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Abstract. We prove that the Membership Problem is solvable affirmatively
for every finitely generated quadratic module Q of R[X1]. For the case that
the associated semialgebraic set S is bounded we show that a polynomial f
is an element of Q if and only if f is nonnegative on S and fulfills certain
order conditions in the boundary points of S. This leads us to the definition of
generalized natural generators of Q and an algorithm which produces at most
three generators of Q.

1. Introduction

Let Q be a subset of the polynomial ring R[X] = R[X1, ..., Xn] over a real closed
field R. The Membership Problem for Q asks the following:
Is there an algorithm to decide whether a given polynomial f ∈ R[X] lies in Q?
This means that the Membership Problem asks for a computational procedure
which on input the coefficient vector of f stops after finitely many steps with out-
put YES if f ∈ Q and output NO if f 6∈ Q.

If Q is an ideal then the Membership Problem was solved affirmatively by Grete
Hermann [He] not just over real closed fields but over arbitrary fields in 1926. Al-
gorithms for this problem, which are mainly based on the theory of Gröbner bases,
are widely studied.

When working over real closed fields R it is not enough to study polynomial equal-
ities. Instead, polynomial inequalities are of central importance in real algebraic
geometry. Thus in real algebraic geometry varieties, the fundamental geometric
objects of classical algebraic geometry, are replaced by semialgebraic sets which are
the solution sets of polynomial equalities and inequalities.
Basic closed semialgebraic sets are of the form

S(G) := {x ∈ Rn | gi(x) > 0 (1 6 i 6 s)}
for some finite set G = {g1, ..., gs} ⊆ R[X]. For the set of nonnegative polynomials
on S(G),

P(S(G)) := {f ∈ R[X] | f |S(G) > 0},
the Membership Problem is solvable in the affirmative due to a groundbreaking
result of Tarski [Ta].

Tarski proved that the theory of real closed fields in the first order language of
ordered rings Lor = {+,−, ·, 0, 1, <} is decidable. This means for the real closed
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field R, provided R is given in some explicitly computable manner, there is an
algorithm which on input a sentence Φ in the language of ordered rings decides
the truth or falsity of Φ. A sentence Φ being an expression that is built up using
the operations +,−, ·, the relations =, < and the boolean connectives as well as
quantifiers over variables which range over the elements of R.

Therefore one way of giving a positive answer to the Membership Problem for a
set Q ⊆ R[X] is to prove that Q is definable. This is a new notion introduced in
my thesis [A] to express that for any general polynomial f(X, Y ) ∈ Z[X, Y ] there
is an L-formula ϕ(Y ) such that a coefficient vector c ∈ RY fulfills f(X, c) ∈ Q if
and only if ϕ(c) is true. Being definable is for Q ⊆ R[X] equivalent to being weakly
semialgebraic. This is a notion which has been introduced by Knebusch in [K].
It here means that the intersection of Q with every finite dimensional subspace of
R[X] is semialgebraic (cf. Definition 2.3 below).

The set P(S(G)) for some finite G ⊆ R[X] is a particular example of a weakly
semialgebraic subset of R[X]. Thus Tarski’s result provides an explicit algorithm for
deciding whether a polynomial f lies in P(S(G)), i.e. whether f is nonnegative on
the basic closed semialgebraic set S(G). However Tarski’s algorithm is intractable
for problems with a large number of variables since the complexity for any general
decision procedure for the theory of real closed fields is at least doubly exponential
in the number of variables (see [D-H]).

One possibility to overcome this complexity drawback of Tarski’s method, although
theoretically so powerful, is to approximate P(S(G)) by a set which consists of
polynomials that are nonnegative on S(G) and whose nonnegativity is witnessed
by the fact that they can be written in the following form:

QM(G) := {σ0 + σ1g1 + ... + σsgs | σi ∈
∑

R[X]2 (0 6 i 6 s)}
where

∑
R[X]2 denotes the set of all finite sums of squares of polynomials.

If f ∈ QM(G) then we say that f possesses a certificate for nonnegativity on S(G).
The set Q = QM(G) is not just an arbitrary subset of R[X], it is a subset con-
taining 1, being closed under addition and under multiplication with squares of
polynomials. A subset with these properties is called a quadratic module and plays
a very important role in real algebraic geometry. In fact Q belongs to the class of
finitely generated quadratic modules which are exactly those quadratic modules of
the form QM(G) with associated semialgebraic set S(G) for some finite G ⊆ R[X].
The set P(S(G)) is also a particular quadratic module, namely a multiplicatively
closed quadratic module. Quadratic modules with this property are called preorder-
ings. Similar to the way that ideals correspond to varieties in algebraic geometry,
preorderings correspond to semialgebraic sets in real algebraic geometry. However
quadratic modules and preorderings are much harder to study than ideals because
they tend not to be finitely generated.

The reason that makes the finitely generated quadratic module Q = QM(G) in
view of computational aspects more attractive than P(S(G)) is that testing mem-
bership in Q can be done in polynomial time if Q is stable. Stability means that
the degree of the sums of squares used in the representation of an element f of
Q can be bounded by a number which depends only on the degree of f . In this
case the Membership Problem for Q translates into a semidefinite programming
problem which can be solved in polynomial time by using interior point methods
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(see [N-N]).

Up to now we have seen two classes of finitely generated quadratic modules of R[X]
for which the Membership Problem is solvable affirmatively. The first consists of
the saturated preorderings, which are equal to P(S(G)) for some finite G ⊆ R[X],
and the second consists of the stable quadratic modules.

Examples of not finitely generated quadratic modules for which there is a positive
answer to the Membership Problem are the orderings of R[X]. This follows from
the Marker-Steinhorn theorem ([M-S] Theorem 2.1) which says that all orderings
of R[X] are weakly semialgebraic.
The Membership Problem for quadratic modules is in itself an interesting problem
from a theoretical viewpoint. Its solution however is also of interest for applied
mathematics as many problems can be formulated using just polynomial inequali-
ties. As indicated above one way to overcome the drawback of Tarski’s algorithm as
regards complexity is to approximate the solution to such problems by using certifi-
cates for nonnegativity expressed as the membership in certain quadratic modules.
We illustrate this approach with the optimization algorithm of Lasserre [L]. The
optimization problem in consideration is the minimization of a polynomial f over a
nonempty compact basic closed semialgebraic set S(G). Equivalently one can com-
pute the largest real number a such that f−a is nonnegative on S(G). The key idea
is now to replace the nonnegativity of f−a on S(G) by the algebraic nonnegativity
certificate f − a ∈ QM(G). By successively increasing the degree of the sums of
squares used for representations of elements of QM(G) Lasserre obtains a sequence
of semidefinite programs of increasing size. The convergence of the solutions of
these semidefinite programs to the solution of the original optimization problem is
given by a theorem of Putinar about positivity of polynomials ([Pu] Lemma 4.1).

The main result of the present work is that for every finitely generated quadratic
module of R[X1] the Membership Problem is solvable affirmatively (Theorem 4.4).
The key step for this result is the explicit description of the membership in Q in the
case that the associated semialgebraic set is bounded (Theorem 4.3). We obtain
this by using the characterization of the finitely generated quadratic modules in
formal power series rings ([A-K] Theorem 2.3) and then using a local-global prin-
ciple due to Scheiderer ([S1] Corollary 3.17). We furthermore characterize when
a finitely generated quadratic module Q ⊆ R[X1] whose associated semialgebraic
set is bounded can be generated by just one polynomial and describe an algorithm
that produces in general at most three generators of Q. Furthermore we show
that a finitely generated quadratic module of R[X1] with nonempty bounded semi-
algebraic set S is completely determined by two vectors: one which encodes the
boundary points of S and one which encodes order conditions attached to these
points. These vectors will be used to define generalized natural generators for such
quadratic modules.

2. Definability and the Membership Problem

Let Y and Z be finite tuple of variables (of variable length).

Definition 2.1. We say that the Membership Problem is solvable affirmatively for
a given subset Q ⊆ R[X] if and only if for every f(X, Y ) ∈ Z[X, Y ] there is an
algorithm which decides upon input of c ∈ RY whether f(X, c) ∈ Q or not.
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In the following we concentrate on the case that Q is a quadratic module. The
more general setup given in Definition 2.1 is nevertheless useful if you are for ex-
ample interested in the set of polynomials up to a certain degree d which lie in a
quadratic module.

Our approach to solve the Membership Problem for Q is to show that Q is a
definable subset of R[X] in the sense of the following Definition 2.2.

If L is a first order language then L(R) denotes the language which is obtained
by adding to L a constant symbol to name each element of R. Let FmlL(R) denote
the set of L(R)-formulas.

