0C1/1C1 January 2013 Solutions

(D)) (22 —=3)(x+4)=2*(x+4) —3(x+4) =23+ 42> — 3z — 12

(D)) (a—b+1)(a+b—1)=ala+b—1)—bla+b—1)+(a+b—1)
=a’+ab—a—ba—b+b+a+b—1=a*>—b"+2b—1

MGii) 2—-2)1—-(z-2)=2—-2)1—-2+2)=2—-2)3—12)=6— 5z +2?

(M@iv) A—22)(z—12=(1-22)1—-2)1—2)=(1-22)(1 -2z +2?) =
1—2x+ 2% — 2z + 42% — 22% = —223 + 52? — 4o + 1.

(2) In 1(iv) the term in 22 is 522, the coefficient of z is —4 and the constant
term is 1.

(3)

(i) T a8 (il) 2727 = 2213 = 3753 (iii) (21)%/6 = g1X5/6 = 120/6 — 10/3

2. (1) 22 —6x+9=(x—2)(xr—4)s02?> —62+8=0 < z=2,4.
Or use the formula to give solutions

—(=6) &£ /(—6)2 — 4.8 6j:\/Z:6:|:2:2 A

2 2 2 T
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5al4dr—2 = 32 41—1 < 22°432—1=0 < 1 =

—34 /32— 4.2.(—1)
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T r=—.
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(3)
5 w2
i:; ZxQ = 2@+5)=(z-5)(r—2) < 20+10=2"— Tz +10

= 2P -92=0 < 2(r—-9)=0 < r=0,9.



x@-%:xl e 24— (r-D(@+2) = 2@ +2)
= 2 -8r—a*+20+8 = *+ 2
— —-8x+8 =0
— z=1

(5) Put y = (x + 1)%, so the equation becomes
Y -5y+4=0 < (y—-4)(y—1)=0 < y=14

Hence (r + 1)) =y =1,4s0ox+1 = +1,4+2 and x = 0,—2,1, -3 are the
solutions.

3.
i) =3 < (3?)?=3 <= 3> =3! <= =1 <= z=1/2.

2 2 2 1
i) 1 ) =2 = =37 = =5
(i) log (:c+8) (:):+8) z+8 9

— r+8=18 <= =10
(iii) logg (9" =2 < (z+1)log;(9) ==
— 2r+1l)=1r <= x=-2
_ log, (2)
- log, (3)
(v) log,(4x—4)=2 <= drx—4=2 < (z—-2)?=0 < =2

(iv) zlog, (3) =log, (2) < =z < 1z =log;(2)

4. (1) If y = max + ¢ passes through both (—2,1) and (1,7) then
l1=-2m+c and 7T=m+ec.

Subtracting the first equation from the second gives 6 = 3m so m = 2 and
with the second equation this gives 7 = 2 + ¢ so ¢ = 5 and the equation of
the line C is y = 2z + 5.

(2) Substituting z = 3, y = 10 into y = 2z + 5 gives 10 = (2)(3) + 5 which
is not true so this point does not lie on the line C.



(3) If the lines y = 2z + 5 and y = 1 — 2z intersect at (z,y) then
2e+5=y=1-2x

so2rx+2r=1-5,ie. x=—1land y=(2)(—1)+5 = 3. Hence A = (—1,3).

(4) The gradients of the lines y = 2z + 5, y = 1 — 2x are 2, —2 respectively
and since (2)(—2) # —1 they are not perpendicular.

(5) The distance from (—1,3) to (0,5) is

VT 02+(3-52=vItd=15.

(6) Considering the right angled triangle formed by the points A = (-1, 3),
(0,5) and (0, 3) (notice that (—1,3) and (0,5) lie on the line C and the line
segment from (—1,3) and (0, 3) is parallel to the z-axis and of length 1) we
see that the cosine of the angle C makes with the z-axis is the distance from
(—1,3) to (0,3), divided by the distance from (—1,3) to (0,5), i.e. 1//5.

5.
(1) The curves intersect when

2 —2=y=222+7x -2,

equivalently
0=a2’+Tr=a(z+7).

Thus the two points are when z = 0 and y = 02 — 2 = —2 and when z = —7
and y = (—=7)? — 2 = 47, i.e. the points (0,—2) and (—7,47).

