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Abstract. In general, the closure of a metric space of definable functions

contains many non-definable functions. We consider the completions of metric
and normed spaces of continuous and differentiable functions which are defin-
able in an o-minimal expansion of the real numbers and study the information
about the structure contained in the completions. In many cases one can even

reconstruct the structure from the completions.

1. Introduction

Let R be an expansion of the real field R, see [1, 2]. We abbreviate definable in
R with parameters from R by R-definable. A function is called R-definable if its
graph is R-definable.

It is a well known fact that the limit of a sequence of definable functions is
not necessary definable. For example, the Weierstrass approximation theorem im-
plies that every continuous function defined on the closed unit ball is the limit
of a uniformly converging sequence of real polynomial functions; therefore they
are evidently the limit of a uniformly converging sequence of definable continuous
functions.

To bypass this problem in o-minimal geometry one considers definable families
of functions rather than sequences to obtain the definability of the limit.

In the present note, however, we will study the limits of converging sequences of
definable functions and its unexpected information about the underlying structure.

The question we are mainly interested in is the following:

How much information about the underlying structure is contained in the metric
completion of the corresponding space?

We study this question using the examples of definable continuous functions and
definable Fréchet differentiable functions both being endowed with the standard
metrics.

Notations. Let A ⊂ Rn. We endow the set of all functions from A to R with the
supremum metric d defined by

d(f, g) := sup
x∈A

{
|f(x)− g(x)|

1 + |f(x)− g(x)|

}
,

and consider the continuous functions (C(A), d) from A to R as metric subspace.
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Notice that the Cauchy sequences in (C(A), d) are precisely the uniformly con-
vergent sequences.

Let F(A) denote the set of Fréchet differentiable functions from A to R. On
F(A) we define the metric d′ by

d′(f, g) := max{d(f, g), d(∂1f, ∂1g), . . . , d(∂nf, ∂ng)}

where ∂i denotes the partial derivative operator with respect to the ith variable.
It is a well known fact in classical Analysis that both metric spaces (C(A), d)

and (F(A), d′) are complete. For simplicity of notation, we identify the subspaces
of (C(A), d) and (F(A), d′) with their underlying sets.

Let CR(A) and FR(A) denote the metric subspaces consisting of the R-definable
elements in C(A) and F(A), and let FR(A) and CR(A) denote their metric comple-
tions, respectively. These latter spaces are much bigger than CR(A) or FR(A), and
they contain many functions which are not definable in any o-minimal structure.

Let CbR(A) denote the bounded elements of CR(A), and let Fb
R(A) denote the

bounded elements of FR(A) whose derivatives are also bounded functions. We
endow CbR(A) with the supremum norm ∥·∥0,

∥f∥0 := sup
a∈A

|f(a)|

and FR(A) with the norm ∥·∥1,

∥f∥1 := sup
a∈A

max{|f(a)| , ∥∇f(a)∥}.

The Theorems. The set of all definable functions from Rn to R can only contain
information about the definable sets of dimension at most n + 1. To be able to
obtain information about the whole structure, we will consider sequences of the
following form: (

CR(An)
)
n∈N and

(
FR(An)

)
n∈N ,

where An ⊂ Rn, for all n. Since the domains An themselves shall not encode any
information about the structure, we let An either be Rn or [0, 1]n.

First we shall prove the following two theorems about unbounded functions.

Theorem 1.1. Let R range over all o-minimal expansions of the real field. Then
the map

R 7→
(
CR(Rn)

)
n∈N

is injective. In addition, we can reconstruct R from
(
CR(Rn)

)
n∈N.

In the case of Fréchet differentiable functions we can reconstruct the o-minimal
structure from the local data of the completions. So we can consider compact
domains.

Theorem 1.2. Let R range over all o-minimal expansions of the real field. Then
the map

R 7→
(
FR([0, 1]n)

)
n∈N

is injective. In addition, we can reconstruct R from the sequence
(
FR([0, 1]n)

)
n∈N.

For normed spaces (i.e. bounded functions) we obtain weaker results in form of
the two following theorems. Here, we do not know how to reconstruct the underlying
o-minimal structure from the completions.
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Theorem 1.3. Let R range over all o-minimal expansions of the real field. Then
the map

(1) R 7→
(
CbR(Rn)

)
n∈N

is injective.