Definition 2.2. Q ⊆ R[X] is definable if and only if for every f(X, Y ) ∈ Z[X, Y ]
there is a formula ϑf (Y ) ∈ FmlL(R) such that for all c ∈ RY

f(X, c) ∈ Q ⇔ R |= ϑf (c),

i.e. if and only if the set

D(f, Q) := {c ∈ RY | f(X, c) ∈ Q}
is definable (by an L(R)-formula ϑf (Y )).

Due to Tarski [Ta] the theory of real closed fields in the language Lor is decid-
able. Thus the Membership Problem is solvable affirmatively for Q if Q is definable
with respect to Lor and the input data is computable.

When working in the language of ordered rings with respect to the theory of real
closed fields the definability of D(f, Q) means nothing else than that this set is a
semialgebraic subset of RY . In this setting the notion of definability given above
is equivalent to the notion of being weakly semialgebraic which was introduced by
Knebusch in [K].

Definition 2.3. A subset Q of a finitely generated R-algebra A is called weakly
semialgebraic if for every finite dimensional R-subspace U of A the set Q ∩ U is a
semialgebraic subset of U .

In the following we prefer to speak of weakly semialgebraic subsets Q if we have
witnessed membership in the sets D(f, Q) by Lor(R)-formulas as defined in Defini-
tion 2.2 since this notion is more precise what the underlying language and theory
concerns.

Though being weakly semialgebraic is sufficient, it is not necessary for the result
that the Membership Problem is solvable affirmatively for a quadratic module.
We illustrate this with the following example.

Example 2.4. Let P := {f ∈ R[X] | f |Z > 0} where X denotes one indeterminate.
Then the preordering P is not weakly semialgebraic because for the polynomial
f(X, Y ) := 2(X − Y )2 − 1 ∈ Z[X, Y ] the set D(f, P ) is equal to Z+ 1

2 which is not
semialgebraic.
However the Membership Problem is solvable affirmatively for P as the following
pseudo code shows.
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INPUT: coefficient vector (c0, ..., cd) of a polynomial f = f(X, c) of degree d
COMPUTE the Cauchy bound B for (c0, ..., cd)
COMPUTE f(x) for all x ∈ Z, |x| < B
IF f(x) > 0 for all x ∈ Z, |x| < B

OUTPUT: f ∈ P
ELSE

OUTPUT: f 6∈ P

From now on L is the language of ordered rings, L = Lor.

There are two classes of finitely generated quadratic modules for which we easily
can see that they are weakly semialgebraic and therefore the Membership Problem
is solvable affirmatively for them.

The first class consists of the finitely generated saturated preorderings, i.e. those
preorderings

P = PO(g1, ..., gs) := {
∑

ε∈{0,1}s

σεg
ε1
1 · · · gεs

s | σε ∈
∑

A2 ∀ε ∈ {0, 1}s} ⊆ R[X]

with

P = P(S) := {f ∈ R[X] | f |S > 0}
where S = S(g1, ..., gs) is the basic closed semialgebraic set associated to P .
The formula ϑsat

f (Y ) which defines the membership in the saturated preordering
P = PO(g1, ..., gs) ⊆ R[X] for some polynomial f(X, Y ) ∈ Z[X,Y ] is given by

ϑsat
f (Y ) := ∀X

(
s∧

i=1

gi(X) > 0 → f(X,Y ) > 0

)
.

The parameters appearing in the formula ϑsat
f (Y ) ∈ FmlL(R) are just the coeffi-

cients of the polynomials g1, ..., gs ∈ R[X].
If f(X, Y ) ∈ Z[X,Y ], g1(X, Z), ..., gs(X, Z) ∈ Z[X, Z] then the L-formula

ϑsat(Y, Z) := ∀X
(

s∧

i=1

gi(X,Z) > 0 → f(X, Y ) > 0

)

defines uniformly the membership in the saturation which means that for every
c ∈ RY , b ∈ RZ

f(X, c) ∈ P(S(g1(X, b), ..., gs(X, b)) ⇔ R |= ϑsat(c, b).

If P = PO(g1(X, b), ..., gs(X, b)) is saturated than this formula defines the mem-
bership in P .

The second class of weakly semialgebraic quadratic modules which we want to
mention in this section are the finitely generated stable ones. Here the definition of
stability we use is the one due to Powers and Scheiderer [P-S]. For a more general
definition of stability and a lot of examples see [N].
For ease of notation let g0 := 1.



6 DORIS AUGUSTIN

Definition 2.5. Q = QM(g1, ..., gs) ⊆ R[X] is stable if for every finite dimensional
subspace U of R[X] there is a finite dimensional subspace V of R[X] such that

Q ∩ U ⊆ {
s∑

i=0

σigi | σi ∈
∑

V 2 (0 6 i 6 s)}.

The stability of a quadratic module Q implies the following. If f ∈ Q then there
are bounds ∆(f) on the degree of the squares of polynomials and N(f) on the
number of squares of polynomials appearing in a representation of f as an element
of Q, and these bounds just depend on the degree of f .

Now we can state the semialgebraic formula ϑstab
f (Y ) which defines the member-

ship in the stable quadratic module Q = QM(g1, ..., gs) for f(X, Y ) ∈ Z[X, Y ].

ϑstab
f (Y ) := ∃W


∀X


f(X,Y ) =

s∑

i=0




N(f)∑

j=1

F∆(f)(X, Wij)2


 gi(X)







where W = (W11, ..., W1N(f), ...,WsN(f)) is a finite tuple of variables and F∆(f)(X,Wij) =∑
α

Wij,αXα denotes the general polynomial in Z[X, Wij ] of degree ∆(f) with re-

spect to X.

If f(X, Y ) ∈ Z[X,Y ], g1(X, Z), ..., gs(X, Z) ∈ Z[X, Z] then the L-formula

ϑstab(Y,Z) := ∃W

∀X


f(X, Y ) =

s∑

i=0




N(f)∑

j=1

F∆(f)(X,Wij)2


 gi(X, Z)







defines uniformly the membership in the subset of the quadratic module where
the degrees of the sums of squares are bounded by ∆(f) (and consequently the
number of squares is bounded by some number N(f)). This means that for every
c ∈ RY , b ∈ RZ

f(X, c) ∈
s∑

i=0

∑
R[X]26∆(f)gi(X, b) ⇔ R |= ϑstab(c, b).

If Q = QM(g1(X, b), ..., gs(X, b)) is stable with stability function ∆ : N → N then
this formula defines the membership in Q.

3. Solution for R = R in dimension one - the monogenic case

For the rest of the article X denotes one indeterminate.

In this section we consider a polynomial g ∈ R[X] and first solve the Member-
ship Problem affirmatively for the special quadratic module Q = QM(g) = PO(g)
generated by that single polynomial. We call these quadratic modules monogenic.
Actually they are preorderings since they are obviously closed under multiplication.

An important step in solving the Membership Problem in the affirmative is to
characterize the structure of the monogenic quadratic modules in formal power
series rings. This has been done in [A-K], more generally over an euclidean field R
instead of R.
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Theorem 3.1. [[A-K] Theorem 2.3] Let R be an euclidean field and a ∈ R. The
partially ordered set (via inclusion) of all monogenic quadratic modules in A =
R[[X − a]] has the following diagram.

PO(−1) = A

PO(X − a)

gggggggg
PO(−(X − a))

XXXXXXX

PO(−(X − a)2)

PO((X − a)3)

gggggg
PO(−(X − a)3)

WWWWWWW

PO(−(X − a)4)

PO((X − a)5)

gggggg
PO(−(X − a)5)

WWWWWWW

PO(−(X − a)6)
eeeeeeeeeeee

YYYYYYYYYYYYY

PO(1) = A2

YYYYYYYYYYYYY
eeeeeeeeeeeeee

All inclusion relations between the monogenic quadratic modules of the formal
power series ring can be seen in this diagram. If P and Q are two different mono-
genic quadratic modules we have P ⊆ Q if and only if there exists a path from P
to Q, always going north, and then P ⊂ Q.
In particular a monogenic quadratic module in the middle column is not contained
in a member of another column. On the other hand, a member of the left or right
column does only contain members of the same column.

We return to the ring of polynomials and consider some g ∈ R[X] for a real
closed field R.

For a ∈ R let orda(g) := min{k ∈ N0 | g(k)(a) 6= 0}.
We denote the sign of g(orda(g))(a) by εa(g) ∈ {±1}.
Thus considered as an element of the formal power series ring R[[X − a]] we can
write

g = εa(g)(X − a)orda(g) (εa(g)c1)︸ ︷︷ ︸
>0

(1 +
c2

c1
(X − a) + ...)

