
ALGEBRAIC MODELS FOR O-MINIMAL MANIFOLDS

ANDREAS FISCHER

Abstract. A differentiable manifold admits an algebraic model if it is diffeo-
morphic to some non-singular real algebraic set. We prove that every manifold
whose underlying set is definable in some o-minimal structure admits an al-
gebraic model, and the diffeomorphism can be chosen to be definable in this
structure. For a large class of o-minimal expansions of the real exponential
field, even definable smooth manifolds admit definably and smooth algebraic
models.

1. Introduction

An algebraic model of a differentiable or smooth manifold M is a non-singular
real algebraic set that is diffeomorphic to M . Here and in the following, all mani-
folds are assumed to have no boundary if this is not explicitly specified, and smooth
always means infinitely continuously differentiable. The existence of algebraic mod-
els for smooth manifolds has been studied in many variations. It begins with a work
of Seifert, cf. [26]. The existence of algebraic models for compact smooth manifolds
was conjectured by Nash in [23] and proved by Tognoli in [31]. This result is
known as the Nash-Tognoli Theorem. In [2,4,20] we find several refinements of the
Nash-Tognoli Theorem. In [1] Akbulut and King proved that every compactifiable
smooth manifold M admits an algebraic model. Here, compactifiable means that
M is diffeomorphic to the interior of an Rn-imbedded compact smooth submanifold
with boundary. However, not every smooth manifold has an algebraic model.

The set of connected components of a manifold which admits an algebraic model
is necessarily finite. But this condition is in general not sufficient. However, it
is satisfied by all Rn-imbedded manifolds whose underlying set is definable in an
o-minimal expansion of the real field.

We refer the reader to [11] for a general introduction to o-minimal structures.
Examples of o-minimal structures are constructed in [5, 8, 10, 12, 13, 17, 25, 34]. In
the following we fix an o-minimal expansion M of the real numbers. Throughout
the whole paper, definable always means definable in M with parameters in R.

The purpose of this paper is to prove the existence of algebraic models for ab-
stract definable differentiable and smooth manifolds (for which we give a precise
definition in Section 2). Note that every imbedded differentiable manifold whose
underlying set is definable is abstract definable. Moreover, we are interested in the
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definability of the diffeomorphisms, and we show that the definability can be real-
ized in many cases. In Section 2 we summarize several known results to which we
refer throughout the paper. In section 3 we begin our studies by proving o-minimal
versions of the Nash-Tognoli theorem. We then proceed with the discussion of
non-compact manifolds in Section 4 whose main results we state now.

Let Ralg denote the real algebraic numbers, that is, the set of real numbers x
which are a zero of a non-trivial polynomial over the rational numbers. We say
that a real algebraic set is Ralg-definable if it is the set of zeros of a polynomial
with coefficients from Ralg. As the most general result, we prove the following
theorem.

Theorem 1.1. Let M be an o-minimal expansion over R, and let m ∈ N. Every
abstract definable Cm manifold is abstract definably Cm-diffeomorphic to some non-
singular Ralg-definable real algebraic set.

The notion of smooth function (and smooth manifold) is not well behaved from
the model theoretical point of view, cf. [33]. Actually, very little is known about
definable smooth functions. To be able to perform o-minimal constructions with
definable smooth manifolds, we restrict ourselves to the subclass of o-minimal ex-
pansions of the real exponential field Rexp which admit smooth cell decomposition
(we explain this concept in Section 2). The exponential function is a necessary
requirement to obtain sufficient flexibility of the rings of definable smooth func-
tions, cf. [24]. Many geometric properties of abstract definable smooth functions
and manifolds of these structures have been studied by the author in [16] and [15];
Here, we add a further property which is stated in the following theorem.

Theorem 1.2. Let M be an o-minimal expansion of Rexp that admits smooth cell
decomposition. Then every abstract definable smooth manifold is abstract definably
C∞-diffeomorphic to some non-singular Ralg-definable real algebraic set.

In other words, Theorem 1.1 and Theorem 1.2 say that there are categories of
high geometric flexibility in which all differentiable and smooth manifolds defin-
ably admit algebraic models, respectively. The objects of these categories are the
abstract definable sets and the morphisms the abstract definable maps. These cate-
gories are precisely the geometric categories of [11]. Apart from this, the above the-
orems have several o-minimal differential geometric applications which we present
in Section 5.

The reason for excluding arbitrary real closed fields in our discussion is that our
proofs are based on the Weierstrass Approximation Theorem which only works for
Archimedean real closed fields. But these fields can always be imbedded into the
real numbers, so that all our proofs literally transfer to Archimedean real closed
fields.