(2) The slopes of these curves at x are (d/dz)(x? —2) = 2z and (d/dx)(22% +
Tr — 2) = 4x + 7 respectively so these will be equal when 2z = 4z 4+ 7, i.e.
x=-=T7/2.

(3) The point (—1,—7) is on the curve D since substituting in these values
into the defining equation gives —7 = 2(—1)%? + (—1)7 — 2. At this value of x
the slope is as above 4(—1) + 7 = 3 so if y = mx + ¢ is to the the tangent it
must satisfy that m = 3 and —7 = (3)(—1) + ¢ so ¢ = —4, i.e. the equation
of the tangent is y = 3x — 4.

(4) The line y = 3x — 4 meets the curve C when 3z — 4 = y = 2% — 2,
equivalently 2 =3z +2=0= (z—2)(z —1),ie. r=land z =2. Atz =1

3



the y coordinate on C is 12 — 2 = —1 and at = 2 the y coordinate on C is
22 — 2 = 2. Hence the two points are (1, —1) and (2,2).

6. (a) (1) Domain of f is all the reals except 0.

(2) f(f(x)) = %jtl =2/(2/z)+1)+1=22/2+4x) + 1.

(3) We must have z = f(f'(z)) = f%(z) + 1. Multiplying both sides
by f~(x) gives
zf @) =2+ ()
so (x—1)fYx)=2and f(z) = . i T
(b)

) =1b/6s0b=6cos(A) = 4.
n?(A) + cos?(A) = 1 so sin*(4) = 1 — (2/3)% = 5/9 and sin(A) =
5/9=5/3.
[From the diagram sin(A) > 0 so we must take the positive square root here.|
(3) cot(A) = (cos(A)/sin(A)) = (2/3)/(V5/3) = 2/V/5
(4) cos(A) = 2cos?(A/2)—1so0 cos(A/2) = y/(cos(A) +1)/2 = /((2/3) + 1)/2 =
V/5/6
[Notice it is the positive root since from the diagram cos(A/2) is positive. |
(5) cos(A — m/4) = cos(A)cos(m/4) + sin(A)sin(n/4) = (2/3)(1/v2) +
(vV5/3)(1/v2) = (2+5)/(3V2).

(1
(

) cos(
2) si

(=)



7.(1)

(i)  d/dx(62° — 6) = 362°

A1 g T/3
(i) d/de(z—3) = = S —
3 3

(ili) d/dw(e'™2*) = —2¢!7%

(2) For f(x) = 2% — 62 + 9z, df /dx = 32? — 122+ 9 and d*f /dz? = 6z — 12.
Hence the stationary points are when

df Jdx = 32* — 122+ 9 =3(z — 1)(z — 3) =0,

ie. z=1,3. When z =1d?f/dr? = 6(1) — 12 = —6 < 0 so this is a (local)
maximum. When z = 3, d*f/dx? = 6(3) — 12 = 6 > 0 so this is a (local)
minimum point.

The graph of this function looks as follows:

[In other words it goes up from the left to reach a local maximum at = = 1,
when in fact f(1) = (1)®> — 6(1)? + 9(1) = 4. Tt then goes down to a local
minimum at x = 3 (when f(3) = 0) and thereafter moves up to the right.]
Since the line y = 6 lies above the curve at the local maximum this line only
cuts the curve (beyond z = 3) in one place so 2® — 622 + 92 = 6 has only
one solution.

8.



i(# +1)73 = (22)(=3)(z* + 1) = —6x(2®* +1)7*

dz

a ., . d, . , d

%(sm(x) cos(2x)) = %(SIH(I)) - cos(2z) + sin(z) - %(COS(Z’L’))

= (cos(x)) cos(2z) + sin(x)(—2sin(2x)) = cos(z) cos(2x) — 2 sin(z) sin(2x)
d (1 — x) _ (—D)(1+2)— (1)1 —2) __ 2

de \1+x (1+x)? (1+x)?

Putting u = 2 + sin(z), y = Inu,

@_@d_u_l( (1)) = cos(z)
dr  du dv _u OV 2+ sin(z)

Putting v = \/z, y = 2¢e*,

dy _dy d_“_geu ( 1 )_eﬁ
de  du dr 2/u’ T