︸ ︷︷ ︸
=:1+q

with some q ∈ (X − a)R[[X − a]] and some coefficients ci ∈ R.

For the quadratic module generated by the images of g1, ..., gs ∈ R[X] in the formal
power series ring R[[X − a]] we use the notation Q̂Ma(g1, ..., gs) or Q̂a.

If Q = PO(g) then we have

Q̂a = P̂Oa(εa(g)(X − a)orda(g))

because elements of the form c(1 + q) with c ∈ R, c > 0 and q ∈ (X − a)R[[X − a]]
are invertible and squares in R[[X − a]].
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The image of g ∈ R[X] in the formal power series ring R[[X − a]], which is nothing
else as the Taylor series expansion of g in a, is denoted by ĝa.

With this considerations Theorem 3.1 translates into conditions which ensure that
a polynomial is locally in the quadratic module generated by another polynomial.

Corollary 3.2. Let f, g ∈ R[X] and a ∈ R. Then the following is true:
1) If orda(g) is even and εa(g) = 1 then

f̂a ∈ P̂Oa(g) ⇔ orda(f) even and εa(f) = 1.

2) If orda(g) = 0 and εa(g) = −1 then

f̂a ∈ P̂Oa(g) ⇔ f ∈ R[X].

3) If orda(g) > 0 is even and εa(g) = −1 then

f̂a ∈ P̂Oa(g) ⇔ orda(f) even and εa(f) = 1 or orda(f) > orda(g).

4) If orda(g) is odd then

f̂a ∈ P̂Oa(g) ⇔ orda(f) even and εa(f) = 1 or
orda(f)− orda(g) ∈ 2N0 and εa(f) = εa(g).

The first equivalence in particular means that f is locally a (sum of) square(s)
if and only if orda(f) is even and εa(f) = 1.

The conditions for the order and the sign ε given in Corollary 3.2 above can be
formulated by semialgebraic formulas (see Remark 3.6). Thus the result of this
corollary implies the definability of the membership in the monogenic quadratic
module in the formal power series ring in the following uniform way.

Corollary 3.3. If f(X, Y ) ∈ Z[X,Y ] and g(X, Z) ∈ Z[X, Z] then there is some
L-formula ϕ(Y, Z) such that for every real closed field R, every a ∈ R and any
c ∈ RY , b ∈ RZ

f̂a(X, c) ∈ P̂Oa(g(X, b)) ⇔ R |= ϕ(c, b).

With the help of the local conditions from Corollary 3.2 we are now able to
answer the question when a polynomial f is (globally) in the quadratic module
generated by another polynomial g in the case that the basic closed semialgebraic
set S(g) is a compact subset of R. In order to do so we apply a local-global principle
due to Scheiderer which essentially uses the archimedean property of the quadratic
module. In this way we get our result for quadratic modules whose associated
semialgebraic set is bounded and R = R.
With Z(f) we denote the set of zeros of the polynomial f .

Theorem 3.4 ([S1] Corollary 3.17). Let f, g1, ..., gs ∈ R[X] and Q = QM(g1, ..., gs)
with S = S(g1, ..., gs) ⊆ R bounded.
If f̂a ∈ Q̂a for every a ∈ Z(f) ∩ S and f |S > 0 then f ∈ Q.

Let Sisol denote the set of isolated points for some set S.
We note that for a ∈ S(g)isol the order orda(g) is even and εa(g) = −1.
For boundary points a of S(g) \ S(g)isol the order orda(g) is odd. If a is a left
boundary point we have εa(g) = 1 and if a is a right boundary point we have
εa(g) = −1.
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In the case that S(g) is a not degenerated interval the result of the next theorem
can already be found in [P-R].

Theorem 3.5. Let f, g ∈ R[X] and S = S(g) ⊆ R bounded. Then f ∈ Q = PO(g)
if and only if f |S > 0 and

i) for every boundary point a of S \ Sisol we have orda(f) is even or
orda(f)−orda(g) ∈ 2N0

ii) for every isolated point a of S we have orda(f) is even and εa(f) = 1 or
orda(f) > orda(g).

Proof.
⇒: Since f ∈ Q we clearly have that f |S > 0 and f̂a ∈ Q̂a for every a ∈ R.

If a is a boundary point of S\Sisol then orda(g) is odd so we get by Corollary
3.2 4) the desired properties of f .
If a ∈ Sisol then orda(g) is even and εa(g) = −1. Hence Corollary 3.2 3)
gives us what we need.

⇐: Let a be a zero of f in S.
If a lies in the interior of S then orda(f) must be even and εa(f) = 1 because
of the nonnegativity condition on f . This implies that f̂a is a square in the
formal power series ring at a.
If a is one of the boundary points of S \Sisol then orda(g) is odd and we have
because of the nonnegativity condition for f on S that εa(f) = εa(g). Thus
we get by Corollary 3.2 4) under the additional assumption i) that f̂a ∈ Q̂a.
For isolated points a we finally have that orda(g) is even and εa(g) = −1 so
that we have together with assumption ii) by Corollary 3.2 3) that f̂a ∈ Q̂a.
Altogether we have shown that f̂a lies in the image of Q in the formal power
series ring R[[X−a]] for every zero a of f in S. This gives by the local-global
principle of Scheiderer (Theorem 3.4) that f ∈ Q.

¤
The conditions of Theorem 3.5 can be expressed by semialgebraic formulas. We

show this exemplarily for condition ii).

Remark 3.6. Let f = f(X, c) and g = g(X, b) for some f(X,Y ) ∈ Z[X, Y ],
g(X, Z) ∈ Z[X, Z] and coefficients c ∈ Rk and b ∈ Rl where k = |Y | and l = |Z|.
Without loss of generality let f(X, Y ) be the general polynomial of degree d where
d is the degree of f with respect to X and g(X,Z) the general polynomial of degree
e where e is the degree of g with respect to X.
This means that k = d + 1, l = e + 1, f(X, Y ) = Y0 + Y1X + ... + YdX

d and
g(X, Z) = Z0 + Z1X + ... + ZeX

e.
The largest even number less or equal to d (respectively e) will be denoted by 2D
(respectively by 2E).
Bit by bit we express now the sufficient and necessary condition ii) of theorem 3.5
by first order formulas in the language of ordered rings:

f |S(g) > 0
can be expressed as

∀X (g(X, b) > 0 → f(X, c) > 0)
which is denoted by
R |= θe,d,sat(b, c)
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a is an isolated point of S(g)
can be expressed as

g(a, b) = 0 ∧ ∃δ > 0[∀ε ∈]0, δ[ (g(a− ε, b) > 0 ∧ g(a + ε, b) > 0)
∨ (g(a− ε, b) < 0 ∧ g(a + ε, b) < 0)]

which is denoted by
R |= θe,iso(a, b)

To express the order of f or g in a point a we use the definition by derivatives and
remark that orda(f) 6 d and orda(g) 6 e:

k = orda(f)
can be expressed as

f(a, c) = 0 ∧ f ′(a, c) = 0 ∧ ... ∧ f (k−1)(a, c) = 0 ∧ f (k)(a, c) 6= 0
or equivalently by

c0 + c1a + ... + cda
d = 0 ∧ c1 + 2c2a + ... + dcda

d−1 = 0 ∧ ...
...∧k(k−1) · · · 2 ·1 ·ck +(k+1)k · · · 2 ·ck+1a+ ...+d(d−1) · · · (d−k+1)cda

d−k 6= 0
which we denote by
R |= θd,ord,k(a, c)

If we in addition want to have that f (k)(a) > 0 (f (k)(a) < 0 resp.) we denote the
corresponding formula by θd,ord,k,+ (θd,ord,k,− resp.).

Now condition ii) of Theorem 3.5 becomes

∀a( θe,iso(a, b)
→ (θd,ord,0,+(a, c) ∨ θd,ord,2,+(a, c) ∨ ... ∨ θd,ord,2D,+(a, c) ∨ θd,e,ord,>(a, b, c)))

where θd,e,ord,>(a, b, c) is the finite disjunction of the formulas

θe,ord,0(a, b) → (θd,ord,0(a, c) ∨ ... ∨ θd,ord,d(a, c)),

θe,ord,1(a, b) → (θd,ord,1(a, c) ∨ ... ∨ θd,ord,d(a, c))
up to

θe,ord,d(a, b) → θd,ord,d(a, c).

