Pure Inductive Logic

Nesin Maths Village
Summer School Course Notes

Basics

We work in first order predicate logic with quantifiers V, 3, connectives A, V, —

-, variables (z,y,...,21,Ts,...), parentheses (, ).
Language L:
- finitely many relation (predicate) symbols Ry, ..., R, of arities 71, ..., 7,

- countably many constant symbols aq, as, as, . . .,
- no equality nor function symbols.

Written as L = {Ry, ..., R}

For formulae and sentences of L we use lower case Greek letters, and when
useful, we list the constants and free variables appearing in them in brack-
ets. For example, for L containing 3 unary relation symbols (predicates)
Ry, Ry, R,

¢(az,a7) = (Ri(az) A Ra(az)) — R(az), 60(ar) = Ra(ar) V IyRa(y)
w(x, al) = RQ(CLl) V Rg(x)
are sentences/formula of L.

SL ... the set of all sentences of the language L
QFSL ... the set of all quantifier free sentences of the language L.

To reduce subscripts:

Other letters can stand for the a;.
For example by, bs, ..., b, (sometimes written as b) for a;,, a;,,. .., a;
R, Q, P (also) stand for relation symbols.

m*

TL ... the set of structures for L, each with universe {a,...,a,,...} and
with every a; interptreted as itself.



Note: 0 € SL is consistent just if there is M € T'L such that M = 6 (because
0 is consistent just when it has a countable model, and such a model can be
modified so that all individuals in it are (interpretations of) some of the a;).

Definition A function w : SL — [0, 1] is a probability function on SL if for
all 0, ¢ and Jx¢(z) € SL

(P1) If 0 is logically valid [F @] then w(f) = 1.

(P2) If # and ¢ are mutually exclusive [F =(6 A ¢)] then

w(fV ¢) = w(l) +w(p).

(P3) w(Fz () = limy oo w(¥(ar) V(az) V...V (ay)).

Notes: (P3) is called the Gaifman’s condition and it is intended to capture the
idea that all individuals in the universe are named as aq, as,.... A function
w: QFSL — [0,1] satisfying (P1) and (P2) is referred to as a probability
function on quantifier-free formulae. Later we will see that any such function
has a unique extension to a probability function on SL (Gaifman’s Theorem).

Example (i) Let M € TL. Define V), : SL — {0,1} by

Vi (0) =
w(6) 0 otherwise.

{1 if M E@,

Then V), is a probability function on SL.
(i) Define ¢y, : SL — [0, 1] by setting

1
Coo(Ri(bl, N 7bTi)) = 5

for any R; and any by, ...,b,,, and by requiring all the distinct instantations
of the predicates or their negations to be stochastically independent. That

is,
K 4 . 1
Coo (/\ile(bjh?bgy])) :ﬁ

j=1

(where £R stands for R or —R).



As we shall see using the DNF theorem and then the promised Gaifman’s
theorem, c,, extends uniquely to a probability function on SL, "the fairest
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one .

Properties of probability functions

Let w be a probability function on SL. Then for 6,¢ € SL,

(Pa) w(—=0) =1—w(h).

Proof. We have that F 6V =6 and F —(0 A =) so by (P1) and (P2),
1 =w(@V—0)=w(d)+w(-0b).

(Pb) E -0 = w(d) =0.
Proof. From F =6 we have w(—6) = 1 by (P1) so from (Pa), w(f) = 0.
(Pe) 0F 6 = w(B) <w(o).

Proof. If 0 E ¢ then E =(=¢A6) so from (P2), (Pa) and the fact that w takes
values in [0, 1],

12 w(=¢V0) =w(=¢) +w(®) =1 - w(¢) +w(®)
from which the required inequality follows.
(Pd) 0=¢ = w(d) =w(ep).
Proof. If 0 = ¢ then 0 F ¢ and ¢ F 6. By (Pc), w(0) < w(¢) and w(¢) < w(f)
so w(f) = w(e).
(Pe)  w(0V @) = w(®) +w(d) —w(d A ¢).
Proof. Since 0V ¢ =60V (=0 A ¢) and E —(0 A (=0 A ¢)), (Pd) and (P2) give
w(@V o) =w(@V (=0 A P)) =wd)+w(—0A o). (2)
Also ¢ = (0N Q) V (=0 A p) and E =((=0 A p) A (6 A @)) so by (Pd) and (P2)

again,

w(@) = w((OA @)V (=0 ) =w(dAd)+w(=6Ag). (3)
Eliminating w(—0 A ¢) from (2), (3) now gives

w(@V @) =w(l) +w(p) —w@ A ).

Note that all the above properties follow by (P1) and (P2); the condition
(P3) was not used.



Conditional probability
Definition Given a probability function w on SL and ¢ € SL with w(¢) > 0
we define the conditional probability function w(.|¢): SL — [0, 1] by

w(f A ¢)
w(¢)

Proposition 1 Letw be a probability function on SL, ¢ € SL andw(¢p) > 0.
Then w(.| ¢) is a probability function and w(0|¢) =1 whenever ¢ F 6.

w(f]¢) = (4)

Proof. To show (P1) suppose that £ 6. Then ¢ =0 A ¢ so w(d A ¢) = w(o)
by property (Pd) and in turn w(6|¢) = 1.

For (P2) suppose that £ =(n A ). Then = =((n A @) A (0 A ¢)) so since

OV Ao=(ONO)V (nA),

w((@Vn)Ad) = w((@AP)V(nA¢)), by property (Pd),
= w(@AP)+wnAg¢), by (P2)forw,

and dividing by w(¢) gives the result.
For (P3), note that

w(Fry(r) A g) = z (P(x) A 9))

and the result follows after dividing both sides by w(¢).
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Finally, if ¢ = 0 then ¢ = 0 A ¢ so w(0 A ¢) = w(¢) by property (Pd) and in
turn w(f | ¢) = 1. O

Example (continued). Vj; corresponds to an agent who is already sure
about everything, who can only learn what he believes with probability 1
anyway, and whose probability function does not change upon learning it.
That is, Vis(.|¢) is defined only when M E ¢ and in that case Vy,(0|¢) =
Vi (0) for all € SL. ¢y on the other hand is extremely open-minded: for
example, an agent using a language with just one unary predicate R and
employing ¢, would continue giving R(a,) belief % after being told that
R(ay)...,R(an-1), regardless of n.

We are now in a position to formulate the main problem of the subject.

Question: In the situation of zero knowledge, logically, or rationally, what
probability function w : SL — [0, 1] should a rational agent adopt when w(0)
is to represent the agent’s probability that a sentence 8 € SL is true in his
ambient structure M ?

This can be seen as the central question, since after learning some facts
expressed e.g. by sentences ¢1, ¢o, . .., ¢, provided that w (A\;_, ¢;) # 0, the
agent could/should adopt the conditional probability

w(. ;\@) : SL —[0,1]

as his probability function for the new context when ¢1, ¢o, ..., ¢, are known
to be true.

The question has puzzled generations of logicians. The two examples of
probability functions which we have considered so far, V), and ¢, clearly are
not particularly suitable.

There are many other probability functions, and to judge them, various prin-
ciples have been proposed as desirable (rational) for a probability function
to be adopted on the basis of zero knowledge. Next we will introduce some
of these principles.



Some Basic Principles

The most basic principles are based on symmetry, and justified by arguing
that if there is a symmetry in the situation then it would be irrational of the
agent to break that symmetry when assigning probabilities.

One obvious such symmetry relates to the constants ai,as,as,.... In the
situation of zero knowledge, the agent has no reason to treat these any dif-
ferently - the subscripts on the a’s are simply to allow us to list them easily,
the agent is not supposed to ‘know’ that a; comes before a; which comes
before . . . in our list. This consideration leads to:

The Constant Exchangeability Principle, Ex

For0(ay,as,...,a,) € SL and any other m-tuple of distinct constants by, bs, . . .

w(B(ay, ag, ... am)) = w(@(b1, by, ... by)). (5)

We will be assuming Ex of almost all probability function which we will be
considering.

Similarly, since in the situation of zero knowledge there is no reason to dis-
tinguish between predicates of the same arity:

The Principle of Predicate Exchangeability, Px
If R, R are relation symbols of L with the same arity then for 8 € SL,

where @' is the result of simultaneously replacing R by R’ and R’ by R through-
out 6.

The following, somewhat more contentious principle, is based on the claim
that in the situation of zero knowledge there is a symmetry between any
relation symbol R of L and its negation =R and so our agent has no reason
to treat R any differently than —=R. Since ——R is logically equivalent to R
this leads to:

The Strong Negation Principle, SN

For 6 e SL,
w(f) = w(?)



where 0 is the result of replacing each occurrence of R in 0 by —R.

Example (continued). c., satisfies Ex,Px and SN. There are some special
M such that V), satisfies Ex and/or Px, but no V), can satisfy SN.

We will consider these principles and some equivalent formulations of them
again in Chapter 3. Before that, however, we will discuss some justification
of assuming that belief functions are probability functions.



Problems 1

1. (a) Show that if w; and w, are probability functions on SL then % 5 (w1 +ws)
is also a probability function on SL.

(b)* Let (D, B, u) be a measure space, u(D) = 1, and let d — wy be an
assignment of probability functions on SL to the elements of D such that for
each 6 € SL, the function d — wgy(0) is (Lebesgue) measurable. Show that
w defined by

w(h) = / wa(0)dp
D
is also a probability function on SL.

2. Show that for 6, ¢ € SL, the following are equivalent:
(i)  w(f) < w(¢p) for all probability functions w on SL.

(i) 6 o
3. Let w: SL — [0, 1] satisfy (P1), (P2). Then condition (P3) is equivalent

to:
(P3) w@xy(x Zw ( ay) A - \/ w(ai)>

for Jxp(x) € SL.

4. Show that there are only finitely many structures M € T L such that Vj,
satisfies Ex, and that no V), satisfies SN.



Solutions to Problems 1

1. (a) This follows directly by checking P1 — P3.