And also we have

Theorem 1.4. Let R range over all o-minimal expansions of the real field. Then
the map

R 7→
(
Fb

R([0, 1]n)
)
n∈N

is injective.

2. Preliminaries

For the convenience of the reader we recall the notation of cell decomposition.
A definable function f : A → Rk is called a C1 function, if there are an open

definable neighborhood U of A and an F ∈ C1(U,Rk) such that F |A = f .

A C1 cell in R is either a single point or an open interval. Supposing all C1 cells
of Rn are known, then a C1 cell in Rn+1 is a set of either the form

(Graph) (h)X := {(x, r) : x ∈ X, r = h(x)}

where X ⊂ Rn is a C1 cell and h ∈ C1(X,R), or of the form

(Band) (f, g)X := {(x, r) : x ∈ X, f(x) < r < g(x)}

where X ⊂ Rn is a C1 cell and f, g ∈ C1(X,R) ∪ {±∞} such that f(x) < g(x) for
all x ∈ X.

The functions used to describe a C1 cell are called the defining functions of Z.

Every finite partition of R into C1 cells is a C1 cell decomposition. A finite
partition of Rn+1 into C1 cells Z1, . . . , Zr is called a C1 cell decomposition, if the
set of projections π(Zi), i = 1, . . . , r, is a C1 cell decomposition of Rn, where π is
the projection onto the first n coordinates.

Theorem 2.1 ( [1]). Every o-minimal structure admits C1 cell decomposition; i.e.
for any finite collection of definable sets A1, . . . , Ak ⊂ Rn there exists a Cm cell
decomposition of Rn partitioning each Ai, i = 1, . . . , k.

We will also make extensive use of the Weierstrass Approximation Theorem. For
the convenience of the reader we state in the form in which we require it.

Theorem 2.2 (Weierstrass). Let j ∈ {0, 1}. Let A ⊂ Rn be a compact set, and let
U be an open neighbourhood of A. Let f : U → R be a C1 function. Then for every
ε > 0 there exists a polynomial p such that

∥f − p∥j < ε.

A proof can be found in [4].
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Remark 2.3. Let R be any o-minimal structure. Then the set of restrictions of
polynomial functions to [0, 1]n is dense in CR([0, 1]n) by the Weierstrass theorem.
So

CR([0, 1]n) = C([0, 1]n).
In other words, the space CR([0, 1]n) contains no information about R.

3. Metric spaces of definable functions

If S is a cell, then the frontier fr(S) := S \ S of S is a closed definable set
and S = S \ fr(S). Hence, by cell decomposition, every definable set is a (finite!)
Boolean combination of definable closed sets. Therefore, we have the following fact.

Proposition 3.1. All definable sets of an o-minimal structure can be constructed
from the closed definable sets of the structure.

3.1. For r > 0 and x ∈ Rn we let Br(x) denote the open ball with center x and
radius r. We let n be fixed positive integer, and we define the function τn : Rn →
B1(0) by

τn(x) :=
x

1 + ∥x∥
.

This function is a semialgebraic homeomorphism, so the composition of a function
with τn does not effect definability.

To any function f : Rn → R we associate the function f̃ : Rn → R,

f̃(x) =

{
f ◦ τn(x), if x ∈ B1(0)

0, otherwise.

We proceed by proving Theorem 1.1.

Proof of Theorem 1.1. Fix n ∈ N. Let f ∈ CR(Rn). We claim that the set of points

at which f̃ is not locally bounded is R-definable.
Indeed, since f ∈ CR(Rn) there is some g ∈ CR(Rn) such that d(f, g) ≤ 1/2. In

particular, we have
|g(x)− f(x)| ≤ 1 for all x ∈ Rn.

Hence the set of points at which g̃ is not locally bounded coincides with that of f̃ .
Thus the latter set is R-definable as well.