Expressing condition i) in a similar way shows that for given general polynomials
f(X, Y ) ∈ Z[X,Y ] and g(X,Z) ∈ Z[X,Y ] of degree d and e there is a semialgebraic
formula φ(Y,Z) which has parameters just from Z such that for c ∈ RY , b ∈ RZ

the following is true

f(X, c) ∈ PO(g(X, b)) ⇔ R |= φ(c, b)

Now we are able to prove that the Membership Problem is solvable affirmatively
for the special case that we are in dimension one over the reals and the quadratic
module is generated by a single polynomial.

Theorem 3.7. For g ∈ R[X] the quadratic module PO(g) is weakly semialgebraic.

Proof. We consider the basic closed semialgebraic set S(g).
If S(g) is not bounded we know by the stability theorem of Kuhlmann/Marshall
([K-M] Theorem 3.5) or Powers/Scheiderer ([P-S] Theorem 2.14) that PO(g) is
stable and therefore weakly semialgebraic as explained in Section 2.
If S(g) is bounded we know by Theorem 3.5 that PO(g) is weakly semialgebraic. ¤
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Corollary 3.8. If g(X) ∈ R[X] and the input data is computable then the Mem-
bership Problem is solvable affirmatively for PO(g).

The consideration made above about the defining formulas show in particular
the following uniform version of the positive solution of the Membership Problem.

Corollary 3.9. If f(X,Y ) ∈ Z[X, Y ] and g(X,Z) ∈ Z[X, Z] then there is an L-
formula ϕ(Y,Z) such that we have for every real closed subfield R of R and any
c ∈ RY , b ∈ RZ

f(X, c) ∈ POR[X](g(X, b)) ⇔ R |= ϕ(c, b).

Proof. With θ(Z) := ∃r[∀X(g(X,Z) > 0 → X2 6 r)] we define

ϕ(Y, Z) := (θ(Z) → φ(Y, Z)) ∨ (¬θ(Z) → ϑstab(Y,Z))

with φ(Y, Z) from Remark 3.6 and ϑstab(Y,Z) from the part about stable quadratic
modules in Section 2. Then we have as in the proof of Theorem 3.7 that for
c ∈ RY , b ∈ RZ

f(X, c) ∈ POR[X](g(X, b)) ⇔ R |= ϕ(c, b).
Let now R be an arbitrary real closed subfield of R and c ∈ RY as well as b ∈ RZ .
If f(X, c) ∈ POR[X](g(X, b)) then we have by POR[X](g(X, b)) ⊆ POR[X](g(X, b))
that R |= ϕ(c, b). Since R is an elementary extension of R and b and c are from R
we also have R |= ϕ(c, b).
If on the other hand R |= ϕ(c, b) then again by the property of being an elementary
extension we know that R |= ϕ(c, b) and thus f(X, c) ∈ POR[X](g(X, b)) ∩ R[X].
Thus we have

R |= ∃W (∀X(f(X, c) =
k0∑

j=1

Fd0(X,W )2 +
k1∑

j=1

Fd1(X, W )2g(X, b)))

for certain ki, di ∈ N where Fdi(X,W ) is the general polynomial of degree di with
respect to X (i = 0, 1). By the Tarski transfer principle this formula is also true
for R which finally implies that f(X, c) ∈ POR[X](g(X, c)). ¤

4. Solution for R = R in dimension one - the finitely generated case

Now we consider an arbitrary finitely generated quadratic module Q = QM(G)
of R[X] for some G = {g1, ..., gs} ⊆ R[X].

The description of Q̂a ⊆ R[[X − a]] for some a ∈ R will depend on the following
values:

ka(G) := min
16i6s

{orda(gi) | orda(gi) even, εa(gi) = −1}
k+

a (G) := min
16i6s

{orda(gi) | orda(gi) odd, εa(gi) = 1}
k−a (G) := min

16i6s
{orda(gi) | orda(gi) odd, εa(gi) = −1}

In any of the three cases we define k+
a (G), k−a (G) and ka(G) to be ∞ if the corre-

sponding set is empty.

From Theorem 3.1 and the fact that ±(X − a)l ∈ Q̂a for some l ∈ N if and
only if P̂Oa(±(X − a)l) ⊆ Q̂a one can derive how Q̂a looks like in dependence of
the values k+

a (G), k−a (G) and ka(G). We give the description in the following re-
mark and refer to [A] Section 2.1 and [A-K] Section 3 for more details and examples.
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Remark 4.1. Let G = {g1, ..., gs} ⊆ R[X] and Q = QM(G).

Case 1: ka(G) = k+
a (G) = k−a (G) = ∞

⇒ Q̂a = R[[X − a]]2

Case 2: k+
a (G) < ∞, ka(G) = k−a (G) = ∞
⇒ Q̂a = P̂Oa((X − a)k+

a (G))
Case 3: k−a (G) < ∞, ka(G) = k+

a (G) = ∞
⇒ Q̂a = P̂Oa(−(X − a)k−a (G))

Case 4: ka(G) < ∞, k+
a (G) = k−a (G) = ∞

⇒ Q̂a = P̂Oa(−(X − a)ka(G))
Case 5: k+

a (G), k−a (G) < ∞, ka(G) = ∞
⇒ Q̂a = P̂Oa((X − a)k+

a (G),−(X − a)k−a (G))
Case 6: ka(G), k−a (G) < ∞, k+

a (G) = ∞
Case 6a: ka(G) < k−a (G)

⇒ Q̂a = P̂Oa(−(X − a)ka(G))
Case 6b: ka(G) > k−a (G)

⇒ Q̂a = P̂Oa(−(X − a)k−a (G),−(X − a)ka(G))
Case 7: ka(G), k+

a (G) < ∞, k−a (G) = ∞
Case 7a: ka(G) < k+

a (G)
⇒ Q̂a = P̂Oa(−(X − a)ka(G))

Case 7b: ka(G) > k+
a (G)

⇒ Q̂a = P̂Oa((X − a)k+
a (G),−(X − a)ka(G))

Case 8: ka(G), k+
a (G), k−a (G) < ∞

Case 8a: ka(G) < k+
a (G), k−a (G)

⇒ Q̂a = P̂Oa(−(X − a)ka(G))
Case 8b: k+

a (G) < ka(G) < k−a (G)
⇒ Q̂a = P̂Oa((X − a)k+

a (G),−(X − a)ka(G))
Case 8c: k−a (G) < ka(G) < k+

a (G)
⇒ Q̂a = P̂Oa(−(X − a)k−a (G),−(X − a)ka(G))

Case 8d: ka(G) > k+
a (G), k−a (G)

⇒ Q̂a = P̂Oa((X − a)k+
a (G),−(X − a)k−a (G))

Before we formulate the generalization of Theorem 3.5 for the finitely generated
case we observe that the finitely generated quadratic modules in R[[X − a]] listed
above are all closed under multiplication. This has the following nice consequence
which has already been observed by Scheiderer.

Theorem 4.2 ([S2] Corollary 4.4). Let g1, ..., gs ∈ R[X] with S = S(g1, ..., gs) ⊆ R
bounded.
Then the quadratic module Q = QM(g1, ..., gs) is closed under multiplication and
thus Q = PO(g1, ..., gs).

From now on we always keep in mind that whenever we deal with a finitely gen-
erated quadratic module Q ⊆ R[X] whose associated semialgebraic set is bounded
then Q is in fact a preordering.

For the formulation of the theorem that characterizes the membership in such
finitely generated quadratic modules we distinguish the isolated points in the fol-
lowing way.
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On the right hand side we illustrate how polynomials that generate a certain type
of an isolated point typically look like in a neighborhood of that point.
Let G = {g1, ..., gs} ⊆ R[X], S = S(G) and a ∈ Sisol.
We say that a is an isolated point of type

C (for G) if ka(G) < k+
a (G) and ka(G) < k−a (G)

r

LR (for G) if ka(G) > k+
a (G) and ka(G) > k−a (G)

r¡¡

¡
¡

@
@

@
@

RC (for G) if k+
a (G) < ka(G) < k−a (G)

r¡¡

¡
¡

LC (for G) if k−a (G) < ka(G) < k+
a (G)

r
@

@

@
@

The letters LR, RC and LC refer to the left-right, right-central and left-central
types of quadratic modules in formal power series rings ([A-K] Corollary 3.6).

Theorem 4.3. Let f ∈ R[X] and G = {g1, ..., gs} ⊆ R[X] with S = S(G) ⊆ R
bounded.
Then f ∈ Q = QM(G) = PO(G) if and only if f |S > 0 and

i) for every left boundary point a of S \ Sisol we have orda(f) is even or
orda(f)− k+

a (G) ∈ 2N0

ii) for every right boundary point a of S \ Sisol we have orda(f) is even or
orda(f)− k−a (G) ∈ 2N0

iii) for every isolated point a of S we have orda(f) is even and εa(f) = 1 or
Type C: orda(f) > ka(G)

if ka(G) < k+
a (G) and ka(G) < k−a (G).