(b)(P(1) and (P2) are straightforward. To check (P3), recall Lebesgue Dom-
inated convergence theorem:

Let f,, n > 1, be a sequence of measurable functions such that f, converges to
f almost everywhere. Suppose there exists an integrable function g > 0 such
that, for alln > 0, |f.] < g almost everywhere. Then f,, f are integrable
and

li ndp = dp.
Jim Df I /Df I
Let Jxtp(z) € SL and for d € D and n € N define
fu(d) = wa((ar) V(az) V... Vi(ay,)),

f(d) = wa(3rp()),

g(d) = 1.

By (P3) which holds for each wy, lim, o fn(d) = f(d) for each d. The f,,
f are measurable by the assumption made in the question and 0 < f, <1
since tha values of w, are all in [0, 1]. Hence

lim [ wa(¢(ar) Vlas) V... V(a,)) = lim : fald)dp =

n—oo n—o0

— [ )i = [ wa@ria)du = w@Ezv(e)
so (P3) for w follows.

2. In view of property (Pc), we only need to show that if 0 ¥ ¢ then there
is a probability function w such that w(¢) < w(f). But in this case {0, =¢}
is consistent, so has a a model M € TL. Then V() = Viy(—¢) = 1 but
V(o) =1 — Viy(—¢) = 0, as required.

3. Recall that the properties (Pa)-(Pe) follow just from (P1) and (P2), so we
can use them of w. Since

¥(ar) Viblag) V... Vi(an) = \/ (W%)Aﬁ\/wai))

i=1
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we have

w(tb(a) V(a2 V.oV (an)) = w (\/ (waj) A \/w<ai>> )

- >w (ww A=V w<az>>

by repeated use of (P2) since the disjuncts here are all disjoint. The result
follows.

4. Let r be the highest arity of a relation symbol in L. Any structure
M € TL such that V), satisfies Ex is completely specified by the values
Var(Ri(by, ..., b)) fori € {1,...,29} and by, ..., b,, (not necessarily distinct)
from ay, ..., a,. There are only finitely many combinations of such values, so
the result follows.

No Vi can satisfy SN because that would require, for example,

Vir(Ry(ay, ... ar)) =V (-Ri(ay, ... a))

but by property (Pa), we have

VM<R1(CL1, e ,Gﬁ)) =1- VM<—|R1<CZ1, RN ,an))
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Justifications of probability

Why use probability? Some other approaches would be much simpler to work
with: for example truth-functional belief like fuzzy logic, where belief values
of any sentence can be worked out from belief values of atomic sentences
(instantiations of predicates or their negations).

The most frequently quoted justification for bellief as probability is the Dutch
Book argument (Ramsey, de Finetti). It is based on identiying ‘belief’ with
willingness to bet.

Imagine an agent situated in a structure M (which is unknown to him) and
required to choose, for any 8 € SL and 0 < p < 1, one of two wagers - on or
against 6 (where s > 0 is a stake):

(Betl,) Get s(1 — p) if 0 is true in M, pay sp if 6 is false in it
(Bet2,) Pay s(1 —p) if 0 is true in M, get sp if 0 is false in it.

Note that:

e The two bets are complementary so that when the agent chooses one of
them, his opponent (bookie) is allocated the other one. Hence, with each
p, we assume that the agent is able to choose (at least) one of them. For if
the agent is not happy to accept Betl, then presumably he thinks that the
bookie would be getting a better deal, and Bet2, allows him to swap roles.

e Clearly, Betly Bet2; are acceptable to the agent - greatest possible gain,
no risk of loss.

o If Betl, is acceptable to the agent and 0 < ¢ < p then Betl, is acceptable
to him (with Betl,: larger gain if 6 is true in M and smaller loss if 6 is false).

e Similarly if Bet2, is acceptable to the agent and p < ¢ < 1 then Bet2, is
acceptable.

Consequently, there is some P € [0,1] such that for all p < P, Betl, is
acceptable to the agent and for all p > P, Bet2, is acceptable. Define Bel(f)
to be that P:

Bel(f) = the supremum of those p € [0, 1]
for which Betl, is acceptable to the agent.

Bel(0) is a measure of the agent’s willingness to bet on 6 and in a sense it
quantifies the agent’s belief that  is true.
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Clearly, this function Bel should be such that the agent cannot be Dutch-
booked. That is, such that there is no set of (simultaneous) bets each of which
is acceptable to the agent but whose combined effect is to cause the agent
certain loss no matter what his ambient structure M € T turns out to be.

Example Assume that L contains two unary predicates P and @), and let
0=Pla)NQ(a1), ¢=-Plar)V-Q(a). Assume that Bel(d) = 0.75 and
Bel(¢) = 0.45. Then for 6 the agent would accept Betly 7 and for ¢ he would
accept Betly 4. Take the stake s > 0 to be the same for both bets. Depending
on the ambient structure, the outcome for the agent is shown below:

) 161 .y f . Beton® Beton¢

Pla) Q) Pla) AQU), “Plan) v —Qla) Payol Payol
T T T F 0.3s —0.4s
T F F T —0.7s  0.6s
F T F T —0.7s  0.6s
F F F T —0.7s  0.6s

Overall, the agent certainly loses so the two bets acceptable to the agent are
an example of a Dutch Book.

To analyse the situation, notice that if the agent accepts Betl, for § (that is,
he bets on #) he will in the event of the ambient structure being M ”gain”

s(1—p)Va(0) — sp(1 — Vi (0)) = s(Var (0) — p)

(referring to loss as negative gain). Clearly in Bet2, the gain is minus this,
ie. —s(Var(0) —p).

In the above example, the combined effect of the two bets in the case that
the ambient structure turns out to be M is for the agent to gain

s(Var(0) — 0.7) + s(Vas() — 0.4) = s(Var(0) + Var(¢) — 1.1).

Since we have = —(0 A ¢) it follows that Vi, (0) + V(o) = V(0 V @) < 1
which makes it plain that the agent loses no matter what.

Theorem 2 Suppose that for Bel : SL — [0,1] there are no sets' A, B,
sentences §; € SL, p; € [0, Bel(0;)), stakes s; for i € A, and sentences ¢;,

'Here we mean finite or countably infinite sets. If A and/or B are infinite, a convergence
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stakes t; > 0, q; € (Bel(¢;),1] for j € B, such that
> siVar(0:) — pi) + Y (=) (Var(¢y) — ¢;) <0 (7)
€A jEB

for all M € T. Then Bel satisfies (P1-3).

Note that the conditions of the theorem express that there is no Dutch book
against Bel (the convergence condition from the footnote giving a limit on
the loss that the agent or the bookmaker can be exposed to in the worst
possible case).

Proof of Theorem 2: For (P1) suppose that § € SL and F 6 but Bel(f) <
1. Then for Bel(f) < ¢ < 1 the agent accepts Bet2,. But since Vj,(0) = 1
for all M € T we have that with stake 1,

(-1)(Vm() —q)=qg—1<0

which gives an instance of (7), contradiction.

Suppose that (P2) fails, say 0, ¢ € SL are such that F =(6 A ¢) but
Bel(0) + Bel(¢) < Bel(8 V ¢).
At most one of 6, ¢ can be true in any M € T so

Vi (0V ¢) = Var(0) + Vi (9)-

Pick p > Bel(6), ¢ > Bel(¢), r < Bel(0 V ¢) such that p+ ¢ < r. Then with
stakes 1,1,1,

(=) (Vam(0) = p) + (=1)(Var(¢) — @) + (Vmu(0V @) —7) = (p+¢q) —7 <0

giving an instance of (7) and contradicting our assumption. A similar argu-
ment when

Bel(0) + Bel(¢) > Bel(0 V ¢)

condition is assumed to be satisfied, namely that there is K > 0 such that

Z si(VM(ai) -

i€A

>t (Var(y) — q5)

JjEB

<K (6)

for each M.
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shows that this cannot hold either so we must have equality here.

Finally suppose that 3z ¢(x) € SL. By Problem 1.3 and the fact that we
have already proved that (P1), (P2) hold for Bel, it is enough to derive a
contradiction from the assumption that

S Bel <w<an) A \/ w<ai>> # Bel(3x i (x)).

Notice that since the sentences on the left hand side here are disjoint both
sides are bounded by 1.

We cannot have > here since then that would hold for the sum of a finite
number of terms on the left hand side, contradicting (Pc). So we may suppose
that we have < here. In this case we can pick

n—1
pn > Bel (@/}(an) A= \/ @D(ai)) formn=1,2,...

=1

and r < Bel(3z ¢ (z)) with > 7 p, < r. Since for M € T,

w3z (x Z Vi < (an) A= \_/ w(“z‘))

we get, as with the argument above for (P2), that for all stakes 1,

(Vi (@ @) = +Z ( <w<an>Aﬂ\_/w<ai>) —pn>
= —r+§:pn<0,

giving an instance of (7) in contradiction to our assumption.

The Dutch Book argument can also be extended to conditional bets to justify
the standard definition of the derived conditional probability given by (4).
The idea is that not only is the agent offered unconditional bets as above
but also bets about 8 € SL being true in his ambient structure M given that
¢ € SL has turned out to be true in it. Similarly to the above unconditional
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case then for ,¢ € SL, 0 < p <1 and for a stake s > 0 the agent is offered
a choice of one of two wagers:

(CBetl,): Get s(1 —p) if 0 is true in M, pay sp if 6 is false in it;

(CBet2,): Pay s(1 —p) if 0 is true in M, get sp if € is false in it;

with all bets null and void if M ¥ ¢.

Defining Bel(f | ¢) to be the supremum of those p € [0, 1] for which CBetl,
is acceptable to the agent, and modifying the notion a Dutch Book for the
conditional context, we can show (cf Problem II.2) that the requirement of

no Dutch book against the agent still forces Bel to satisfy (P1),(P2),(P3)
and moreover that for al 6, ¢ we have Bel(0|¢) - Bel(¢) = Bel(0 A ¢).