2. Preliminaries

We proceed by recalling several facts about o-minimality and definitions which
we use for proving the above theorems.

2.1. Abstract definable manifolds. Let m ∈ N ∪ {∞, ω}. Any imbedded C1

submanifold of Rn whose underlying set is definable admits a finite atlas consisting
of definable charts, see for example [6] and replace semialgebraic by definable. A Cm

manifold M is called abstract definable if M has a finite atlas {φi : Ui → Vi|i ∈ I},
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where the sets Vi are open definable subsets of Rn for all i ∈ I and some fixed n,
such that each set φi(Ui ∩ Uj) is definable and open in Rn, and the maps φj ◦ φ−1

i

restricted to φi(Ui ∩ Uj) are definable Cm diffeomorphisms onto their images. The
number n is the dimension of M .

Every imbedded Cm submanifold of Rn whose underlying set is definable is ab-
stract definable.

A subset S of M is called abstract definable if φi(Ui ∩ S) is definable for every
chart φi. The Cartesian product of finitely many abstract definable sets is again
an abstract definable set.

A map between abstract definable sets is abstract definable, if its graph is abstract
definable. Note that every definable function is abstract definable.

The investigation of semialgebraic manifolds was essentially performed by Shiota
in [7, 27–29]. A semialgebraic analytic mapping is called a Nash mapping, and an
Rn-imbedded analytic manifold, whose underlying set is semialgebraic, is called
Nash manifold.

The following theorem about abstract semialgebraic manifolds is of particular
interest for our proofs.

Theorem 2.1 (Shiota). Every abstract semialgebraic Cm manifold (m ∈ N) is ab-
stract semialgebraically Cm-diffeomorphic to some non-singular Ralg-definable real
algebraic set.

This theorem is a consequence both of an imbedding theorem for abstract semi-
algebraic differentiable manifolds, cf. [29, Theorem 2.3], and of the fact that every
imbedded semialgebraic Cm manifold is semialgebraically Cm-diffeomorphic to some
Nash manifold, cf. [27, Theorem 3], which, in turn, is Nash diffeomorphic to some
non-singular Ralg-definable real algebraic set, cf. [7, Corollary 3.9].

Note that there is a crucial difference between the semialgebraic structure, and
the o-minimal expansions of the real exponential field. Theorem 2.1 is false for
m = ∞, as abstract semialgebraic smooth manifolds are not necessarily affine (via
some abstract semialgebraic smooth diffeomorphism) even if they are compact,
cf. [29, Theorem 2]. Therefore, abstract Nash manifolds are not necessarily abstract
Nash diffeomorphic to some real algebraic set.

2.2. Smooth cell decomposition. An o-minimal structure admits smooth cell
decomposition if for every definable function f : A → R there exist a finite partition
of A into definable sets A1, . . . , Ar, definable open subsets Ui of Ai and definable
smooth functions fi : Ui → R such that the fi coincide with f on Ai. The concept
of analytic cell decomposition is defined similarly.

Examples of this kind of structure are the real exponential field itself, the expan-
sion Ran,exp of the real field with restricted analytic functions by the exponential
function, and any structure between Rexp and the Pfaffian closure of Ran,exp. The
Pfaffian closure of an o-minimal structure defines the exponential function, it is
o-minimal, cf. [30], and it preserves analytic cell decomposition, cf. [21]. The o-
minimal expansions of Ran constructed in [10,12] admit analytic cell decomposition
and define the exponential function. The structures generated by certain transition
maps, cf. [17], also admit analytic cell decomposition, and so does their expansion
by the exponential function. The o-minimal structures generated by certain quasi-
analytic Denjoy Carleman classes and expanded by the exponential function admit
smooth cell decomposition, cf. [25].
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2.3. Weierstrass Approximation Theorem. For a C1 function f : U → R
whose domain U is an open neighbourhood of the compact set A we denote by

|f |1 := sup{|Dαf(x)| : x ∈ A,α ∈ Nn, α1 + · · ·+ αn ≤ 1}
the C1 norm of f , where Dα denotes the operator that maps a function f to its
αth derivative. Our strategy for proving Theorem 1.1 is to approximate definable
compactifiated manifolds by semialgebraic manifolds, and then apply Theorem 2.1.
This requires the Weierstrass Approximation Theorem, which we need in the fol-
lowing version.