Type LR1: (orda(f)− k+
a (G) ∈ 2N0 and εa(f) = 1) or orda(f) > k−a (G)

if k+
a (G) 6 k−a (G) < ka(G).

Type LR2: (orda(f)− k−a (G) ∈ 2N0 and εa(f) = −1) or orda(f) > k+
a (G)

if k−a (G) < k+
a (G) < ka(G).

Type RC: (orda(f)− k+
a (G) ∈ 2N0 and εa(f) = 1) or orda(f) > ka(G)

if k+
a (G) < ka(G) < k−a (G).

Type LC: (orda(f)− k−a (G) ∈ 2N0 and εa(f) = −1) or orda(f) > ka(G)
if k−a (G) < ka(G) < k+

a (G).

Proof. This follows with a similar argument as in Theorem 3.5 from the description
of Q̂Ma(g1, ..., gs) given in Remark 4.1 and the local-global principle of Scheiderer
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(Theorem 3.4) if we consider the following.
If a is a left boundary point of S \ Sisol then there is some i ∈ {1, ..., s} such that
orda(gi) is odd and εa(gi) = 1. For all other j 6= i we must either also have orda(gj)
odd and εa(gj) = 1 or in the other case orda(gj) even and εa(gj) = 1. In both cases
we are in case 2 of Remark 4.1. Hence Q̂Ma(g1, ..., gs) = Q̂Ma((X − a)k+

a (G)).
Similar considerations show ii).
In the case of an isolated point there is either some 1 6 i 6 s such that orda(gi) is
even and εa(gi) = −1 which means that ka(G) < ∞ or at least two of the values
ka(G), k+

a (G) and k−a (G) are less than infinity. Now depending on the relation
between k+

a (G), k−a (G) and ka(G) we are in case 4, 5, 6, 7 or 8 of Remark 4.1 which
covers the cases listed in iii). ¤

We note that the order conditions for the isolated points given in Theorem 4.3
just depend on one or two of the values ka(G), ka(G)+, ka(G)−. The type of the
isolated point decides which of the values are needed.

Theorem 4.3 immediately implies that QM(g1, ..., gs) ⊆ R[X] is weakly semial-
gebraic.

Theorem 4.4. For g1, ..., gs ∈ R[X] the quadratic module QM(g1, ..., gs) is weakly
semialgebraic.

Proof. As in the proof of 3.7 the non bounded case is covered by the stability
theorem of Kuhlmann/Marshall or Powers/Scheiderer and the bounded case by
Theorem 4.3. ¤

Completely similar to the case of one generator we can deduce the following two
corollaries.

Corollary 4.5. If g1, ..., gs ∈ R[X] and the input data is computable then the
Membership Problem is solvable affirmatively for QM(g1, ..., gs).

Corollary 4.6. For f(X,Y ) ∈ Z[X,Y ], g1(X, Z), ..., gs(X,Z) ∈ Z[X, Z] there is
some L-formula ϕ(Y,Z) such that for every real closed subfield R of R and any
c ∈ RY , b ∈ RZ

f(X, c) ∈ QMR[X](g1(X, b), ..., gs(X, b)) ⇔ R |= ϕ(c, b).

In the end of this section we deduce two other corollaries from Theorem 4.3.

One corollary characterizes when a finitely generated quadratic module in dimen-
sion one with bounded associated semialgebraic set is saturated which can be found
in [K-M-S].

Corollary 4.7 ([K-M-S] Theorem 3.2). Let g1, ..., gs ∈ R[X] and S = S(g1, ..., gs) ⊆
R bounded.
Then QM(g1, ..., gs) is saturated if and only if

i) for every boundary point a of a S \ Sisol there is some i ∈ {1, ..., s} with
orda(gi) = 1.

ii) for every isolated point a of S there is a pair (i, j) ∈ {1, ..., s} × {1, ..., s}
with orda(gi) = orda(gj) = 1 and εa(gi) 6= εa(gj).

Proof. This is clear since in any other case we can by Theorem 4.3 construct a
polynomial f which is nonnegative on S but not in QM(g1, ...gs). ¤
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Another corollary is the famous Theorem of Schmüdgen for the one dimensional
case since strictly positive polynomials trivially satisfy the conditions of Theorem
4.3.

Corollary 4.8 ([Sm] Corollary 3). Let f, g1, ..., gs ∈ R[X] and S = S(g1, ..., gs) ⊆ R
bounded.
If f |S > 0 then f ∈ QM(g1, ..., gs) = PO(g1, ..., gs).

5. Generalized natural generators and algorithm

In this final section we infer from Theorem 4.3 that a finitely generated quadratic
module QM(G) of R[X] with nonempty bounded semialgebraic set S(G) ⊆ R is
completely determined by a natural number m ∈ N and two vectors ~σ ∈ R2m and
~ω ∈ N2m. This will lead to the set of so called generalized natural generators and
an algorithm which produces a minimal set of generators for QM(G)

If the nonempty bounded semialgebraic set S ⊆ R is written as S =
m⋃

i=1

[ai, bi] for

some ai, bi ∈ R with ai 6 bi for 1 6 i 6 m and bi < ai+1 (1 6 i 6 m− 1) then the
set of natural generators of P(S) is given as

Nat(S) = {(X − bi)(X − ai+1) | 0 6 i 6 m}
where b0 := −∞, am+1 := ∞, X − (−∞) := 1 and X −∞ := −1.

The notion of natural generators was introduced by Kuhlmann and Marshall in
[K-M] where they show that the finite set Nat(S) generates P(S) = {f ∈ R[X] |
f |S > 0} ([K-M] Theorem 2.2). We will give a generalization of this by considering
preorderings whose members satisfy in addition to the nonnegativity on S order
conditions as in Theorem 4.3.

For m ∈ N we define Svec(m) as

{(a1, b1, ..., am, bm) ∈ R2m | ai 6 bi (1 6 i 6 m) and bi < ai+1 (1 6 i 6 m− 1)}
such that an element of Svec(m) is nothing else but the vector of endpoints of the
intervals of some bounded semialgebraic subset of R written in increasing order
where isolated points are considered as degenerated intervals.

If ~σ ∈ Svec(m) then we denote the corresponding semialgebraic subset of R by S(~σ).

The other way round S =
m⋃

i=1

[ai, bi] ⊆ R decomposed in its connected components

in increasing order defines ~σ(S) := (a1, b1, ..., am, bm) ∈ Svec(m).

For ~σ ∈ Svec(m) a vector

~ω := (l1, r1, ..., lm, rm) ∈ N2m

lies in Ωvec(~σ) if and only if

li and ri are odd if ai < bi

and
min(ri, li) is odd or ri = li is even if ai = bi.

A vector ~ω ∈ Ωvec(~σ) represents order conditions attached to the elements of ~σ.
Therefore we call it a vector of orders.
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For (~σ, ~ω) ∈ Svec(m)× Ωvec(~σ) we define the preordering P(~σ, ~ω) as follows.

Let f ∈ R[X]. Then

f ∈ P(~σ, ~ω) :⇔ f |S(~σ) > 0 and for every 1 6 i 6 m
if ai < bi :
(ordai

(f) even or ordai(f) > li) and
(ordbi

(f) even or ordbi(f) > ri)
if ai = bi :
ordai

(f) even and εai
(f) = 1 or

if li = ri even:
ordai

(f) > li
if min(li, ri) = li odd:

(ordai
(f)− li ∈ 2N0 and εai(f) = 1) or ordai(f) > ri

if min(li, ri) = ri odd:
(ordai

(f)− ri ∈ 2N0 and εai
(f) = −1) or ordai

(f) > li

One can show that P (~σ, ~ω) contains R[X]2 and is closed under addition as well
as multiplication, i.e. that P (~σ, ~ω) is in fact a preordering.

If S =
m⋃

i=1

[ai, bi] is equal to S(~σ) for some ~σ ∈ Svec(m) then the preordering

of nonnegative polynomials on S(~σ), P(S(~σ)), is nothing else than P(~σ, ~ω) with
~ω := (1, 1, ..., 1, 1).

For the definition of the set of generalized natural generators for P(~σ, ~ω) we use
the vector

~ω := (ω1, ω
+
1 , ω−1 , ..., ωm, ω+

m, ω−m)
which we call the complete vector of orders associated to ~ω. It is uniquely deter-
mined by ~ω as follows. Let 1 6 i 6 m.