Consequently, a belief function that avoids all Dutch Books must be a prob-
ability function with conditional probability satisfying (4). We remark that,
conversely, if Bel : SL — [0, 1] is a probability function then Bel cannot be
(conditionally) Dutch Booked. See for example [1] for a proof.
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Problems 2

1. Let L contains two unary predicates P and (), and let

0 =Va(P(x)VQ(x)), ¢=Pla)V Plaz), ¢ =Qa1) AQ(az).

Assume that Bel : SL — [0, 1] satisfies

(a) Bel(f) =0.8, Bel(¢)=0.3 and Bel(y))=0.3,
or

(b) Bel(#) =0.6, Bel(¢)=0.3 and Bel(y)=0.3.
In each case decide weather or not Bel can be Dutch-booked and if so, find
a corresponding Dutch book.
2. (i) Write down what the gain/loss of the agent is after accepting CBetl,

or CBet2, respectively for a stake s > 0 when the ambient structure is M.

(ii) Let Bel : SL — [0,1], Bel(.].) : SL x SL — [0,1]. Suggest what it
means to say that Bel could be Dutch Booked.

(iii) Show that if Bel as above cannot be Dutch Booked than Bel satisfies
(P1),(P2),(P3) and for all §,¢ € SL, Bel(0|¢) - Bel(¢) = Bel(6 A ¢).
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Solutions to Problems 2

1. (a) If Bel : SL — [0, 1] satisfied (a) and (P1)-(P3)! then, by (Pe), (Pa)

we would have
Bel(=¢ N =) = Bel(—¢) + Bel(—¢) — Bel(—~¢ VvV =) > 0.7+ 0.7—1=0.4
but since

—¢ A= = (=P(a1) A =Q(a1)) V (=P (az) A —Q(az)),
it follows that
AN
and hence we would also have by (Pc) and (Pa)

Bel(=¢ A =) < Bel(—0) = 1 — Bel(6) = 0.2.

This is a contradiction, so Bel cannot satisfy both the conditions (a) and
(P1)-(P3) and hence by Theorem 2 it can be Dutch booked.

An example of a Dutch book are the following bets with the same stake
s > 0: Betlgrs on 6 and Bet2g 35 against both ¢ and ¢/ Then the total gain
is
s(Var(0) — 0.75) — s(Vy(¢) — 0.35) — s(Var(v) — 0.35) =
— 0.05s + (Vi (0) — V(o) — V()

and since 0 = ¢ V 9, for any M it must hold that Vj,(6) < V(o) + Var(¥)
so the result is always negative as required.

To show that no Dutch book can be found for (b), by the remark conclud-
ing Section II it suffices to find a probability function which agrees with
Bel on 0, ¢,v. Using the obvious notation, let My, My, M3 be the following
structures:

Mli P
Q| 1 0 1 0 1 0

M, : Pl 1 1 1 1 1 1
Q| 1 0 1 0 1 0

L And hence properties (Pa)-(Pe).
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Then
My —OA-g A=), MyEOAGA—), My 0A—GAY,
SO

w=0.4 VMl + 0.3 VM2 + 0.3 VMS

has the required properties.

2. (i) Accepting CBetl, means gaining

sV (0)(V(0) — p)

whilst accepting CBet2, means gaining minus this.

(i) There are sets (finite or countably infinite) A, B, C, D, sentences 6;, stakes
s; > 0, p; € [0, Bel(6;)) for i € A, sentences ¢;, stakes t; > 0, ¢; € (Bel(¢;), 1]
for i € B, sentences n;,1;, stakes u; > 0, r; € [0, Bel(n; | ;) for i € C,
sentences (;, &;, stakes v; > 0, m; € (Bel((;|&;),1] for i € D such that for all
M €T we have

2ien Si(Var(0i) — pi) + 2 iep(—1:) (Var(9i) — @) +
D uVar (@) (Var(m) = ri) + ) (o) Var(&) (Var(G) = mi) < 0 (8)

ieC €D

(and in case of A, B,C, D infinite there is K > 0 such that for all M € T
the series above converge with sums less than K).

(iii) By Theorem 2 we can already assume that Bel is a probability function.
Suppose first that

Bel(0| ¢) - Bel(¢) < Bel(6 A ¢). 9)
If Bel(0|¢) < Bel(0 A ¢) then picking Bel(0|¢) <r < p < Bel(0 A ¢) gives
V(@) (Var(0) = 1) + (VO A @) —p) =rViu(d) —p<r—p <0
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for any M, since Vi (¢)Var(0) = Var(6 A @), contradicting the given no Dutch
Book condition. Hence with (9), Bel(¢) < 1. We also have Bel(6]¢) < 1
since otherwise Bel(¢) < Bel(0 A ¢), contradicting Bel being a probability
function (property (Pc)). Hence we can pick Bel(0]¢) < r, Bel(¢) < ¢,
p < Bel(0 N ¢) with gr < p. But then considering the corresponding wagers
with stakes 1,r,1 gives

V(@) (Var(0) — 1) = r(Var(¢) —q) + (Vi(0 A ¢) — p)
and furnishes a Dutch Book since it is straightforward to check that its value
is rq — p < 0 regardless of M.

We have shown that (9) cannot hold. So if the required equality fails it must

be because
Bel(0]¢) - Bel(¢) > Bel(6 N ¢). (10)

But in this case pick Bel(0|¢) > r, Bel(¢) > q, p > Bel(0 A ¢) with gr > p
and obtain a Dutch Book via

Var(@)(Var (0) —7) +7(Var(6) — @) = (Var (0 A @) — p).
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Specifying Probability Functions

Specifying Probability Functions on QFSL

Let L = {Ry,Rs,...,R,} where R; has arity r;. For distinct constants
bi,ba, ... by, a state description for by, b, ..., b, is a sentence of L of the
form

q
(I)(bl,bg,...,bm) = /\ /\ :l:Ri(Cl,CQ,...,Cn)

=1 C1,C2,---,Cry

where the ¢y, cs, ..., ¢, range over all (not necessarily distinct) choices from

k3

bi,ba, ..., b, and £R; stands for either R; or =R;. Note that:
e We shall identify two state descriptions if they are the same up to the
ordering of their conjuncts.

e A state description tells us which of the R;(c1,ca,. .., ¢,) hold and which
do not hold for R; a relation symbol from our language and any arguments
from bl, bg, c. ,bm.

e Any two distinct (inequivalent) state descriptions for by, bo, ..., b, are
exclusive in the sense that their conjunction is inconsistent.

e The state descriptions for by, bs, ..., , b, are exhaustive in the sense that
the disjunction of all of them is a tautology.

e For m = 0 the sole state description is taken to be a tautology (denoted
T).

e Upper case ©,®, U always denote state descriptions. .

Example If L = {R, P}, where P is unary binary and R is binary then
P(ay) N =P(a) A R(ay,a1) A —R(ay,az) A —R(az, a1) A R(ag, as)

is a state description for aq, as.

By the Disjunctive Normal Form Theorem any 6(by, ba,...,b,) € QFSL is

logically equivalent to a disjunction of state descriptions for by, b, ..., by,
o) = \/ ©()
ecs
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where S is some subset of the set of all state descriptions for m constants.
Hence for any w satisfying (P2),

w(O(b) = Y w(©()). (11)

ecs

The values of any probability function on quantifier free sentences are thus
determined by its values on state descriptions. Also (adding constants on
the right hand side if necessary), just by its values on state descriptions for
a,as,...,a, (n € N).

Note that if w satisfies Ex, Px or SN respectively on state descriptions then
it satisfies them on all 6 € QFSL.

Koksk

Assume a function w is defined on the state descriptions ©(ay,aq, ..., an),
m € N only, and it satisfies:

(i) w(O(a1,as,...,an)) >0,
(i) w(T) =1,
(i) w(O(ar,as,. .. an)) = > w(®(ar,az,. .. ). (12)

®(a1,...am+1)FO(a1,....am)

Then w extends to a function on QFSL satisfying (P1) and (P2) by setting
(unambiguously by (iii))

w(@(br, b, .. b)) = > w(O(ar, as, ..., ax)) (13)
O(ai,...,ar)=0(b1,....bm)

where k is sufficiently large that all of the b; are amongst ay, as, ..., ax.

Furthermore, in view of the following lemma, there is an easy-to-check con-
dition for this extension to satisfy Ex.

Lemma 1 Let w satisfy (P1) and (P2) and assume that for any state de-
scription ®(ay, ..., a,) and T a permutation of {1,2,...,n},

w(®(ar, ..., an)) = w(P(arq), .-, arm))) - (14)

Then w satisfies Ex on quantifier-free formulas.
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Proof If O(ay,...,a,) is a state description and by, bs, ..., b, is any other
m tuple of distinct constants, b; = a;;, then then there is a permutation 7 of
{1,2,...,n}, where

n = max{iy,...,in)},

such that 7(j) =4; for j =1,2,...,m. So

w(O(ay,...,an)) = Z w(®(ay,...,a,))

= > w(®(aray, .- -, arm)), by (14),

o(ay,..., an)E=O(a1,..., am)

— Z w(P(ar(ry, .-, arm)))

P(ar(1)ss8r(n))FE Oar (1) s0r(m))

— Z w(V(ay,...,a,))

U(ay,..., an)':@(ar(l) 77777 a‘r(m))

= w(O(arys - Arim)))
= w(O(ai,...,a;,))
= w(O(by,...,by)).

It follows that w satisfies (5) on state descriptions and hence by virtue of
(11) on QFSL. |

Extending Probability Functions from QFSL to all sentences

Theorem 3 Suppose that w= : QFSL — [0,1] satisfies (P1) and (P2) for
0,0 € QFSL. Then w™ has a unique extension to a probability function
w on SL satisfying (P1-3) for any 0, ¢, 3z (x) € SL. Furthermore if w™
satisfies Ex, Pz, SN (respectively) on QFSL then so will its extension w to
SL.