The cell decomposition implies that we can construct every R-definable set from
the closedR-definable sets. Using the stereographic projection, it is actually enough
to know all closed R-definable subsets of the unit-spheres. Let Sn−1 denote the
n− 1-dimensional unit-sphere. To see that the mapping

R 7→
(
CR(Rn)

)
n∈N

is injective it is sufficient to construct for every closed R-definable subset A of Sn−1

a definable continuous function such that A is precisely the set of points at which
the function F̃ is not locally bounded. Let gA : Rn → R be the function

gA(x) :=


∥x∥
2

dist(x/∥x∥, A)
1 + dist(x/∥x∥, A)

, if x ̸= 0,

0, if x = 0.

Obviously, the function gA is R-definable, and A is the set of points at which g̃A is
not locally bounded.



RECOVERING O-MINIMAL STRUCTURES 5

By considering the sets at which F̃ is not locally bounded, where F ranges over
all elements of CR(Rn), it is obvious how to construct the collection of all closed
definable subsets of Rn−1 from CR(Rn). By Proposition 3.1 we can construct all
definable sets of the structure R. �
Remark 3.2. In the first part of the proof of Theorem 1.1 we do not make use of
the o-minimality of the structure. We see that even if R is not o-minimal, we can
reconstruct all R-definable closed subsets from (CR(Rn))n∈N.

Remark 3.3. The functions gA of the previous proof are all 1-Lipschitz; i.e. for all
x, y ∈ Rn we have ∥gA(x)− gA(y)∥ ≤ ∥x− y∥. If L1

R(Rn) denotes the R-definable

1-Lipschitz functions form Rn to R, then R 7→ (L1
R(Rn))n∈N is injective and R can

be reconstructed from R 7→ (L1
R(Rn))n∈N.

Remark 3.4. The polynomial functions Pn from Rn to R can be considered as
metric subspace of CR(Rn). This space is complete since every bounded polynomial
function is constant.

3.2. To prove the Theorem 1.2, we will need the following characterization of C1-
singularities of definable Fréchet differentiable functions.

A C1-singularity of a function is point at which the function is not C1-smooth.
Actually, one distinguishes between two kinds of C1-singularities of a Fréchet differ-
entiable functions. The set of C1 singularities of a function f is denoted by Sing1(f).
A point a ∈ A is an unbounded C1-singularity, if ∇f is not locally bounded at a. All
other C1 singularities are called bounded. We denote by Sing1∞(f) and Sing1b (f)
the set of all unbounded and bounded C1-angularities of f , respectively.

In [3], we find the following characterization of Singularities of o-minimal Fréchet
differentiable functions.

Theorem 3.5. Let f : Rn → R be a definable Fréchet differentiable function. Then
Sing1(f) is a definable set, and

dim(Sing1∞(f)) ≤ n− 2.

Conversely, for every definable set X,Y ⊂ Rn with dim(X) ≤ n− 2 and X closed,
there exist definable Fréchet differentiable functions f and g with Sing1∞(f) = X
and Sing1b (g) = Y .

We can now prove Theorem 1.2.

Proof of Theorem 1.2. Let f ∈ FR([0, 1]n). Similar to the proof of Theorem 1.1,
the set of points at which ∇f is not locally bounded is definable. By Theorem
3.5, every closed definable subset of [0, 1]n−2 × {0} ⊂ [0, 1]n is the set of locally
unbounded points of ∇f for some f ∈ FR([0, 1]n). Hence the injectivity of the
map R 7→ (FR([0, 1]n))n∈N is evident as well as the reconstruction of R from
(FR([0, 1]n))n∈N. �
3.3. The following proposition stresses the we cannot extract any information
about R from the local data of CR(Rn).

Proposition 3.6. Let A ⊂ Rn be compact, and let f ∈ C(Rn,R). Then there exists
g ∈ CR(Rn) such that g = f on A.



6 ANDREAS FISCHER

Proof. Let B be a closed ball containing A, and select a semialgebraic continuous
map ρ : Rn → R with compact support such that ρ = 1 on B. By the Weierstrass
Theorem, there exists for every ε > 0 polynomial p such that ∥f − p∥0 < ε on A.
So ∥ρp− f∥0 < ε on A. Since ρp ∈ CR(Rn) there exists g ∈ CR(Rn) with g = f on
A. �
Remark 3.7. The previous proposition tells in particular that not all n-dimensional
R-definable sets can be constructed from CR(Rn).

