01)

Here ¢ 1 = —qA g1, for g€ L, q # p.
v]

Set @ = 0;V0y and I" = {¢0}. The function Lry will be as stated above.
If r = 0 then we set 6 = 6. [ |
Proposition 118 (Type 5)

Let r and s be two rational numbers in the interval [0,1]. We can define T

and 0 for which Lr g is as follows:
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1 otherwise

H .

Proof. Let 0 <r = % and s = z—j We have to distinguish two possible cases:

Case 1. 1—? > 1.

Consider % = % and define ¢ and 6, as follows:
U2V
w N y ¢v2(ﬂ11*u1) ’
va (v1—u1)
0, =
! y ¢U2(v11*u1) ’
with ¢v2<vlliu1> = —p A pr2i=u)=1 for p € L.

On the other hand define 65 as follows:

92 = _'(ymgbﬁ)a

with g1 = —qgA g™~ L, for g € L, q # p.
v1

Set § = 60,V0y and I = {¢}. The function Ly will be as stated above.

If r = 0 then we can set 6 = 6,.

As with Type 1 and Type 2, McNaughton’s Theorem guarantees the existence
of sentences A T" and € in one variable (say p € L), with A ' L;-consistent, such
that Lrg is as above. To see this consider ¢ and v for which fys(x) and fy(x) are

as follows:

f¢(w)—{bx Fass

1  otherwise

£o() {ax zf:vgi
(1) =

1  otherwise

Here a,bENand%:%.
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Set I' = {¢} and 0 = {¢)VO,}, where
h=-(V o)

and ¢1 =g A gt forqe L, g #p.
vy
Clearly Lrp will be as stated, with I' L;-consistent.

Again, if » = 0 then we can set 6 = 1.

Case 2. =X < 1.

Consider == = % and define ¢ and 6, as follows:

v=\"o_

)
u2v]

va(v1—u1)
o =\/ ¢ 1,

u2vy

where ¢_1 = -pAp»2i~!l forp e L.

uzv1

Define 6, as in Case 1 and set § = 6;V0, and I' = {¢}. The function Lrg

will be as desired.

For r = 0 we dispense again with 6s. [ |

Compound graphs

Let Ly, Ly be two disjoint languages and SLy, SLs their respective sets of
sentences. Take I'y C SLy, I'y € SLy and 6, € SLy, 0, € SLy. Assume that

I' =11 UT'; is maximally Lj-consistent.

Proposition 119 maz{Lr, 9,(1n), Lry.0,(n)} = Lr,urs.0,ve,(n) for alln € [0, 1].
Proof. Tt follows trivially given the way the connective V is defined. [ |
Proposition 120 min{Lr, ,(1), Lry.0,(n)} = Lr,0rs.0,00,(n) for all n € [0, .
Proof. Tt follows trivially given the definition of the connective A. |

We can extend these propositions to any finite collection of sets of sentences
Iy € SLy,....T'. € SL, and 0, € SLq,...,0, € SL;, for some k € N, with

Ly, ..., L a collection of pairwise disjoint languages.
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Theorem 121 The function F : [0,1] — [0,1] is of the form Lrg for some
I' C SL and 6 € SL if and only if F is an increasing function of the following

form:

ar+b if x< )\
Flr)=1% ..
apT + by Zf Ac1 < < A\

with a;, b, \; € Q and k € N, i € {1,..., k}.

Proof. It F : [0,1] — [0, 1] is of the form Lr g for some I' C SL and 6 € SL then
we know, by Propositions 111 and 113, that F will be an increasing function of

the form stated above.
Let us prove now the left implication.

Let F : [0,1] — [0, 1] be as stated.
We will denote the line segment given by a;x + b; and \;_1 < x < \; by [;, for
i €{2,...,k} (I3 will be the line segment given by a;x + by and = < ;).

Let us define I' and 6 for which Lr4(n) = F(n) for all n € [0, 1].

First, let [; be a line segment of F, i € {1,...,k} (without loss of generality
we can assume that i # 1). We can define I'; C SL L;-consistent and 6; € SL for

which Ly, g, is as follows:

aidi—1+b; if <Ny
Eriﬂi(‘r) = a;T + bz Zf >\i—1 <z < )\z

1 otherwise

To see this set

‘Criﬁi (77) = max{£A1,¢1 (77)’ ma‘r{‘cAQﬂM (77)’ £A3,¢3 (77)}}

for all n € [0,1], with A; € SL; L;-consistent and ¢; € SL; for all j € {1,2,3},
where L1, Lo, L3 are pairwise disjoint languages.

LA, 4, and La, y, are of Type 1:

1 otherwise

EANM (ZL‘) = {
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Lay () = a;di_1+0b; forallxel0,1]

The nature of the straight line a;z + b; will determine the type of graph of
L, - We will choose Az and 15 such that the graph of La,,, contains the
straight segment a;x + b;, for A\;_; < o < \;. That La, 4, will be of one of the

types described in the previous subsection is clear.

It can easily be seen that

Fn) = Lyripe(n) =min{Lr, o, (n) |7 € {1, ..., k}}

for all n € [0,1], with I'y € SLy,...I'y C SLy, 6, € SLy,...,0, € SL; and

Ly, ..., L; a pairwise disjoint collection of languages. [



Chapter 8
Conclusion

In Chapter 2 we have presented the notion of n-coherence as a measure of
consistency, which we argue improves on the inconsistency measure given by
Schotch and Jennings in [45], and have proved its mathematical equivalence to
n-consistency, with the advantage over the latter that it rests entirely within

propositional calculus without involving probabilities.

In Chapter 3 we have studied the consequence relation ">¢ as a model to
reasoning by a rational agent holding possibly inconsistent beliefs. We have found
an equivalent to "> (for any values 7, ¢ € [0, 1]) within classical propositional logic

and have given a representation theorem for the functions of the form Ft .

In Chapter 4 we have compared ">, with other consequence relations in the
literature with respect to distinct criteria. One of these criteria was consistency.
We have proved that for certain values 1, ( the consequence relation "> yields
consistent sets of consequences and that on those grounds it behaves pretty well
with respect to other well known consequence relations. We have seen also that for
particular values 7, ¢ our inference relation ">+ satisfies some desirable structural

rules.

In Chapter 5 we have defined new inference relations very much inspired by
>c on the basis that distinct sentences in our belief base were allowed distinct
probability thresholds. We have first defined a consequence relation to deal with
belief bases given by sentences of the form w(¢) > n (for ¢ € SL and n € [0, 1],
with the intended meaning ’the probability of ¢ is at least ’) and have given a
propositional equivalent to it, analogous to that for ">, in Chapter 3. Next we

extended the language and defined a new consequence relation for belief bases

109
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given by boolean combinations of sentences of the form w(¢) > n and gave a

proof system for it.

In Chapter 6 we have considered countably infinite propositional languages
and have studied some properties of "> when considering possibly infinite sets of
premises. In particular we have given a representation theorem for the functions

of the form Fr g with I' possibly infinite.

In Chapter 7 we have defined consequence relations similar in nature to ">,
in terms of degrees of truth (truth values) rather than degrees of belief (prob-
abilities). We have done so for Godel and Lukasiewicz logics and have given
representation theorems for the functions Gr gy and Lry (analogous to Fr g in our

probabilistic approach).
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