ωi := ω+
i := ω−i := Type

If ai < bi : ∞ li ri

If ai = bi :
If li = ri even : li li + 1 li + 1 C
If li, ri odd : max(li, ri) + 1 li ri LR
If li < ri, li odd and ri even : ri li ri + 1 RC
If ri < li, ri odd and li even : li li + 1 ri LC

In the last row we classify the isolated points in correspondence with the classi-
fication from Theorem 4.3.

We note that there is no additional information in ~ω which is not yet in ~ω and
we can get back the vector ~ω from ~ω.
The information necessary to define P(~σ, ~ω) is given by ~σ ∈ Svec(m) for some
m ∈ N and ~ω ∈ Ωvec(~σ). However it is sometimes easier and clearer to work with
~ω instead of ~ω.
The advantage of ~ω is that for some isolated point ai of S(~σ) the entry ωi (resp.
ω+

i , resp. ω−i ) is defined such that for a polynomial f ∈ R[X] with ordai(f)
even and εai(f) = −1 (resp. ordai(f) odd and εai(f) = 1, resp. ordai(f) odd and
εai(f) = −1) the condition for being an element of P(~σ, ~ω) is given by ordai(f) > ωi
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(resp. > ω+
i , resp. > ω−i ). This covers the conditions for all possible order behavior

of f in ai because we do not need a lower bound for the case that ordai
(f) is even

and εai
(f) = 1.

In order to avoid case differentiations we will use ~ω instead of ~ω at certain points.

In the following table we state what kind of entries a vector of orders

~ω = (l1, r1, ..., lm, rm) ∈ Ωvec(m)

and a complete vector of orders

~ω = (ω1, ω
+
1 , ω−1 , ..., ωm, ω+

m, ω−m)

associated to some vector from Ωvec(m) can have.

Entry in ~ω Entry in ~ω
If ai < bi li, ri odd ωi = ∞
If ai = bi Type C li = ri even ω+

i = ω−i = ωi + 1
Type LR li, ri odd ωi = max(ω+

i , ω−i ) + 1
Type RC li < ri, li odd, ri even ω+

i < ωi, ω
−
i = ωi + 1

Type LC li > ri, li even, ri odd ω−i < ωi, ω
+
i = ωi + 1

Note that in ~ω the entry ωi is even and ω+
i , ω−i are odd for every 1 6 i 6 m.

For some (~σ, ~ω) ∈ Svec(m)×Ωvec(σ) we define now the set of generalized natural
generators of P(~σ, ~ω) by using the associated complete vector of orders ~ω.

Nat(~σ, ~ω)

is defined as the union of

{(X − bi)ω−i (X − ai+1)ω+
i+1 | 0 6 i 6 m}

and

{(X − bi−1)ω−i−1(X − ai)ωi(X − ai+1)ω+
i+1 | 1 6 i 6 m, ai = bi not of type LR}

where b0 := −∞, am+1 := ∞, (X − (−∞))ω−0 := 1 and (X −∞)ω+
m+1 := −1.

We exclude isolated points of type LR in the second set such that Nat(S(~σ)) is
equal for Nat(~σ, ~ω) with ~ω = (1, 1, ..., 1, 1).

The finite set Nat(~σ, ~ω) is in general not a minimal set of generators of P(~σ, ~ω)
regarding the number of elements but it is minimal what the degree of the elements
concerns. We come back to the question of the minimal number of generators later
on in this section.

Now we generalize the result P(S) = Nat(S) from Kuhlmann and Marshall and
show that the set Nat(~σ, ~ω) generates the preordering P(~σ, ~ω). In the proof of that
we use the following reformulation of condition iii) from Theorem 4.3.
4.3 iii’) for every isolated point a of S we have orda(f) is even and εa(f) = 1 or

Case 1: orda(f) > ka(G) if ka(G) < k+
a (G) and ka(G) < k−a (G).

Case 2: (orda(f)−k+
a (G) ∈ 2N0 and εa(f) = 1) or orda(f) > min(ka(G), k−a (G))

if k+
a (G) 6 min(ka(G), k−a (G)).

Case 3: (orda(f)−k−a (G) ∈ 2N0 and εa(f) = −1) or orda(f) > min(ka(G), k+
a (G))

if k−a (G) 6 min(ka(G), k+
a (G)).
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Theorem 5.1. If (~σ, ~ω) ∈ Svec(m)× Ωvec(~σ) for some m ∈ N then

P(~σ, ~ω) = PO(Nat(~σ, ~ω)).

Proof. This is an immediate consequence of Theorem 4.3 and the definition of
P (~σ, ~ω). For the convenience of the reader we state the proof.
With G := Nat(~σ, ~ω) we have S(G) = S(~σ).
By definition of ~ω and G the following is true.
For every left boundary point ai of S(~σ) \ S(~σ)isol we have

k+
ai

(G) = ω+
i = li.

For every right boundary point bi of S(~σ) \ S(~σ)isol we have

k−bi
(G) = ω−i = ri.

For every isolated point ai of S(~σ) we have

k+
ai

(G) = ω+
i and k−ai

(G) = ω−i
and if ai is not of type LR then

kai
(G) = ωi.

For an isolated point ai of type LR we have

kai(G) = ∞.

If li = ri even then

kai(G) = li < li + 1 = k+
ai

(G) and kai(G) = li < li + 1 = k−ai
(G).

If min(li, ri) = li odd then

k+
ai

(G) = li 6 ri = min(k−ai
(G), kai(G)).

If min(li, ri) = ri odd then

k−ai
(G) = ri 6 li = min(k+

ai
(G), kai(G)).

By comparing the definition of P (~σ, ~ω) with Theorem 4.3 (using 4.3 iii’) instead of
4.3 iii)) we see that P(~σ, ~ω) is equal to PO(Nat(~σ, ~ω)) ¤

Let G = {g1, ..., gs} ⊆ R[X] with ∅ 6= S(G) ⊆ R bounded and

~σ(S(G)) = (a1, b1, ..., am, bm) ∈ Svec(m)

for some m ∈ N.

Then we define the vector of orders

~ω(G) = (l1, r1, ..., lm, rn) ∈ Ωvec(~σ(S(G)))

associated to G by

li :=
{

k+
ai

(G) if ai < bi or (ai = bi of type LR or RC)
kai(G) if ai = bi of type C or LC

and

ri :=
{

k−bi
(G) if ai < bi or (ai = bi of type LR or LC)

kbi(G) if ai = bi of type C or RC
for 1 6 i 6 m.

Hence the complete vector of orders

~ω(G) = (ω1, ω
+
1 , ω−1 , ..., ωm, ω+

m, ω−m)
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associated to G is given as follows.

For boundary points ai < bi of S(G) \ S(G)isol we have

ωi = ∞, ω+
i = k+

ai
(G), ω−i = k−bi

(G).

For isolated points ai = bi of S(G) we have

ωi = ω+
i = ω−i =

kai
(G) kai

(G) + 1 kai
(G) + 1 if ai is of type C

max(kai(G)+, kai(G)−) + 1 kai(G)+ kai(G)− if ai is of type LR
kai

(G) kai
(G)+ kai

(G) + 1 if ai is of type RC
kai

(G) kai
(G) + 1 kai

(G)− if ai is of type LC

With these definitions we can show that all the information needed to describe a
finitely generated quadratic module of R[X] with nonempty bounded associated set
is contained in two vectors.

Corollary 5.2. There is a bijection between

{Q ⊆ R[X] | Q = QM(G) for some finite set G and ∅ 6= S(G) bounded}
and

{(~σ, ~ω) | (~σ, ~ω) ∈ Svec(m)× Ωvec(~σ) for some m ∈ N}.
Proof. If G ⊆ R[X] is finite and Q = QM(G) with ∅ 6= S(G) bounded then ~σ(S(G))
is in Svec(m) for some m ∈ N and by definition ~ω(G) ∈ Ωvec(~σ(S(G))).

If (~σ, ~ω) ∈ Svec(m)×Ωvec(~σ) for some m ∈ N then S(~σ) is nonempty and bounded.
The associated finitely generated quadratic module which is in fact a preordering
is given by P(~σ, ~ω) = PO(Nat(~σ, ~ω)) (Theorem 5.1). As S(Nat(~σ, ~ω)) = S(~σ) and
Nat(~σ, ~ω) is finite we know by Theorem 4.2 that P(~σ, ~ω) = QM(Nat(~σ, ~ω)).

