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• A1. This was a straightforward question asking definitions of basic concepts from
the course. A common general mistake was to define the general concepts such as
“Hilbert space” just by giving specific examples such as L2(0, 1). That is, some
students when asked to define what a Hilbert space is define either H1(0, 1), or
L2(0, 1). Here are some more comments on specific parts:

– When asked to define the norm induced from an inner product many students
provided the definition for a norm.

– Many students defined the boundedness of a bounded linear functional as

F (u) ≤ C‖u‖,
but it should be

|F (u)| ≤ C‖u‖.
I was actually lenient on this point and awarded marks even when the answer
was incorrect in this way, but still this error should be noted.

– A few students confused bounded linear functionals with bilinear forms.
• A2. Most students did not have any problem proving that F was linear. More

mistakes were made on the proof of boundedness. Note that you need to use the
Cauchy-Schwarz inequality at some point in the proof. Also note that

‖u‖L2(0,1) + ‖u′‖L2(0,1) ≤
√

2‖u‖H1(0,1),

not

‖u‖L2(0,1) + ‖u′‖L2(0,1) ≤ ‖u‖H1(0,1).

There were no fully correct answers on part (b) of this problem, and almost all
students claimed that the Dirac delta function cannot be written in the given form.
This was no doubt because there was a similar question on the exam last year in
which the Dirac delta function was a counter example, and students did not take
the time to realise this question was different. While I had anticipated A2(b)
would be difficult I was surprised that no one got it.
• A3. Most students knew the two hypotheses on the bilinear form A, but many

did not give the conclusion of the theorem, or did not define the abstract problem
which has a solution.
• A4. The most common mistake on this problem was to forget to specify the space
H1

0 (0, 1) in which you find the solution u, or the space in which the test functions
v lie, which is also H1

0 (0, 1).
• A5. Most students remembered the Poincaré-Friedrichs inequality without any

problem which was good, although many did not read the problem carefully enough
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to note that it was not necessary to prove the Poincaré-Friedrichs inequality. A
common mistake was, in the proof of coercivity, to write something like

A(u, u) =

∫ 1

0
u′(x)2 dx ≥

∫ 1

0
u(x)2 dx

which is correct, but does not establish coercivity as you should have the H1 norm
on the right-hand-side of the inequality, not the L2 norm. You actually need to split
the integral up into two parts and only apply the Poincaré-Friedrichs inequality to
one of the two parts.
• B6.

– (a) The majority of the class had the correct concept concerning what a “weak
formulation” is, but as on A4 many students did not correctly specify the
spaces in which u and v lie.

– (b) Almost everyone knew what were the basis functions, although a reason-
ably large majority made the mistake of thinking there would be three basis
functions for the subspace in H1

0 (0, 1), when in fact there are only two, in
the case described in the problem. The Galerkin system is thus a system of
two equations in two unknowns in this case. Perhaps two thirds of those who
attempted the problem had the correct formula for the entries in the Galerkin
matrix in terms of integrals of the basis functions, but very few people were
able to do the integrals correctly! Also, only a few students correctly identified
the right-hand-side of the Galerkin system using the delta function applied to
the basis functions.

– (c) Most students realised that it was necessary to apply the Lax-Milgram
theorem here, and many successfully proved that the bilinear form is bounded.
However almost no one provided a full proof of coercivity.

– (d) Very few students attempted this problem, and of those that did no one
earned full marks.

• B7.
– (a) Students did very well on this problem on the whole, and there were not

any major patterns in the errors.
– (b) The class did not do well on this problem. I was surprised how few students

remembered that they needed to set z(t) = 1/2|x(t)|2. Many students put
z(t) = |x(t)|, and then claimed z′(t) = |x′(t)| which is not correct. Many
students also tried to apply Gronwall’s inequality to the equation as though A
and x were scalars.

– (c) The class did alright on this problem, although, as with the other problems
that asked for weak formulations such as A4 and B6(a) not very many people
specified in which spaces u and v lie.

– (d) Not very many students attempted this problem, but those that did gen-
erally had some idea of how to start (by setting z(t) = 1/2‖u(t, ·)‖2L2(0,1)).

However, many students encountered problems taking the derivative of z(t).
There were very few complete correct answers.
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• B8.
– (a) I was surprised how poorly the class did on this relatively easy problem.

Most students realised they needed to take the derivative of E but there were
many problems taking derivatives, and then only a few realised that they
needed to integrate by parts after differentiating.

– (b) This problem was poorly done overall. Many students seemed to have a
general idea how to move to a Galerkin approximation by introducing a weak
formulation and a finite dimensional subspace, but very few were able to put
this into practice correctly. Many answers included formulas for the case of
the heat equation that had been memorized. A few remembered the correct
formulas for the wave equation, but did not explain how they were derived.
No one earned full marks.

– (c) Very few attempted this problem, and no one did it well.
– (d) A reasonable number of the students who did problem B8 were able to

remember the three formulae correctly, although many students got the cases
of the wave and heat equations confused. Note that they differ by a sign. Most
students answered that either the backwards Euler or Crank-Nicolson method
was the best because they are implicit and thus unconditionally stable. This is
not a bad answer, and earned partial credit, but actually the correct answer is
the Crank-Nicolson method because it preserves the energy. Very few students
mentioned the energy.