Proof Let w™ be as in the statement of the theorem. For § € QFSL the
subsets
={MecT|MEFO}

of T form an algebra, A say, of sets and p,,- defined by
- ([0]) = w™ (6) for 0 € QFSL

is easily seen to be a finitely additive measure on this algebra.
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Indeed - is (trivially) a pre-measure. For suppose 6, ¢; € QFSL for i € N
with the [¢;] disjoint and

Uled = [9]. (15)

ieN
Then it must be the case that for some finite n

Ulsd =181,

i<n
otherwise

{—¢ilie N}U{0}

would be finitely satisfiable and hence, by the Compactness Theorem for the
Predicate Calculus, would be satisfiable in some structure for L. Although
this particular structure need not be in 7 its substructure with universe the
{a1,as,a3,...} will be, and will satisfy the same quantifier free sentences,

thus contradicting (15). So from the disjointness of the [¢;] we must have
that [¢;] = 0 for i > n (s0 p,-([¢i]) = 0), giving

Hoap— ([9]) = Z Moy~ ([¢z]) = Z Moy ([¢2])7
i<n 1€N
and confirming the requirement to be a pre-measure.

Hence by Carathéodory’s Extension Theorem (see for example [2]) there is
a unique extension i, of u,- defined on the g-algebra B generated by A.
Notice that for x ¢ (x) € SL (where there may be some constants appearing

in ()
[Fzx(z)] = {MeT|MEIzxy(x)}
= {MeT|ME(a;), someiec N}
= J{MeT|MFE )}

€Nt

= (J () (16)

ieNT

so since B is closed under complements and countable unions B contains all
the sets [0] for 6 € SL.

Now define a function w on SL by setting
w(f) = pu([0]).
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Notice that w extends w™ as p, extends . Since i, is a measure w
satisfies (P1-2) and also (P3) from (16) and the fact that p,, is countably
additive.

This probability function must be the unique extension of w™ to SL satisfying
(P1-3). For suppose that there was another such probability function, u say.
By property (Pd) it is enough to show that u and w agree on sentences 6
in Prenex Normal Form. This can be done by induction on the quantifier
complexity of 6, see [1] for some technical details.

The last part for Ex can also be shown by this method but alternatively we
can argue as follows: Assume that w satisfies Ex on QFSL. Let 6(ay, ..., a,) €
SL and let by, ..., by, be distinct constants: b; = ay,. Let o be a permutation
of N* such that o(j) = k; for j =1,...m, so b; = a,(;j) (such a permutaton
clearly exists). The function v : SL — [0, 1] defined by

V(s iy, - - -, 05,)) = W(P(Ao(ir)s Aoin)s - - - » Co(in)))

is also a probability function which agrees with w on QFSL. Since the exten-
sion is unique, v = w on SL and hence in particular

w(b(ar,...,an)) =v(0(as,...,a,)) = w(asq), - - 0:m))) = w(O(1,...,b,))

showing that w satisfies Ex on the whole of SL.

The cases of Px and SN are similar.
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Problems 3

1. Let L = {R}, where R is binary. A state description for m constants,
O (b1, by, ..., by), can be represented by an m x m {0, 1} matrix De = (d; ;)

with
L {10 F R
“ 0 if©® ): _\R(bi, b])

Express Ex and SN in terms of conditions on values w gives to state descrip-
tions as represented by these matrices.

Y

2. (Trurh functional belief versus probability) We say that a function
Bel : SL — [0, 1]

is truth-functional if there are functions

Flo]0,1] — [0, 1],
Fr:]0,1] x [0,1] = [0,1],
Fy:]0,1] x [0,1] — [0,1]

such that for ¢,y € SL,

Bel(—¢) = F_(Bel(¢),
Bel(¢ A1) = Fx(Bel(), Bel(v))),
Bel(¢p V) = Fy(Bel(¢), Bel(v))

(a) Give an example of a probability function which is truth functional.

(b) Show that no probability function w which gives value £ to some sentence
can be truth-functional.

(c) Let L be as in Problem 1 and let Bel be a truth-functional belief function
with F.(z) = 1 —x and F(x,y) = min{z, y} and such that Bel(R(a;,a;)) =
0.4 for each 7,7 € {1,2}. Write down

Bel(=R(ay,a1) A —R(ay, a2) A R(ag, a1) A R(az, az))

(note that it does not matter in which order the conjunctions are applied)
and suggest how to find two probability functions w;, wy which agree with
Bel on R(a;,a;) (i,7 € {1,2}) but disagree with Bel and each other on

—R(ai,a1) A =R(ay,as) A R(ag,a1) A R(as, as).
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(w1, wsy are not required to satisfy Ex - the exercise is harder with Ex).

3. Let Ly, Ly be the languages { P}, { R} where P is unary and R binary. Let
ws be a probability function on SLy. Show that there is a unique probability
function w; on SL; such that

1=

wy ( /\ Pi(a;)) = wa /\ R (a2i41, i42)),

where ¢; € {0,1} and P!, P° stand for P, =P respectively (and similarly for
Re).
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Solutions to Problems 3

1. We shall write w(Dg) for w(©) etc.

Ex: Ex is the condition that if D is an mxm {0, 1} matrix, o is a permutation
of {1,2,...,m} and oD obtains from D by simultaneously permuting rows
and columns according to o (that is 0D = e; ; where ¢; ; = d0_1(i)70_1(j)) then
w(D) =w(oD).

SN: if D is an m x m {0,1} matrix and D obtains from D upon replacing

every 1 by 0 and every 0 by 1, then w(D) = w(D).
2. (a) If M is any structure from 7 L then V) is truth functional with

F.(z)=1—2z, Fi(z,y)=min{z,y}, F,(z,y)=max{z,y}.

(b) Assume that w is a probability function and w(¢) = 3. Then

1 1
-/ — ]_ _—_ = —
and if w was truth-functional, we would have
11 1
0=w(pA=(¢)) = Fa 53 Zw(¢/\¢):§a

contradiction.

(c)We have Bel(—R(a;,a;)) =1—0.4=0.6 so
Bel(—=R(a1,a1) A =R(a1,a2) A R(as, a1) A R(as, as)) = 0.4.

We can specify various probability functions w satisfying w(R(a;,a;)) = 0.4
for i,j € {1,2} using the scheme (12) (and then Gaifman’s theorem). We
shall use the matrix notation to represent state descriptions ©(a,as). Let

T1,xa,...,T16 stand, in this order, for w of the state descriptions represented
by

0 O ) O 1 ’ 1 O ) 1 1 ) 0 0 geeey 11
o w( G da)_, )
d271 d272 (1+d2’2+2d2,1+4d1,2+8d1,1) .
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The conditions w(T) =1 and w(R(a;,a;) = 0.4 for i, j € {1,2} amount to

16
i=1

and
16
Z Ty = Zw +) @i = T3+ T+ TsFon + T+ T+ T = Z Ty = 0.4
=5 =13 i=1

Any solution satisfying z; > 0 for all ¢ extends to probability functions on
SL (for example, we can define w for larger state descriptions to satisfy (12)
by giving each extension of a state description for a;, as equal value). Note
that

w(—R(ay,a;) AN —R(ay,a) A R(ag,a1) A R(az, az))

is ZTy.
So for example, two possible solutions are obtained as above from

T1 =Ty =24 =13 =217 =0.2; x; =0 otherwise

and
r1=0.2, rg=x9=04; x; =0 otherwise.

3. w; satisfies conditions (12): (i) and (ii) are obvious, and (iii) holds since
for a state description

m

O(a1,ag,...,am)) = /\Pei(ai)

i=1

of Ll,

Z wi(P(ay, ag,y ... amy1)) =

B(a1,0@m+1) O (a1 st

w1 (/\ PQ(CLZ') /\P(am+1)> -+ wq (/\ P€i(ai> /\ﬁP(am_H)) =

i=1 i=1
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241, G21+2) A (R(a2m+17 G2m+2) Vv _'R(Cb2m+1, a2m+2))> =

(A

Wa
Wo (

R (
=1
/\ Rei(&2i+1, a2i+2)> = wl(@(al, as, . .. ,@m)).
i=1
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Unary Pure Inductive Logic

Pure Inductive Logic was first developed for unary languages (Johnson, Car-
nap). We will now survey the most significant results within this context;
in this section, all relation symbols R, Ry,..., R, in L are assumed to be
unary. As such they are referred to more often as predicate rather than
relation symbols.

By ai(z), as(x), ..., a(x) we denote the 27 atoms of L, that is, the formulae
of the form

+Ry(x) NE£Ry(x) A ... NER,(2).
These atoms are pairwise disjoint (exclusive) and exhaustive, that is,

For i # k, F =(a;(z) A ag(x)) and EVz \/ a;j(x).

j=1

We list them in the lexicographic order with + before - so for example when
L= {Rl, RQ, Rg}, we have

ai(z) = Ry(x) A Ry(x) A Rs(x), as(x) = Ry(x) A Re(x) A = Rs(x),
az(z) = Ri(x) A ~Ry(z) A R3(x), ay(z),= Ri(x) AN ~Ra(x) N —Rs(x),
as(x) = “Ry(x) A Re(z) A\ Rs(z), ag(x) = "Ry (x) A Re(x) A = R3(x),
az(xz) = =Ry(x) A ~Ra(x) A R3(x), ag(x) = =Ry(x) A 7 Rye(z) A = R3(x).

A state description ©(by, by, ..., b,,) has the form

qg m

/\/\:I:Rj(bi) = /\ahi(bi).

j=1i=1

In the unary context Ex can be expressed in a particularly simple way.
For a state description A", ap,(b;), define its signature to be the vector
<m1, mao, ... 7m2q>, owhere m; = |{Z | hl = ]}|

Constant Exchangeability (Unary Version): w (A", ou,(b;)) depends
only on the signature of N, o, (b;).

Informally, this is because Ex says that it does not matter which by,...,b,,
figure in A", ay,(b;) and the order of conjuncts does not matter by (Pd).
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[Formally, assume that the value of w on A, oy, (b;) depends only on the
signature of A, ap,(b;). Then the condition from Lemma 1 holds since
for a permutation 7 of {1,2,...,m}, the state descriptions A", ap,(a;) and
AL an,(ar)) have the same signature. Hence by that Lemma, w satisfies
Ex on QFSL and by Gaifman’s theorem also on the whole of SL.