The fact that these mappings are inverse to each other follows from Theorem 4.3
whose content is exactly that P(~σ(S(G)), ~ω(G)) = Q if Q = QM(G) for some finite
set G ⊆ R[X] with ∅ 6= S(G) ⊆ R bounded. Here we again use 4.3 iii’) instead
of 4.3 iii). Furthermore we clearly have ~σ(S(~σ)) = ~σ and ~ω(Nat(~σ, ~ω)) = ~ω if
(~σ, ~ω) ∈ Svec(m)× Ωvec(~σ) for some m ∈ N. ¤

This correspondence immediately implies that for every finitely generated qua-
dratic module Q = QM(G) ⊆ R[X] with nonempty bounded set S(G) there is a
set of generalized natural generators.

Corollary 5.3. Let G be a finite subset of R[X] such that ∅ 6= S(G) ⊆ R is bounded.
Then the set of generalized natural generators Nat(~σ(S(G)), ~ω(G)) has the property
that

QM(G) = PO(G) = PO(Nat(~σ(S(G)), ~ω(G))) = QM(Nat(~σ(S(G)), ~ω(G))).

Proof. This follows with the correspondence described in the previous corollary
from Theorem 5.1 and Theorem 4.2. ¤

This generalizes the result from Kuhlmann and Marshall about natural gener-
ators for saturated preorderings ([K-M] Theorem 2.2) to generalized natural gen-
erators for arbitrary finitely generated quadratic modules with nonempty bounded
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semialgebraic set.

Now we deal with the question how many generators we actually need to generate
a finitely generated quadratic module Q = QM(G) in R[X] if S(G) 6= ∅ is bounded.
In some cases we just need one generator.

Corollary 5.4. Let G ⊆ R[X] be finite and Q = QM(G) such that S = S(G) is
not empty and bounded.
Then the following are equivalent:

i) Q is generated by one polynomial.
ii) Every isolated point of S is of type C.

If one of the equivalent conditions is satisfied then

Q = QM(−
m∏

i=1
ai<bi

(X − ai)
k+

ai
(G)(X − bi)

k−bi
(G)

m∏
i=1

ai=bi

(X − ai)kai
(G))

where (a1, b1, ..., am, bm) = ~σ(S).

Proof. If Q is generated by one polynomial then every a ∈ Sisol must be of type C
since for every other type at least two of the values ka(G), k+

a (G) and k−a (G) must
be less than infinity. This cannot be realized by just one generator.

Now we suppose that every isolated point of S is of type C. Then the polynomial

g := −
m∏

i=1
ai<bi

(X − ai)
k+

ai
(G)(X − bi)

k−bi
(G)

m∏
i=1

ai=bi

(X − ai)kai
(G)

has the same nonnegativity set as G and we have ~ω(g) = ~ω(G). Thus by Corollary
5.2 Q = P(~σ(S(G)), ~ω(G)) = P(~σ(S(g)), ~ω(g)) = QM(g). ¤

If there is at least one isolated point in S = S(G) of type LR, RC or LC then
we need at least two generators for Q = QM(G). For the case that S is an interval
or a point Q can be generated by at most two generators which we state in the
following remark.

Remark 5.5. Let G ⊆ R[X] be finite, Q = QM(G) and S = S(G).
Then

Q = QM(Gmin)
where Gmin is given as follows.

If S = [a, b] for some a, b ∈ R with a < b then

Gmin = {−(X − a)k+
a (G)(X − b)k−b (G)}

If S = {a} for some a ∈ R then we have the following cases according to the type
of the isolated point a.

If a is of type C, i.e. ka(G) < k+
a (G) and ka(G) < k−a (G), then

Gmin = {−(X − a)ka(G)}.
If a is of type LR, i.e. ka(G) > k+

a (G) and ka(G) > k−a (G), then

Gmin = {(X − a)k+
a (G),−(X − a)k−a (G)}.
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If a is of type RC, i.e. k+
a (G) < ka(G) < k−a (G), then

Gmin = {(X − a)k+
a (G),−(X − a)ka(G)}.

If a is of type LC, i.e. k−a (G) < ka(G) < k+
a (G), then

Gmin = {−(X − a)k−a (G),−(X − a)ka(G)}.

In every case the claim that Q = QM(Gmin) follows directly from Theorem 4.3.

We note that these sets of generators which are minimal what the number of
elements concerns do not always coincide with the set of generalized natural gen-
erators which is minimal with respect to the degree of its elements.

For example in the case S = [a, b] we have

Nat(~σ(S(G)), ~ω(G)) = {(X − a)k+
a (G),−(X − b)k−b (G)}.

Up to now we have seen examples where we need one or two generators for
QM(G). In general we need at most three generators. We show this by stating an
algorithm which produces these three generators.

Before we state the algorithm we describe what the algorithm does.

Associated to some finite set G ⊆ R[X] with ∅ 6= S(G) ⊆ R bounded we have

~σ(S(G)) = (a1, b1, ..., am, bm) ∈ Svec(m)

for some m ∈ N and the complete vector of orders

~ω(G) = (ω1, ω
+
1 , ω−1 , ..., ωm, ω+

m, ω−m).

These both vectors are the input data for the algorithm.

The output of the algorithm is the set of (coefficient vectors of) three polynomi-
als H = {hneg, hpos, hvar} which have the property that QM(G) = QM(H).

The algorithm is composed of m steps.

The index of the polynomials of H is chosen to indicate the sign of the polynomial
on the right to the point bi in step i of the algorithm. For every 1 6 i 6 m the
polynomial hneg is negative and hpos is positive to the right side of bi whereas the
sign of hvar depends on whether ai or ai+1 is an isolated point of a certain type
or not. The current sign of hvar is stored in the variable signvar. To explain what
happens in step i of the algorithm we recall that ai = bi is an isolated point of type
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C (for G) if ωi < ω+
i and ωi < ω−i

r- -

LR (for G) if ωi > ω+
i and ωi > ω−i

r-
+¡

¡

¡
¡

r+

-@
@

@
@

RC (for G) if ω+
i < ωi < ω−i

r-
+¡

¡

¡
¡

r- -

LC (for G) if ω−i < ωi < ω+
i

r+

-@
@

@
@ r- -

In step i the algorithm ensures that

k+
ai

(H) = ω+
i , k−bi

(H) = ω−i if ai < bi

kai(H) = ωi, k+
ai

(H) > ω+
i , k−ai

(H) > ω−i if ai = bi of type C
k+

ai
(H) = ω+

i , k−ai
(H) = ω−i , kai(H) > ωi if ai = bi of type LR

k+
ai

(H) = ω+
i , kai(H) = ωi, k−ai

(H) > ω−i if ai = bi of type RC
k−ai

(H) = ω−i , kai(H) = ωi, k+
ai

(H) > ω+
i if ai = bi of type LC

In order to not change the sign behavior of hpos, hneg and hvar on the left side
of ai this will be achieved in step i by multiplying a polynomial from H with

negative sign to the left of ai with − (X − ai)ω+
i which effects k+

ai
(H) = ω+

i ,

positive sign to the left of bi with − (X − bi)ω−i which effects k−bi
(H) = ω−i ,

negative sign to the left of ai with (X − ai)ωi which effects kai(H) = ωi.

Now to the assignment of signvar.
If ai is an isolated point of type LC then step i will produce two polynomials which
are negative on the right side of bi = ai. If ai+1 is an isolated point of type RC
then step i has to produce two polynomials which are negative on the right side of
bi. In these two cases the assignment of signvar is −1.
In all other cases hvar we will have signvar = 1.

If signvar = −1 and ai is not an isolated point of type RC then hvar will be
multiplied by −(X − ai)ω+

i to ensure nonnegativity in ai.

By construction we have (~σ(S(H)), ~ω(H)) = (~σ(S(G)), ~ω(G)) which implies by
Corollary 5.3 that QM(G) = QM(H).