Moreover, the ring C(Rn) can be algebraically constructed from CR(Rn) as fol-
lows.

Proposition 3.8. Let W be the set of strictly positive elements of CR(Rn). Then
C(Rn) =W−1CR(Rn).

Proof. Let g ∈ C(Rn) such that lim∥x∥→∞ g(x) = 0. Then g ∈ CR(Rn). Indeed,
for every ε > 0 there is a compact ball B such that |g(x)| < ε/4 for x ̸∈ B, and
there is an open ball C containing B. Select a continuous semialgebraic function
ρ : Rn → [0, 1] such that ρ = 1 on B and ρ = 0 outside of C. By the Weierstrass
Theorem, there is polynomial p such that ∥g−p∥1 < ε/4 on C. Hence ∥g−ρp∥0 < ε
on Rn.

Suppose now that f ∈ C(Rn). Then g : Rn → R,

g(x) :=
1

1 + |f(x)| ∥x∥+ ∥x∥
belongs to W , and fg ∈ CR(Rn). So f = (1/g)fg ∈W−1CR(Rn).

�

4. Normed spaces of definable functions

Suppose R and S are o-minimal expansions of the real field, and X a set. We
say that X is R \S-definable if X is definable in R but not in S.

Let f : U → Rk be a function, we let for ξ ∈ U

Lf (ξ) := inf
ε>0

sup{∥f(x)− f(y)∥;x, y ∈ Bε(ξ)}

Let σn : Rn → (−1, 1)n be the semialgebraic analytic diffeomorphism

σn(x1, . . . , xn) =

(
x1√
1 + x21

, . . . ,
xn√
1 + x2n

)
.

We proceed by Proving Theorem 1.3.

Proof of Theorem 1.3. Let φ : R → [0, 1] be defined by

φ(t) = 4t(t− 1)χ[0,1](t).

Then the function f : R2 → R, defined by

ψ(x1, x2) := φ(x1/x2 − 1)

satisfies Lψ(0) = 1, and ψ is continuous everywhere else.
Let h : (0, 1)d → (0, 1) be an R \ S-definable continuous function. Then the

function g : Rd+2 → (0, 1) defined by

g(x1, . . . , xd+2) := ψ(xd+1 − h(x1, . . . , xd), xd+2 − 1)
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satisfies

Lg((x1, . . . , xd+2) = 1 ⇔ xd+1 = h(x1, . . . , xd) ∧ xd+2 = 1.

At all other points we have Lg(x1, . . . , xd+2) = 0.
Let f = g ◦ σd+2. For the injectivity of the map (1) it suffices to show that

f ̸∈ CS(Rd+2).
Suppose for a contradiction there is a sequence (fm)m∈N of S-definable contin-

uous functions converging uniformly to f . Set gm = fm ◦ σ−1
d+2 for all m. Then the

sequence (gm)m∈N is S-definable and uniformly converging to g. So, for every m,
we have

dim({Lgm > 0}) ≤ d.

Hence the dimension of the set

E := {ξ : 1
2
≤ Lgm(ξ) ≤ 3

2
}

is bounded by d.
Since the set {Lg(ξ) = 1} is not S-definable, we have either

(a) one point η in {Lg = 1} which does not belong to E,

or

(b) one point η in E \ {Lg = 1}.
In case (a) we have

Lgm(η) ̸∈ [1/2, 3/2] and Lg(η) = 1,

and in case (b) we have

Lgm(η) ∈ [1/2, 3/2] and Lg(η) = 0.

So in both cases we have

∥gm − g∥0 ≥ 1/2.

So for ε < 1/4 there is no m ∈ N such that

∥gm − g∥0 < ε.

A contradiction. Hence f ̸∈ CS(Rd+2). �

For the proof of Theorem 1.4 we use the following generic semialgebraic function.