Conversely, if w satisfies Ex and ay,, ..., as,, a;,,...,a;, are distinct con-
stants and ® = A", ap,(ag,), © = Aoy ag(aj,) are state descriptions with
the same signature then there is a bijection o : {k1,...,kn} — {1, -, Jm}

extendable to a permutation o of N* such that A" ay,(a;,) = AL, an, (Gok))-
By Problem 1.4, w gives the same values to ®,© as required.]

Functions w;z
Let
D2q2{<l’17$2,...,$2q> €R2q|x1,...,$2q ZO, Za’;l:l}

and

Define wz by setting

We (/\ &hi(ai)) = H wa(an, (a;)) H Ch, H c}nj (17)

i=1

where m; = [{i|h; = j}| for j = 1,2,...,2% Then conditions (12) are
satisfied, so wz extends uniquely to a probability function on Q F'SL satisfying
(P1-2) - and hence to a probability function on SL - via

we (/\ ahi(bi)) = > we(D(ay, . .., an)),

(a1, an)FANLy an, (bi)

where the ® are state descriptions as usual. This gives again

we </\ am(@)) = Hchi

i=1
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as apparent from the following example:

wz (0 (az) A as(as)) = > we(®(ay, ..., az))

®(ai,...,aqs)Far(a2)Aas(aq)

24

= Z wa{og(ar) A oq(ag) A ogas) A as(ay)) = Z cpC1CjC3 =

k.j=1 k,j=1

24 24
= ( E Ck) C1 ( E Ck> C3 = C1C3.
k=1 j=1

Clearly, wg satisfies Ex. However, Px and SN hold only for special choices
of ¢, see Problem IV.2. They do satisfy the following strong independence
condition:

The Constant Irrelevance Principle, IP

If0,¢ € QFSL have no constant symbols in common then

w(f A @) = w(f) - w(¢)

Proposition 4 Let w be a probability function on SL satisfying Fx. Then
w satisfies IP just if w = wg for some ¢ € Dag.

Proof First notice that for ¢ € Dy, and state descriptions AL, an,(aj,),
Ais; @y, (ag,) with no constant symbols in common,

We (/\ ahi(a'ji) A /\a9i<aki)> = Hchi ) Hcgz‘
= We (/\ ahi(a’ji>> " We </\ agi(aki>> :

Hence if §, ¢ € QF SL have no constant symbols in common and 6 = \/ o4 O,
¢ =\ pep ® with the ©, ® state descriptions (for the a; in 0, ¢ respectively)
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then

weO A p) = w5<\/®/\\/<1>) :U}g<\/ \/@/\(I))
0cs oeT 0cS PeT
= Z Z wz(O N P) = Z Z we(0;) - w(Py)
0cs deT 0eS ®eT
= D wel®) D wd @) = wel6) - wi9)
0es oeT

Conversely if w satisfies Ex and IP then by repeated application

n

w (/\ ahi(a’ji)> = Hw(ahi(aji)) = Hw(ahi(al)) = Hchi

=1

where ¢; = w(w;(ay)) for i = 1,2,...,29. Since w is determined by its values
on state descriptions this forces w = wg, as required. [ |

de Finetti’s Representation Theorem

Let L = {Ry,...,R,} be a unary language and let w be a probability func-
tion on SL satisfying Ex. Then there is a (normalized, countably additive)
measure . on the Borel subsets of Dy such that

Jj=1

= /D Wz (/\ ahi(bi)> d:u(f)v (18)

where m; = [{i|h; = j}| forj=1,2,...,2%

Conversely, given a measure p on the Borel subsets of Daq the function w
defined by (18) extends uniquely to a probability function on SL satisfying
Ex.

Proof We will prove the result for ¢ = 1, the full case being similar. For
q = 1 there are just two atoms, oy (z) = Ry(x) and as(z) = =Ry (z). Hence
(as far as values of any w satisfying Ex are concerned) state descriptions
Air, an, (b;) are fully characterized by two numbers
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If w is a probability function satisfying Ex and m;, ms as above, we define

w(my, mg) = w </\ ahi(bi)> (19)

=1

m
For fixed my, ms there are ( ) distinct possibilities for the ordering of the

my
hi,ha,..., hy. Let r > m. Since state descriptions for by, ..., b, are exclusive
and exhaustive,
r
1l=w(T)= w(ry, ra). 20
M=% (])vinr 20)
ri+ro=r

Also, considering which of them extend a given A", ay,(b;) as above,

r—m
w(my, mg) = Z ( ) w(ry,re). (21)
r1+ro=r T]' - m]'

m1<ry, mg<ry

From (20) let u, be the discrete measure on Dy which puts measure

(v

on the point (ry/r,ro/r) € Dy. Note that from (21) we obtain that w(my, ms)

equals
-1
E r—m r r
: 22
ri+ro=r (T]_ - m]_) (7’-1) (T]_) w(rla TQ) ( )

mq1<ry,mg<ry

We shall show that
r—m r\ <r1>m1 <r2>m2
T — Mmy (&1 T T
tends to 0 as r — oo uniformly in rq, 7s.

Notice that the left hand term in (23) can be written as

(23)

riN™ g™ (1—r ) (1= (my — Drp) (1 —ry ) - (1= (mg — 1)1y Y)
(?) (7) 3 L (1(_ 7"1)1- iy (1) (i (m — 1)7~11) : 2
(24)
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We now consider cases.
e If my = my = 0 then (23) is zero.
e If my > 0 and ry < /7 then both terms in (23) are less than r—72/2 < p=1/2

(this is justified for large r e.g because for any r; < r, s < m; we have
l—srfl

l—gr=1
mglandfor\/F>m,s§m2,wehaveﬁ§1)

and similarly if m; > 0 and r; < /r. If my > 0 and 7, > /7 and either
my = 0 or r; > /r then using (24) and the fact that r/r,ro/r < 1 we see
that (23) is at most

A=Y (= = DYE =y (1= (= Dy
l1—rH...01=(n+k—1r1 '

Similarly if my > 0 and r; > /r and either my = 0 or 5 > /r, and together
we have covered all cases.

Hence from (20) and (22) w(mq, my) equals the limit as r — oo of

S ()" ()" wlin/rrainh. (25)

r r
T1+ro=7
m1<ry, mg<ry

In turn this equals the limit of the same expressions but summed simply over
0 <ry,79, 11 + 19 = 7 since from (20) (or trivially if my; = 0),

S () (B) mdi/nrmh, et

r r
r1tro=r
ry<my,mg<ro

tends to zero as r — 0.

In other words,

7—00

w(my,mg) = lim/ " ay? dp, ({(xq, 22)). (26)
Do

By Prohorov’s Theorem, see for example [4, Theorem 5.1], since D, is com-
pact the p, have a subsequence p;, weakly convergent to a countably additive
measure /i, meaning that for any continuous function f(xy,z2)

hm [ fzy, @) dps, ({1, 22)) = | f(21,22) du((z1, 22)).

7—00 DQ ]D)2
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Using this the required result follows from (26).
Finally the converse result, that functions w defined by (18) extend to prob-
ability functions on SL satisfying Ex follows by Theorem 3. [

From (18) it follows that the integrals

[z, 22) du((x1, 72))

D2

are uniquely determined by w for any polynomial f(x1,z5), and hence (see
for example [3]) that ;4 must be the unique measure satisfying (18). We shall
call this measure the de Finetti prior of w.

de Finetti’s Theorem generalizes directly to SL and indeed in what follows
we shall use that name in this extended sense. Precisely:

Corollary 5 Let w be a probability function on SL satisfying Ex. Then
there is a measure p on Daq (the de Finetti prior of w in fact) such that for

besL,
w(h) = /D wi(0) dpu(F). (27)

Conversely given a measure p on Dae, w defined by (27) is a probability
function on SL satisfying Fx.

In other words every probability function w on SL is a convex mixture

w = / wedu(?), (28)

of the w; for ¢ € Dyq.

Proof de Finetti Theorem gives this for 6 a state description, hence for 6 €
QFSL, and then in turn for any 8 € SL by induction on quantifier complexity
and Lebesgue’s Dominated Convergence Theorem. The converse follows by
checking (P1-3) noting that the functions ¥ — wz(¢) are measurable. |
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Problems 4

1. Let A > 0. Show that there is a unique probability function w such that
for any 0 < j < 29 and any state description A", ap,(a;)

w (aj<am+1> N ahm) - (29)

" m—+ A
where m; = |{i|h; = j}|. Show that this w satisfies Ex.

2. Let L contain just two unary predicates.
(a) Write down conditions under which wz satisfy Px and SN respectively.

(b) Find ¢ d such that wz does not satisfy Px but T(wz+ wy) does.

3. (a) Let L contain just two unary predicates and assume that w satisfy Ex
and that w(aq(ar)), w(as(ar)) > 0. By considering

/ (bxy — cxo)* du(x)

Dy

for a suitable choice of constants ¢, b show that we cannot have both

w(ai(asz) |ei(ar)) < wlai(az) |az(ar)) and w(as(as) |az(ar)) < wlas(asz) |ai(ar)).

Give an example of a probability function w satisfying Ex for which the first
of these does hold.

(b) Assume now that w satisfies Ex+SN. Show that

w(ag(ar) A ag(az)) = wlag(ar) A as(az)) > wlag(ar) A as(az))

and hence that in this case

w(a(az) [ ai(ar)) > w(ai(as)) | az(ar)).

Show that if w satisfies Ex+SN+Px then we can only have equality here if
W = Coo-
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Solutions to Problems 4

1. Consider the values such a function must give to state descriptions. Note

that any probability function v satisfies

v (/\ ahxai)) -1 (ahxam A ahxan) .