Now we state the algorithm.
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INITIALIZE:

hneg = −1, hpos = 1

hvar =

{ −1 if a2 = b2 of type RC

1 else

signvar =

{ −1 if a2 = b2 of type RC

1 else

FOR i = 1, ..., m
IF ai < bi

h∗neg = hneg · (X − ai)
ω+

i (X − bi)
ω−i

h∗pos = hpos

IF signvar = −1

h∗var =

{
hvar · (X − ai)

ω+
i (X − bi)

ω−i if ai+1 = bi+1 of type RC

hvar · (−(X − ai)
ω+

i ) else

ELSE IF signvar = 1

h∗var =

{
hvar · (−(X − bi)

ω−i ) if ai+1 = bi+1 of type RC

hvar else

ELSE IF ai = bi of type C

h∗neg = hneg · (X − ai)
ωi

h∗pos = hpos

IF signvar = −1

h∗var =

{
hvar · (X − ai)

ωi if ai+1 = bi+1 of type RC

hvar · (−(X − ai)
ω+

i ) else

ELSE IF signvar = 1

h∗var =

{
hvar · (−(X − bi)

ω−i ) if ai+1 = bi+1 of type RC

hvar else

ELSE IF ai = bi of type LR

h∗neg = hpos · (−(X − bi)
ω−i )

h∗pos = hneg · (−(X − ai)
ω+

i )
IF signvar = −1

h∗var =

{
hvar · (X − ai)

ωi if ai+1 = bi+1 of type RC

hvar · (−(X − ai)
ω+

i ) else

ELSE IF signvar = 1

h∗var =

{
hvar · (−(X − bi)

ω−i ) if ai+1 = bi+1 of type RC

hvar else

ELSE IF ai = bi of type RC

h∗neg = hneg · (X − ai)
ωi

h∗pos = hvar · (−(X − ai)
ω+

i )

h∗var =

{
hpos · (−(X − bi)

ω−i ) if ai+1 = bi+1 of type RC

hpos else

ELSE IF ai = bi of type LC

h∗neg = hneg · (X − ai)
ωi

h∗pos =

{
hvar · (−(X − ai)

ω+
i ) if signvar = −1

hvar else

h∗var = hpos · (−(X − bi)
ω−i )

signvar =

{ −1 if ai+1 = bi+1 of type RC or ai = bi of type LC

1 else

i = i + 1, hneg = h∗neg, hpos = h∗pos, hvar = h∗var

DO;
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We include an example of a finitely generated quadratic module which needs the
maximal number of three generators.

Example 5.6. Let G := {g1, g2, g3} ⊆ R[X] with g1 := −X3(X − 1)8, g2 :=
−X4(X − 1)6 and g3 := −X7(X − 1)5(X2 + 1).
Then S(G) = {0, 1}, i.e. ~σ(S(G)) = (0, 0, 1, 1).
As k0(G) = 4, k+

0 (G) = 7, k−0 (G) = 3, k1(G) = 6, k−1 (G) = 5 and k+
1 (G) = ∞ we

have ~ω(G) = (4, 3, 6, 5) and ~ω(G) = (4, 5, 3, 6, 7, 5). Thus both isolated points are
of type LC.
The three generators produced by the algorithm are

hneg = −X4(X − 1)6

r r

hpos = X3(X − 1)3

r r

hvar = −(X − 1)5

r r

where the schematically behavior on the right hand side illustrates that all three
generators are needed.

By representing a finitely generated quadratic module Q = QM(G) ⊆ R[X] with
nonempty bounded set S = S(G) ⊆ R as Q = P(~σ(S), ~ω(G)) (Corollary 5.2) we
see that

Q =
m⋂

i=1

P(~σ(S)i, ~ω(G)i)

where the vectors ~σ(S)i correspond to the connected components of S and the vec-
tors ~ω(G)i are obtained by subdividing ~ω(G) according to the subdivision of ~σ(S)
by the ~σ(S)i (1 6 i 6 m).
Since the connected components of S are intervals or points we know that every
finitely generated quadratic module QM(G) of R[X] with bounded S(G) 6= ∅ is
the finite intersection of quadratic modules generated by one or two polynomials
(Remark 5.5).

In general the intersection of two finitely generated quadratic modules does not
have to be finitely generated any more. However if the associated semialgebraic set
is a nonempty bounded subset of R then it is true.

Proposition 5.7. Let G1, G2 ⊆ R[X] be finite and Qi = QM(Gi) with nonempty
bounded set S(Gi) for i = 1, 2. Then Q1 ∩Q2 is again finitely generated.

Proof. By decomposing S(Gi) into its connected components we can without loss
of generality suppose that Si := S(Gi) = [ai, bi] for some ai 6 bi ∈ R (i = 1, 2).

Corollary 5.2 gives that Q := Q1 ∩Q2 = P(~σ(S1), ~ω(G1)) ∩ P(~σ(S2), ~ω(G2)).

Let S(Q) := {x ∈ R | g(x) > 0 ∀g ∈ Q}.
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The quadratic module Q is by Theorem 5.1 finitely generated if the simultaneous
fulfillment of the order conditions from ~ω(G1) and ~ω(G2) can be expressed by some
order condition ~ω(Q) such that (~σ(S(Q)), ~ω(Q)) ∈ Svec(m) × Ωvec(~σ(S(Q))) for
some m ∈ N.

Clearly S(Q) = S1 ∪ S2.

If S1∩S2 = ∅ we can simply join the two vectors (~σ(S1), ~ω(G1)) and (~σ(S2), ~ω(G2))
and get the vector (~σ(Q), ~ω(Q)) ∈ Svec(2)× Ωvec(~σ(S(Q))).

Now we suppose that S1 ∩ S2 6= ∅.
Without loss of generality let S1 6 S2.

In a case differentiation according to the position of a1, a2, b1 and b2 one can state
for each case the vector of order conditions which describes Q1 ∩ Q2. It is clearer
to work with ~ω instead of ~ω in this context.
Let ~ω(Gi) := (ωi, ω

+
i , ω−i ) for i = 1, 2. We exemplarily show the following case and

leave the other cases as an exercise for the reader (or see [A] Proposition 2.32).

Let a1 < a2 = b1 < b2

Then ~σ(S(Q)) = (a1, b2) and ~ω(Q) = (∞, ω+
1 , ω−2 ).

In a = a2 = b1 we have for some f ∈ Q1 ∩ Q2 that orda(f) even (and εa(f) = 1)
or orda(f) > k−1 and εa(f) = −1 because f ∈ Q1. On the other hand orda(f) even
(and εa(f) = 1) or orda(f) > k+

2 and εa(f) = 1 because f ∈ Q2. Thus the order
condition for Q1 ∩Q2 in a is given by orda(f) even (and εa(f) = 1). This follows
already from the fact that every f ∈ Q is nonnegative on S1 ∪ S2.
With the vector ~ω(Q) corresponding to ~ω(Q) we have Q = P(~σ(S(Q)), ~ω(Q)) where
(~σ(S(Q)), ~ω(Q)) ∈ Svec(m) × Ωvec(~σ(S(Q))) with m = 1 or m = 2. Theorem 5.1
now implies that Q1 ∩Q2 is finitely generated. ¤

Another result about being finitely generated in this context is the following.

Proposition 5.8. Let Q ⊆ R[X] be a quadratic module. If S(Q) = {x ∈ R |
g(x) > 0 ∀g ∈ Q} ⊆ R is a bounded semialgebraic set and there is a finitely
generated quadratic module Q̃ ⊆ Q with S(Q̃) = S(Q) then Q is finitely generated.

Proof. Let G ⊆ R[X] be the finite set which generates Q̃. Similar to the definition of
ka(G), k+

a (G) and k−a (G) we define for every boundary point of S := S(Q) = S(G)
the values

k+
a (Q) := min{orda(q) | q ∈ Q, orda(q) odd, εa(q) = 1},

k−a (Q) := min{orda(q) | q ∈ Q, orda(q) odd, εa(q) = −1}
and

ka(Q) := min{orda(q) | q ∈ Q, orda(q) even, εa(q) = −1}.
In any of the three cases we again define k+

a (Q), k−a (Q) and ka(Q) to be ∞ if the
corresponding set is empty.

Because of Q̃ ⊆ Q we have
ka(Q) 6 ka(G), k+

a (Q) 6 k+
a (G) and k−a (Q) 6 k−a (G) (∗)

for every boundary point of S. This implies that for some left (resp. right) boundary
point a of S \Sisol we have k+

a (Q) < ∞ (resp. k−a (Q) < ∞) whereas the other both
values are ∞ because elements of Q are nonnegative on S. For isolated points a of
S we can conclude that at least one of the values ka(Q), k+

a (Q) and k−a (Q) is less
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than ∞. Now we can in complete analogy to ~ω(G) define a vector of orders ~ω(Q)
corresponding to Q such that we have

Q ⊆ P(~σ(S), ~ω(Q)).

By definition of the values ka(Q), k+
a (Q) and k−a (Q) and because of (∗) there is for

every boundary point a of S some element of Q which has the order condition given
by the element of ~ω(Q). Let {q1, ..., qr} ⊆ Q be the set of those polynomials. Then
we have by Corollary 5.2

Q ⊆ P(~σ(S), ~ω(Q)) = QM(q1, ..., qr) ⊆ Q

which proves the claim. ¤
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