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ESSENTIAL PARTIAL DIFFERENTIAL EQUATIONS

16 January 2015

09:45 - 11:45

Answer ALL six questions in Section A (46 marks in total) and
TWO of the three questions in Section B (54 marks in total).

If more than two questions from Section B are attempted,
then credit will be given for the best two answers.

The use of electronic calculators is not permitted.

• On all parts of this exam you may use the Cauchy-Schwarz inequality without proof.
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SECTION A

Answer ALL questions

A1. Provide the definition for each of the following:

(a) An inner product on a vector space V .

[2 marks]

(b) A Hilbert space H.

[1 marks]

(c) The weak derivative u′ of u ∈ L2(0, 1).

[2 marks]

(d) The Sobolev spacesH1(0, 1) andH1
0 (0, 1), and theH1(0, 1) inner product and norm.

[3 marks]

A2. Suppose that f ∈ L2(0, 1).

(a) Show that the mapping

(L) H1(0, 1) 3 v 7→
∫ 1

0

f(x)v(x)dx

is a bounded linear functional on H1(0, 1). Be sure to show the mapping is both linear and
bounded.

[4 marks]

(b) State whether the following statement is true or false.

Any bounded linear functional on H1(0, 1) can be written in the form (L) for some f ∈ L2(0, 1).

Either prove any bounded linear functional can be written in this form, or provide a counterex-
ample.

[2 marks]

A3. State the Lax-Milgram theorem.
[6 marks]

The remaining problems in section A refer to the following classical problem. For f ∈ C0([0, 1]), find
u ∈ C2(0, 1) ∩ C0([0, 1]) such that

(BVP)

{
−u′′(x) = f(x), x ∈ (0, 1)
u(0) = u(1) = 0.

A4. What is the weak formulation of this classical problem?
[5 marks]
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A5. Apply the Lax-Milgram theorem to show that there is always a unique solution to the weak
formulation of (BVP). Fully explain why all hypotheses of the theorem are satisfied including a proof
of the Poincaré-Friedrichs inequality. You may assume that H1

0 (0, 1) is a Hilbert space with the
H1(0, 1) norm.

[9 marks]

A6. Divide the interval [0, 1] into n equal subintervals. Define the finite element approximation to
the weak formulation of (BVP) using piecewise linear basis functions which are linear on each of the
n subintervals. Be sure to define the basis functions, and state what the Galerkin system

Aβ = b

is in this case. Calculate a typical row (a row which is not the top or bottom) in the associated
Galerkin matrix A.

[12 marks]
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SECTION B

Answer TWO of the three questions

B7. Let H be a Hilbert space with norm ‖ · ‖H , F ∈ H∗, and A be a bilinear form on H × H
satisfying the hypotheses of the Lax-Milgram theorem. Consider a well-posed abstract problem

(AP)


Find u ∈ H such that
A(u, v) = F (v)

for all v ∈ H.

Also let Hk ⊂ H be a finite dimensional subspace.

(a) Define the Galerkin approximation uk corresponding to Hk.

[6 marks]

(b) Show that
A(u− uk, v) = 0, for all v ∈ Hk.

[5 marks]

(c) Show that there exists a constant C > 0 such that

‖u− uk‖H ≤ C‖u− v‖H for all v ∈ Hk.

How is the constant C related to the bilinear form A?

[8 marks]

(d) Suppose that A is symmetric. Show that the solution u of (AP) also satisfies the following
variational problem: find u ∈ H such that

1

2
A(u, u)− F (u) ≤ 1

2
A(v, v)− F (v) for all v ∈ H.

What variational problem is satisfied by the Galerkin approximation uk?

[8 marks]
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B8. Suppose p ∈ C1([0, 1]) and r ∈ C0([0, 1]). Consider the following classical Sturm-Liouvillle
problem: given f ∈ C0([0, 1]) find u ∈ C2(0, 1) ∩ C1([0, 1]) such that

(S–L)

{
−(p(x)u′(x))′ + r(x)u(x) = f(x), x ∈ (0, 1)
u′(0) = u′(1) = 0.

(a) Write down the weak formulation of the problem (S–L).

[6 marks]

(b) Find additional conditions on p and r which guarantee the weak formulation is well-posed.
Show by checking the hypotheses of the Lax-Milgram theorem that your conditions are correct.

[8 marks]

(c) Suppose that p(x) > c0 > 0 for some constant c0 and consider the related Sturm-Liouville
eigenvalue problem: find eigenvalues λ and eigenfunctions u (recall eigenfunctions cannot be
identically equal to zero) such that

(S–Leig)

{
−(p(x)u′(x))′ + r(x)u(x)− λu(x) = 0, x ∈ (0, 1)
u′(0) = u′(1) = 0.

Show that if λ is an eigenvalue, then

min
x∈[0,1]

{r(x)} ≤ λ.

[7 marks]

(d) Given a finite dimensional space Hk ⊂ H1(0, 1) with basis set {hj}kj=1, show that the correspond-
ing Galerkin approximations to the eigenvalues for (S-Leig) can be found by solving the following
problem: find λk such that there is 0 6= x ∈ Rk such that

Ax = λkQx

for some matrices A and Q. Be sure to specify how the entries of the matrices A and Q are
calculated.

[6 marks]
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B9. Consider the following classical boundary and initial value problem: find u such that

(PDE)


∂u

∂t
(x, t)− ∂2u

∂x2
(x, t) = 0, (x, t) ∈ (0, 1)× (0, T )

u(0, t) = u(1, t) = 0, t ∈ (0, T ),
u(x, 0) = u0(x), x ∈ (0, 1).

(a) Let Hk ⊂ H1
0 (0, 1) be a finite dimensional space with basis {hj}kj=1. Describe how to use Galerkin

approximation with the subspace Hk to find a semi-discrete approximation uk to the solution
of (PDE). Show that finding the semi-discrete approximation is equivalent to solving an initial
value problem for a system of ODEs in the form{

Qx′(t) + Ax(t) = 0
Qx(0) = x0.

Explain how the matrices A and Q, and the vector x0 are calculated. Also state how the vector
x is related to the semi-discrete approximation uk for the solution to (PDE).

[9 marks]

(b) Prove Gronwall’s inequality: if z(t) satisfies

dz

dt
≤ az + b for t > 0, with a, b ∈ R and z(0) = z0,

then

z(t) ≤ eatz0 +
b

a
(eat − 1).

[6 marks]

(c) Use Gronwall’s inequality to prove the estimate

‖uk(·, t)‖L2(0,1) ≤ ‖u0‖L2(0,1) for all t > 0.

Here uk is the semi-discrete approximation to the solution of (PDE).

[6 marks]

(d) Explain how you would fully discretise (PDE). Give examples of both explicit and implicit time
stepping procedures being sure to give the formula used for each time step. What is the advantage
of using an implicit method?

[6 marks]
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