Accordingly, for a state description

/\ Qh, (al)

let 7; be the number of times that h; occurs amongst hi, ho,...,h;—; and
with a view to use (12), define w(T) = 1 and

Then the condition (i) and (ii) from (12) are clearly satisfied. For (iii) note
that if

@<a1a ag, ... 7an) = /\ ahi (a/l)
i=1

then

Z w(®(ay,az,...,an41)) = Zw ((/\ Oém(%)) A ak(an+1)>

¢(a'l7'"7af’n"r1)':(_')(0'17"'70""«)
qu A + A2
My
= w oAy I e
o1 </:\1 il )) < n+ A )

so since the my, sum to n, (iii) holds, too. The existence and uniqueness of an
extension to a probability function on SL follows (cf Section 3). Furthermore,
the extension satisfies Ex by Lemma 1 since from the above it can be see that

A ) IR TG+ a2
w(ﬁl“’“(‘“)) TSN
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and this expression depends only on the signature (my, ..., mad) of A\ an,(a;).

2. Let L = {P,Q} and, as usual,
a1(z) = P(x)AQ(x), az(z) = P(2)A~Q(2), az(z) = ~P(2)AQ(z), au(z) = =P (x)A=Q(z)
Let @ = (¢, 9, 3, ¢q). If we satisfies Px we must have

waz{az(ar)) = wa(az(ar)).

Hence c¢; = ¢3. This condition is sufficient since permuting P and () in a
state description amounts to swapping as and ag, so any wgz with ¢ = c¢3
satisfies Px for state descriptions, and hence on SL.

If wg satisfies SN then it gives equal value to all atoms (since any atom can be
transformed to any other by adding or removing negations). Since, moreover,

4
l=w(T)=w (/\ ai(a1)>
i=1
¢ must be <%, i, %, 411>

(b) For any & with ¢s # c3, wz does not satisfy Px but if d = (cy, 3, ¢a, ¢4)
then 3(wz + wy) does: It suffices to check it for state descriptions, so if
© = A, an,(a;) has signature (mq,ms, ms,my) then swapping P and Q
produces a state description ©’ obtained from © by swapping «ay with az
everywhere and hence a state description with signature (mjy, ms,mo,my).
We have

1 1 mi Mmoo _ms3 _Mmyg mi Mmoo _m3 _m4 ]‘ /

5( et wy)(0) = 5(01 gt + Mg eyt et) = §(w€+wd“)<@)
as required.

3. Assume that

w(ai(ag) | ar(ar)) < wlar(as)|as(ar)) and wlag(as)|as(ar)) < wlas(as)|an(ar))

do hold, and let p be the de Finetti prior of w. The above inequalities yield

fm vt dp < fm 1129 dp fm 3 dp - fm 119 dp
f]DMxldH’ fD4x2dll’L ’ f]])4x2dﬂ’ fD4ZL'1,dM
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so setting

b:/xgd,u, c:/xldu
]D)4 ]D)4
we have

b/ ridp < c/ X129 dp, c/ ridp < b/ 1T dp,
Dy Dy Dy Dy

Multiplying the first inequality by b, the second one by ¢ and adding them
yields

/ (bxy — cxp)* du(x) < 0,
Dy

contradiction.

To find a required example, after checking that the strict inequality fails for
the wz, try %(wf + wy); in this case the first inequality anounts to

x% + Z/% < T1Zo + Y192
1+ To + Y2

which simplifies to give
(1 — y1) (212 — y172) < 0.
This holds for example when Z = (0.1,0.2,0.3,0.4) and ¢ = (0.2,0.6,0.1,0.1).

(b) By SN, we can see that

w(ai(ar)) = wlaz(ar)), wlai(ar) A ai(a)) = wlaz(ar) A az(as))
and by Ex,
w(ag(ar) A as(as)) = w(as(ar) A aq(az))
so the first claim follows from (a).

Assume
w(ay(ag) [ai(ar)) = w(ai(ag)) [ aalar)),

so since w(ay(ay)) = w(ag(ay)),

w(ag(az) A ai(ar)) = w(ag(az)) A as(ay)).
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By SN, also
w(as(az) A asz(ay)) =

w(az(az) A az(ar)) = w(az(az)) A as(ar)),
w(a4(a2) A\ &4(@1)) = w
and by Px moreover

w(a(az) A ai(ar)) = w(a(az)) A az(ar)),

w(as(az) A az(ar)) = wlas(az)) A ar(ar)).

Writing out what these mean in terms of the se Finettti representation and
addiing suitable pairs of equalities, we obtain

[ et ante) = [ =i auto) = [ o1 auta) = o

Dy

whih means that xy = x9, 3 = x4 and xy = x3 on Dy S0 1 = 29 = T3 = 24
except possibly on a set of ;1 measure 0, which means that w is ¢, as required.
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Further Unary Principles

As in the previous section, all relation symbols Ry, Ry, ..., R, in L are as-
sumed to be unary in this one.

The following principle is an attempt at formalizing the requirement that
upon witnessing an instance of something occurring, one’s belief in encoun-
tering it again should increase (or at least stay the same).

The Principle of Instantial Relevance, PIR! For 6(ay,as,...,a,) € SL
and atom a(z) of L,

w(a(anta) | a(ani1)ANO(ar, az, ... a,)) > w(a(ans2) | 0(ar,as,. .. a,)). (30)

Using de Finetti’s theorem we can show that PIR is in fact is a consequence
of Ex.

Theorem 6 FEzx implies PIR

Proof We will write @ for a1, as,...,a,. Let the probability function w on
SL satisfy Ex. Employing the notation of (30), let a(z) = 1 (x) and denote
A =w(0(d)). Then for 4 the de Finetti prior for w (using the fact that by
Proposition 4 the w; satisfy IP)

and (30) amounts to

(f 0@ @) ([ susl0(@) @) = ([ n(0(@) du(f)>2 .

(31)

'Tn what follows we use a convention that expressions like % = % stand for

w(d)w(n) = w(@)w(y) so denominators can be 0.
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If A =0 then this clearly holds (because the other two integrals are less or
equal to A and greater equal zero) so assume that A # 0. In that case (31)
is equivalent to

(e [ P O@) ) ) 0@ ) 20 (6

as can be seen by multiplying out the square and dividing by A. But obvi-
ously, being an integral of a non-negative function, (32) holds, as required.

The next principle is justified on the grounds of symmetry, similarly as Ex.
Rather than symmetry between constants though in this case the claim is that
in the situation of zero knowledge the atoms are interchangeable. Precisely:

The Atom Exchangeability Principle, Ax

For any permutation T of {1,2,...,29} and constants by, by, ..., by,
w (/\ ahi(bi)> = w (/\ aT(hi)(bz-)) . (33)
i=1 i=1

Equivalently, in the presence of Ex, Ax asserts that the left hand side of (33)
depends only on the spectrum of the state description A", oy, (b;), that is on
the multiset {my, ma, ..., mas}, where, again, m; = [{i | h; = j}|.

Quite diffferent in motivation is the following principle (intended to be con-
sidered in the presence of Ex):

Reichenbach’s Axiom, RA

Let ap,, (x) fori=1,2,3,... be an infinite sequence of atoms of L. Then for
a;(z) an atom of L,

Tim (w (axawn /\ahi<ai>> - #) —0 (34)

where u;j(n) = [{i|1 <i<nand h; = j}|

Informally, this asserts that as the number of constants, of which everything
is known, grows, w should see this information as a statistical sample so
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that the probability that the next constant will satisfy the atom «a; and the
frequency of past instances of a;(a;) get closer and closer.

We remark that although this may seem very common sense in situations

where the the sequences u;(n)/n converge, the principle does not assume it.

The next principle draws on the idea that irrelevant information can/should
be ignored. It has played a crucial role in Inductive Logic since its inception.

Johnson’s Sufficientness Postulate, JSP

w (%‘(anu)l /\ahi(az-)> (35)

i=1
depends only onn and r = |{i|1 <i <n and h; = j}| i.e. the number of
times that o occurs amongst the oy, fori=1,2,...,n.

Note in particular that (35) does not depend on j, all atoms are treated in
the same way.

The functions defined in Problem 4.1 clearly satisfy JSP. We refer to them
as Carnap continuum functions and denote them c¥, so for A > 0,

\ m; + A\27¢
cx (aj(anﬂ) | /\Oéhi(az')> =

N n+ A

where m; = [{i|1 < i < n and h; = j}|. The same expressions with 0 or oo
in place of A lead us to define cZ by

and ¢l by

n 2—q lfhlthIZhn7
Cé (/\ ahi(ai)> = { 0
i=1

otherwise.

Theorem 7 Suppose that the unary language L has at least two relation
symbols, i.e. ¢ > 2. Then the probability function w on SL satisfies Ex and
JSP if and only if w = c% for some 0 < X < co.
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Proof It is clear from their defining equations that the c% satisfy JSP.

For the other direction assume that w satisfies JSP. Then w satisfies Ax
(Problem 5.3) so since

1=w (\/ ozz-(al)) =Y w(ai(a)),

=1 i=1

we have w(a;(ay)) = 277 for all i. Now suppose that

w (/\ ahi(ai)) =0

for some state description. We may assume that n is minimal; clearly n > 1.
If ]’Ll = hg then by PIR

0=w <Oéh1<a1)| /\ahi<ai)> > w (%(al)! /\ahi(ai)>

=2 =3

w (/\ ahi(ai)> =0

etc., contradicting the minimality of n. Hence all the h; must be different.
So by JSP

0=w (am(al) A ahxai)) —u <@1<a1> A a2<ai>>

=2 =2

SO

and we must have

w (al(al) A /\ ozg(ai)> =0.

=2

Hence n = 2. This means that for any n, whenever the h; are not all equal,

we have
w (/\ Ozhi(ai)) =0
i=1

and consequently w = c§.