Example 4.1. Let ρ : R2 → [0, 1] be a semialgebraic C1 functions with ρ = 1 onB1(0)
and ρ = 0 outside of B2(0). Let φ : R → R be defined by φ(t) = t2(t− 1)2χ[0,1](t),
where χ[0,1] denotes the characteristic functions of [0, 1]. Let K > 0. Define the
function

f : R2 → R
by

f(x1, x2) :=

{
K(x21 + x22)φ(x

2
2/x

2
1 − 1)ρ(x1, x2), x1 ̸= 0

0, x1 = 0.

Then the following properties are straight forward to verify.

• f ∈ FR
b (R2).

• Sing1(f) = 0.
• 0 < L∇f (0) <∞.
• ∂1f is continuous.
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By choosing K appropriately we may assume that

L∇f (0) = 1.

From now on we fix this function f .

Proof of Theorem 1.4. Let R and S be o-minimal expansions of the real field such
that R ̸= S. Then, without loss of generality, there is an R \ S-definable set of
minimal dimension d, and all d − 1-dimensional S-definable sets are R-definable.
Otherwise, switch R and S.

Case 1: d = 1.
Then, by C1 cell decomposition, there is a 1-dimensional R \ S-definable C1 cell C
in R2. This cell is the graph of a function h : (a, b) → R, and we may assume that
(a, b) = (0, 1). By considering t 7→ σ1 ◦ h(t) we may assume that h is bounded.
Define the function φ : R → R by

φ(t) :=

{
t2(t− 1)2h(t), t ∈ (0, 1)

0, t ̸∈ (0, 1).

Then φ is an R \S-definable C1 function.
We select the function f from example 4.1 to define the function g : [0, 1]3 → R

by

g(x1, x2, x3) := f(x2 − φ(x1), x3).

Then L∇g(x1, x2, x3) = 1 if and only if φ(x1) = x2 and x3 = 0. For all other choices
of (x1, x2, x3) we have L∇g(x1, x2, x3) = 0. So dim{L∇g(ξ) = 1} = 1.

Suppose, for a contradiction, that there is an S-definable sequence of Fréchet
differentiable functions (gm)m∈N : [0, 1]3 → R converging to g with respect ∥·∥1.
Then, for every m, we have

dim(Sing1(gm)) ≤ 1

by Theorem 3.5; hence the dimension of the set

E := {ξ : 1
2
≤ L∇gm(ξ) ≤ 3

2
}

is bounded by 1.
Since the set {L∇g(ξ) = 1} is not S-definable, we have always either

(a) one point η in {L∇g(ξ) = 1} which does not belong to E,

or

(b) we have one point η in E \ {L∇g(ξ) = 1}.
Both cases imply that

∥g − gn∥1 ≥ 1/4.

So, for ε < 1/4, there is no m ∈ N such that ∥gm−g∥1 < ε. A contradiction. Hence

g ̸∈ Fb
S([0, 1]3).

Case 2: d > 1.
Here, the C1 cell decomposition implies that there is a d-dimensionalR\S-definable
C1-cell C in Rd+1. Without loss of generality, we may assume that C is the graph
of an R \S-definable C1 functions h : D → R where D ⊂ Rd is an open C1-cell. By
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the minimality of d, the cell D is both R- and S-definable. Hence, we may assume
that D = (0, 1)d. Let ψ : Rd → Rd be defined by

ψ(x1, . . . , xd) :=

{
σ1(h(x1, . . . , xd))

∏d
i=1 xi(xi − 1), (x1, . . . , xd) ∈ (0, 1)d,

0, otherwise.

Then ψ is an R \ S-definable continuous function which is C1-smooth outside of
the boundary of (0, 1)d, and which vanishes outside of (0, 1)d. We apply the gen-
eralized Lojasiewicz, see [2, C.14], to ψ, and obtain a strictly increasing surjective
R-definable C1 function Φ : R → R with Φ(0) = 0 such that φ := Φ ◦ ψ is C1-
smooth. Since d > 1, every R-definable function is S-definable, the function Φ is
S-definable. So φ is R \S-definable. The same argument as in case 1 implies that
the function g : [0, 1]d+2 → R defined by

g(x1, . . . , xd+2) := f(xd+1 − φ(x1, . . . , xd), xd+2)

is not the limit of a sequence of S-definable Fréchet differentiable functions.
Hence, the map R 7→ (FRb([0, 1]n)n∈N is injective. �
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