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1. Consider the differential equation
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subject to the condition that y(0) = 0. Use the forward Euler method to estimate y(1) using

(a) a single step of size h = 1

(b) two steps each of size h = 0.5

(c) four steps each of size h = 0.25

(d) ten steps each of size h = 0.1

Compare your results for y(1) with the analytic solution.

2. With step-size h = 0.5, apply (i) the forward Euler method and (ii) the backward Euler method to the ODE
dz

dt
=

z

50(1 + t)
; z(0) = 1 to estimate z when t = 5.

3. Consider a population of bacteria in a confined environment in which no more than B elements can coexist. We
assume that, at the initial time t = 0, the number of individuals is much smaller than B and is equal to y0.
We also assume that the growth rate of the bacteria is a positive constant C. In this case the rate of change of
the population is proportional to the number of existing bacteria, under the restriction that the total number
cannot exceed B. This is expressed by the differential equation
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whose solution y = y(t) denotes the number of bacteria at time t.

(a) Given some initial population y0 and a step length of h, write down the general update formula for computing
the forward Euler solution yn+1 from the previous estimate yn ≈ y(nh).

(b) Next, write down the general update formula for computing the implicit Euler solution y∗n+1 from the
previous estimate y∗n ≈ y(nh). You should find that this approach requires the solution if a quadratic
equation at every time step.

4. Consider the equation
dy

dt
= 1 + ln y with condition that y = 1 when t = 0. Carry out one step of the 4th-

order Runge-Kutta method (with step-size h = 0.1) for solving this ODE. Show that K1 = 1,K2 = 1.048790,
K3 = 1.051111, K4 = 1.099946 and that the approximation to y(0.1) is y(0.1) ≈ 1.104996.
For the next step of the method, show that K1 = 1.099842, K2 = 1.148410, K3 = 1.150501, K4 = 1.198888 and
that y(0.2) ≈ 1.219938. Now show that y(0.3) ≈ 1.344702.

5. Consider fluid draining out of a tank according to the equation
dy

dt
= −k√y with k = 0.1 and y = 20 at t = 0.

Use the Runge-Kutta method with step-size h = 10 to estimate the values of y(t) (the height, in metres, of fluid
in the tank) for t = 10, 20 and 30 measured in seconds. Compute this using forward Euler method again using
step-size h = 10. Compare both methods to the analytic solution to this ODE problem.