So now assume that w is non-zero on all state descriptions. Let
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g(r,n) =w (O‘j<an+1)| /\Oéhi(@z‘)> :

i=1
where r = [{ 7| h; = j }|. Note that ¢(0,0) =277 and
1>g(r,n)>0

for all n,r. From

1=w (\/ a;(as) | Oéj(a1)> = Zw(@i(az) | oj(a))

we get
g(1, 1)+ (27-1)g(0,1) = 1. (36)

By PIR, g(1,1) > ¢(0,0) so
1>g(1,1) > 279

Hence for some 0 < A < o0,

(by Problem 5.4 and (36)).
We now show by induction on n € N that for this same A

T+ A2

g(r,n) Y (r=0,1,...,n). (37)

We have already shown it for n = 0,1. Assume that n > 1 and (37) holds
for n. For u + v =n + 1, and distinct m, k,

l=w (\/ ap(ant1) | /\@m(az’) A /\ ak(ai)>

h=1 i=1 i=u-+1

1 =gun+1)+gv,n+1)+(27—-2)g(0,n+1). (38)
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We shall write ap, ap, . .. ap, etc. for

For r + s +t = n and distinct m, j, k,
w(am | ajap,ajap) - wla; | ap,ajap) = wlama; | ap,a5a;)
= w(ay | o), 0d0q) - w(am | of,a8ay,).

g(r,n+1)g(s,n) :g(s,n+1)g(7’,n). (39)

Using s = 0 and the inductive hypothesis gives
glr,n+1) = (rA7122+1)g(0,n + 1). (40)
Taking v = 1, v =n in (38) and using r = 1,n in (40) gives

(A27 4+ 1)g(0,n + 1) + (nRAT'27 + 1)g(0,n + 1) + (27— 2)g(0,n + 1) =1

and hence \o-a
0 l) = ——+——.
90n+1) n+1+A
Substituting in (40) now gives (37) too for n+ 1 and r = 1,2,...,n, and
finally also for r =n + 1 using (38) with u =0, v =n+ 1. [

!Note this is where we need g > 2.
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Problems 5

1. Let L be a unary language.

(a) Show that any probability function w which satisfies SN also satisfies (33)
for m =1, that is, for any constant b and any two atoms ax, o5,

w (e (b)) = w (o;(b)) -

(b) Find a probability function which satisfies SN but not Ax.

2.. (a) Let L be a unary language and ¢ € Dyq. Show that the function

_ —1
Ve = ‘52‘1‘ E , w(%(l)7%(2),..‘100(2%)7

O'ESQQ

where Sqq is the set of all permutations of {1,2,...,27}, satisfies Ax.

(b) For functions satisfying Ex and Ax, conjecture and prove a representation
theorem, using the functions vz from (a) .

(¢) Conjecture and prove representation theorem for functions satisfying Ex
and Px.

3. Show that JSP implies Ax.

4. Let 1 > x > a. Show that there is A > 0 such that

_1+a)\
1+

and that, consequently, if z + (a=! — 1)y = 1 then

a\
1+X

y:
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Solutions to Problems 5

1.(a) If w satisfies SN then it gives equal value to all atoms (since any atom
can be transformed to any other by adding or removing negations).

(b) Let L = {R,Q} where R, are unary. Let
w = §(w<1/2,1/2,0,0> + w<0,0,1/2,1/2>)-

Recall that to check that w satisfies SN it suffices to check that is satisfies it
for state descriptions. Note that

W(1/2,1/2,0,0) (/\ aki(bi)> = {

i=1

(%)m if k; € {1,2} for all m
otherwise

Ol

and similarly

W(0,0,1/2,1/2) (/\ Oéki(bi)> = {

i=1

(%)m if k; € {3,4} for all m
otherwise

Ol

Replacing R by =R throughout a state description

means swapping a; with a3 and ay with a4 everywhere, so clearly w gives
the resulting state description the same value. Similarly replacing ) by
=() everywhere. Hence w satisfies SN. However, w does not satisfy Ax as
apparent for example by considering the value it gives to oy (a;) A as(ay) and

as(ay) A ag(as).
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2. (a) Let 7 € Syq .

(% (/\ O(T(hl)(bl)> = |SQq ’_1 Z w<ca(1)7ca(2) ..... Co.(2q>> </\ aT(hz)(bz>>
i=1 i=1

0E€Soq

o |

O'GSQQ i=1

= [Sqd| ™ Z Hco(f(hi)),

oTESyq 1=1

since o — o7 just permutes Saq,

— |qu’_1 Z HCU(hi)7

O'ESQQ =1

= Vg (/\ th(bl)) .

(b) Representation Theorem for Ax Let L be a unary language with q
relation symbols and let w be a probability function on SL satisfying Az (and
Ez). Then there is a measure p on the Borel subsets of Daa such that

w = /D s d(7). (41)

Conversely, given a measure | on the Borel subsets of Dy the probability

function w on SL defined by (41) satisfies Ax (and Ezx).

Proof Suppose that w satisfies Ax. By de Finetti’s Representation Theorem
there is a measure p such that for a state description A", ay,(b;) and o € Sa,

w(/\aa(hi)<bi>> = /]D W(zy,xg,...;x00) (/\aa(hi)a)i)) dp(T)
=1 24 i

Since w satisfies Ax,
w (/\ ao(hi)(bz‘)>
i=1
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is the same for any o € Sys so averaging both sides of (42) over all 0 € Soq
gives (41) when we restrict w and vz to state descriptions. The general version
follows as de Finetti’s Theorem. The converse result is straightforward.

3. Since -
w (/\ ahi(ai)) = Hw(ahj(aj) | /\ g (ai))

(with both sides zero if not all the conditional probabilities are defined) JSP
gives that this right hand side is invariant under permutations of atoms.
Hence so is the left hand side and this yields the result.

4. Differentiating shows that the continuous function

1+ a)
J) = 1++aA

is decreasing from 1 to a for A € (0,00), so for any = € (a, 1) there must be
some \ € (0,00) such that f(\) = z. The rest is obvious.
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Polyadic Pure Inductive Logic

To start with, we shall restrict our considerations to the case of L containing
a single, binary, relation symbol R. It reduces notational difficulties while
still allowing insight into the polyadic context.

Note that in this case state descriptions for ay, ..., a, have the form

O(ay,...,a,) = /\ +R(a;, a;)

ij=1

where as before £R stands for R or =R. To make this easier to work with,
we can also write

O(a,...,a,) = /\ R"%i(a;, a;)
ij=1
where ¢;; € {0,1} and R° stands for =R, R' stands for R. This allows us

to represent © by the n x n {0, 1}-matrix 7' = (¢;;).! (Recall that we have
already used such a representation in Problems III.)

We now introduce probability functions w?” which play a role similar to that
played in the unary case by the wz. Let D = (d;;) be an N x N {0,1}-
matrix (it is best to think of N as large although it can be any nonzero
natural number).

Define a probability function w” on SL by setting
w? ( /\ Rtivj(ai,aj))
ij<n
to be the probability of (uniformly) randomly picking, with replacement,
h(1),h(2), ..., h(n) from {1,2,..., N} such that for each i,j < n,
i) h() = Lij-

This does uniquely determines a probability function on SL satisfying Ex,
see Problem 6.1(b).

Clearly convex mixtures of these w” also satisfy Ex. Conversely, any proba-
bility function satisfying Ex can be expressed as an integral of standard parts

Information about the exact constants involved is lost, but since we will only consider
probability function satisfying Ex, it will not matter.
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of such w” with non-standard D. Remaining within standard mathematics,
we shall just sketch how to show that any probability function w satisfying
Ex can be approximated arbitrarily closely on QFSL by convex mixtures of
the w”. More precisely:

Lemma 2 For a probability function w on SL satisfying Ex and 04, ...,0,, €
QFSL and e > 0 there is an N € N and Ap > 0 for each N x N {0, 1}-matriz
D such that Y, Ap =1 and for j=1,...,m,

w(6;) = > Apw”(6))] < e.

Proof For N > n we have

w(l(ay, ... a,)) = > w(¥(ay, ... ay)).

For a state description ®(ay,...,ay) define ® to be the set (equivalence
class) of all state descriptions that can be obtained from ®(ay,...,ay) by
permuting constants, that is, state descriptions of the form
U(ay,...,an) = ®(as@), - -, o)) (43)
(where o is a permutation of {1,..., N}). Collecting state description from
the same equivalence classes together, we can write
wb(ay,...,a,)) =Y w(®(ay,... ay)) K(®,0), (44)
K

where K(®,0) is |¥ € ®; U(ay,...,ayn) E0(a,...,a,)l|.

Let K(®) be the number of all state descriptions that can be obtained from
® by permuting constants. (Note that this is not necessarily N! because
some permutation may yield the same state descriptions, but every state
description in K (®) is obtained from ® by the same number of permutations. )

Then
K(®,0)

K(®)
is the probability that a random permutation o yields ¥ that belongs to
K(®,0).

(45)
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Let Dy = (d;;) be the N x N matrix representing ®. (45) is also the
probability that when (uniformly) randomly picking, without replacement,
h(1),h(2), ..., h(n) from {1,2,..., N},

/\ Rdh(i)qh(j) (ai7 (l]) |: 9(&1, e ,a,n).

1,j<n

The difference in the probability of picking particular h(1),h(2), ..., h(n)
from {1,2,..., N} with and without replacement is

if there are no repeats in the h(1),h(2), ..., h(n) (and hence the difference
is of order N~(™*1)) or N~ if there are repeats. There are N" n-tuples
h(1),h(2), ..., h(n) altogether and less than (%) N"~! of them are with re-
peats, so - appealing to Problem 6.1(b) - the difference between (45) and
w?(0) is of order N1

For ¥ € ®, let Dy be the N x N matrix representing ¥ (note that Dy
obtains from Dg by simultaneously permuting rows and columns and that
wPe = wPv). Let

Apg = w(P(ay,...,an)) =w(¥(ay,...,an)).

Since there are K(®) state descriptions ¥ in ® and just as many matrices
Dy, (44) yields

w(@(ay, ..., a,)) = Z/\D -wP(6)

as required.

|
To illustrate how the above theorem can be useful, we will prove the following
lemma, which is important for the study of analogy in inductive logic.

Lemma 3 For a probability function w on SL satisfying Fx

w(R(ay,az) | R(ai,as)) > w(R(ay,as) | R(as, ay)).
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Proof Since w satisfies Ex, we have w(R(a1, as)) = w(R(as, a4)) so it suffices
to show that

w(R(ay,az) A R(ar,a4)) > w(R(ay,as) A R(as,ay)).

In view of the previous lemma it suffices to prove it for the functions wP.

Let D = (d; ;) be an N x N {0, 1}-matrix and let
e = {jldij =13}
Then
w?(R(ay, a2) A R(ay, as)) = (Z 6?) N7 = (Z(&/Nf) (Z(l/N)2> )

wP(R(ay,az) A R(as,ay)) = (ZZeiej> N4 = (Z(@/N)(l/]\@) .

By the Cauchy-Schwarz Inequality

(Z(@/NV) <Z(1/N)2> > <Z(@/N)(1/N)>

i=1 =1 =1

so the result follows.

Next we consider some principles that arguably capture some of our intuition
about analogy. L now stands again for a general language.

The Counterpart Principle, CP

Let 0,0 € SL be such that 0’ is the result of replacing some constant/relation

symbols in 0 by new constant/relation symbols of the same arity not occurring
i 6. Then
w(f]0") > w(h). (46)

A stronger version, SCP: If 0" is the result of replacing the same and possibly
also other constant/relation symbols in 0 by new constant/relation symbols
of the same arity not occurring in 0 then

w(f[6) = w(f]6") = w(?). (47)
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Remarkably, it turns out that the Counterpart principle as well as its stronger
version hold for any probability function which is a member of a consistent
family of probability functions satisfying Ex and Px, in which there is a
probability function for any language. Formally, this requirement is expressed
as

Language Invariance Principle, Li

A probability function w for a language L satisfies Language Invariance if
there is a family of probability functions w*, one on each language L, all
satisfying Pz and Ez, and such that w* = w and if £ C L' then w® is w*
restricted to SL.

It is easier to show that Li is enough for the basic version of the Counterpart
Principle:

Theorem 8 If w satisfies Li then w satisfies the CP.

Proof Assume that w satisfies Li. Taking the functions of the family to-
gether we can obtain a probability function w™ for the infinite language
L' which contains infinitely many relation symbols of each arity, extends w
and satisfies Px and Ex. Let 6,6 be as in the statement of the principle.
Assume without loss of generality that the constant symbols appearing in
0 are amongst ay,as,...,a, i1, - - -, ek, all the relation symbols appear-
ing in 6 are amongst Ry, Rs,..., R, Rst1,..., Rs1j, and that to form ¢,
Qty1, - - - Qe Were replaced by @iqpyt, Grppg2, - - -5 Gepon, and Repq, ..., Reyj
were replaced by Rgyji1, ..., Rsioj respectively. So with the obvious notation
we can write

0= 0(@1, ey Ay Ay - 7at+k7R17 c ,RS,R5+1, .. '7Rs+j)7

[
0 = 9((11, ey Ay Qg ot 1y - - - ,CLH_Qk,Rl, N ,Rs, R5+j+1, Ce >Rs+2j)-

With this notation let #;,1 be

9(611, sy Aty Qi 1y - o Qe (i4-1)ks Ry, ..., Rs, Royijit, - -y Rs+(i+1)j)7

so 0 = 0, 6, = 0. (It is understood that relation symbols in the blocks
Ryiijt1, .-, Rep(iy1); are of appropriate arities.)

Let £ be the unary language with a single unary relation symbol R and define
T:QFSL — QFSL" by
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T(R(a:) = 0i, 7(=¢) = —71(¢), T(dAD)=T7(9) AT(Y), etc.
for ¢, € QFSL.
Now define v : QFSL — [0, 1] by

v(¢) = w™(1(9)).

Then since w™ satisfies (P1-2) (on SL*) so does v (on QFSL). Also since
w satisfies Ex and Px, for ¢ € QFSL, permuting the 6; in 7(¢) will leave
wT(7(¢)) unchanged so permuting the a; in ¢ will leave v(¢) unchanged.
Hence v satisfies Ex.

By Gaifman’s Theorem, v has an extension to a probability function on SL
satisfying Ex and hence satisfying PIR by Theorem 6. In particular then

v(R(a1) [ R(az)) = v(R(a1)). (48)

But since 7(R(ay)) = 0, 7(R(az)) = 0’ this amounts to just the Counterpart
Principle

w(f]0") > w(h).
|

To show that Li is enough also for the stronger version of CP, we can proceed
similarly. It is convenient to introduce the following notation: for a natural
number ¢, define

Let

0 =0(ar, .., Qm, Gagts - - Gds gkt 1s - - - > Gk 2k

Rl; SR 7Rp7 Rmu s 7RM7 Rp+j+17 SR Rp+2j)7

0" =0(a1,. .., 0m, GrgT, - - - G Gk 3415 - - - 5 Gontdles
Riy..o\ Ry Ryery o Ros Ryisjats s Ryiag):

9” = 9(&1, . ,am,am+2t+1, Ce ,am+3t,am+3k+1, e ,CLM,
Ri,..., By Rozgsrts - Boggss Bossjns > Ryiag).

(where the relation symbols in the same positions have the same arities).
Assume w satisfies Li , 6,6 and 6" are in SL and L', w™ are as above.
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Let 04141 stand for
9(&1, s Ay Gy - - 7am+(i—|—1)t’ AmAlk+1y - -+ s Gmt-(I4+1)k>

Rl, cey Rp7 Rm, Ce ,Rm, Rp+lj+1, Ce 7Rp+(l+1)j),
so 0 = 9172, 9/ = 9174 and 9// = 9374.

Let £ be the binary language with a single binary relation symbol R. Define
T:QFSL — QFSL" by

T(R(ai, @) = 01, 7(2¢) = =7(9), T(0AY) =7(0) AT(Y), ete.

and define v : QFSL — [0, 1] by

v(¢) = w"(1(9)).

The v extends to a a probability function on SL which satisfies Ex. By
Lemma 3.

v(R(ay,a2)|R(a1,aq)) > v(R(ay,az)|R(as,ay))

SO

w(B012|614) > w(b12]054)

and the result follows.
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Problems 6

1. (a) Let L be a language with a single, unary, predicate (). Let d =
(dy,ds, . ..,dyx) be a {0,1}-vector. Define w? for state descriptions by setting
wd(T) =1 and

w! (/\ Qti(az‘))

i<n
to be the probability of (uniformly) randomly picking, with replacement,
h(1),h(2),...,h(n) from {1,2,..., N} such that for each i <n,
dniy = ti-

Show that this uniquely determines a probability function on SL satisfying
Ex, and that this function is one of the wz.

(b) Let L be a language with a single, binary, predicate R. Let D = (d; ;)
be an N x N {0, 1}-matrix. Define w” on SL by setting w”(T) = 1 and

to be the probability of (uniformly) randomly picking, with replacement,
h(1),h(2), ..., h(n) from {1,2,..., N} such that for each i,j < n,
dni) n() = tij-

Show that this uniquely determines a probability function on SL satisfying
Ex. Moreover, show that for 0(ay,...,a,) € QFSL, wP(#) is the probabil-
ity that when (uniformly) randomly picking, with replacement, h(1),h(2),
...,y h(n) from {1,2,..., N},

/\ RIor6) (az,a5) b= O(ay, . .., ay).

h,j<n

59



Solutions to Problems 6

1. (a) Let
. |he{l,...,N}: d,=1}
- N ,
For .
6(&1, s 7a’m) = /\Qti<ai)7
i=1
wi(@(al, ..., Q) is the ratio

[(hi,... hm) €{1,...,N}™: for all i <m, dy, =t;.}|

>0
Nm™ -

lhe{l,...,N}: d,=t,.
— ZH1| 6{7 7]\; h Z}|:Cm1(1_c)m2

wherem; = [{i € {1,...,m}: t; =1} andmy = [{i € {1,...,m} : t; = 0}|.
Hence w? = Wie,1—c)-

(b) First note the conditions (12) clearly hold since the picking is with re-
placement. Explicitly, for

@(al, RN ,am) = /\ Rti’j (Cli, aj)
,j<m
w?(O(ay, ..., a,)) is the ratio

|<h1, .. ,hm> € {]_, .. ,N}m . for all Z,] S m, dhi,hj = tl,]}|

>0
Nm™ -

and

Z w®(®(ay, az, ..., i)

®(a1;....am+1)FO(a1,....am)

m—+1 m
= Z wD < /\ Rti (ai, aj) A /\ RPm+1 (ai, CLm_H) AN /\ RemAt ((Im+1, CL]')

ge{0,1}2m+1 1,j<m i=1 j=1
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where
s = <51,m+17 S2m+15 -5 Sm4+1,m+1, Sm4+1,1 - - - >5m+l,m>'

For a given § the summand above is

Ahyhmsr = Sigm+1
1.y, 5 — —
<h1, Cey hm, hm+1> € {1, ce ,N}m+ : VZ,] < m, dhi,hj = ti’j & dhm+1,hj = Sm+1,j
dhm+1,hm+1 - Sm+1,m+1

Nm+1

Since for any given hy, ..., h,, , each h,1 € {1,..., N} adds to precisely
one such summand, the summands add to

wP(O(ay, ..., an))

as required.
Rt (b, bj))
with any other distinct bq,...,b, is also the probability of (uniformly) ran-

domly picking, with replacement, h(1), h(2), ..., h(n) from {1,2,..., N} such
that for each i, 5 < n,

Ex follows by Lemma 1 and Gaifman’s Theorem so w” (/\” <n

dni),ng) = tiy-

Since any 0(by,...,b,) € QFSL is logically equivalent to a disjunction of
state descriptions, wp(0(by,...,b,)) is the sum of w?(O(by,...,b,)) over
those ©(by, .. . b,) that logically imply it and hence the probability that when
(uniformly) randomly picking, with replacement, h(1),h(2), ..., h(n) from
{1,2,...,N},

/\ RIor6) (a5, a5) b= O(ay, . .., ay),

h,j<n

as required.
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