Theorem 2.2 (Weierstrass). Let A ⊂ Rn be a compact set, and let U be an open
neighbourhood of A. Let f : U → R be a C1 function. Then for every ε > 0 there
exists a polynomial p such that

|f − p|1 < ε

on A.

A proof can be found in [22]. The C1 norm induces the compact-open C1 topology.
In this topology, the C1 diffeomorphisms between imbedded compact C1 manifolds
form an open set.

2.4. Retractions. Let M ⊂ Rn be a definable Cm manifold, where m ∈ N∪{∞, ω}.
A definable Cm retraction of M is a definable Cm mapping ρ : U → M , where U is
some definable open neighbourhood M , such that ρ|M is identity. Every definable
Cm manifold M , where m < ∞, admits a definable Cm retraction ρ, cf. [14]. If M
is a Nash-manifold we may assume that ρ is a Nash mapping, cf. [28, Lemma I.3.2].

3. The Nash-Tognoli Theorem for o-minimal structures

The classical Nash-Tognoli Theorem deals with compact imbedded smooth man-
ifolds. However, by the imbedding theorem of Whitney, cf. [32], every (compact)
Ck-differentiable manifold is Ck-diffeomorphic to some imbedded (compact) analytic
manifold for k ∈ N ∪ {∞}. The Nash-Tognoli Theorem was improved in [3], where
it was shown that the real algebraic set may be chosen as the zeros of a polynomial
with rational coefficients. Thus the Nash-Tognoli Theorem reads as follows.

Theorem 3.1. Let M ⊂ Rn be a compact Cm manifold, where m ∈ N∪{∞}. Then
M is Cm-diffeomorphic to some non-singular Ralg-definable real algebraic set.

As an application of this theorem we obtain its o-minimal version.

Proposition 3.2. Let m be a positive integer or m ∈ {ω,∞}. Let M ⊂ Rn be a
compact imbedded definable Cm submanifold. Then M is definably Cm-diffeomorphic
to some non-singular Ralg-definable real algebraic set.

Proof. By the Nash-Tognoli Theorem there is a Cm diffeomorphism φ : M → S
where S is some non-singular real algebraic set. Let ρ be a definable Cm retraction
of M , and let σ be a Nash retraction of S. For every ε > 0 we obtain by the
Weierstrass Approximation Theorem a polynomial p such that

|φ ◦ ρ− p|1 < ε.

By choosing ε small enough, the image p(M) is contained in the domain of σ.
By some further shrinking of ε, the function σ ◦ p restricted to M is a Cm diffeo-
morphism. Both functions σ and p are semialgebraic so that σ ◦ p : M → S is
definable. ¤
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In general, a compact abstract definable smooth manifold cannot be embedded
into some Rn via some abstract definable smooth diffeomorphism. This has been
studied by Shiota in [29]. However, if m > 0 is finite, every (compact) abstract
definable manifold is affine. Hence, we can note the following corollary.

Corollary 3.3. Let m > 0 be finite. Then every compact abstract definable Cm

manifold is abstract definably Cm-diffeomorphic to some non-singular Ralg-definable
real algebraic set.

For the case m = ∞ the definability of the exponential function is required
to conclude that every compact abstract definable smooth manifold is abstract
definably embeddable into some Rn, cf. [18].

Corollary 3.4. If the exponential function is definable, then every compact ab-
stract definable smooth manifold is abstract definably C∞-diffeomorphic to some
non-singular Ralg-definable real algebraic set.

4. Proof of Theorem 1.1

4.1. We prepare the proof of Theorem 1.1 and Theorem 1.2 by several lemmas.
We recall the notion of locally semialgebraic sets and functions.

A definable set V is called locally semialgebraic at the point v if there are a
semialgebraic set S and a ball B containing v such that V ∩ B = S. We call V
locally semialgebraic if V is locally semialgebraic at every point of V .

Every open set is locally semialgebraic. Our point, however, is the compact
case, and we note that every compact locally semialgebraic set is semialgebraic.
Contrary to finite unions of locally semialgebraic sets, finite intersections are locally
semialgebraic.

A definable function f : U → Rk is called locally semialgebraic at u ∈ U if there
exists a ball B containing u and a semialgebraic function g such that f = g on B∩U .
A function f is locally semialgebraic in the set V if f is locally semialgebraic at
every point of V . Note that finite sums, products and compositions of locally
semialgebraic functions are again locally semialgebraic.

We further agree to the following notation. Let f, g : X → R and h : X → Rd

be continuous functions such that g(x) < f(x) for every x ∈ X. Then

(g, f ]X := {(x, y)|g(x) < y ≤ f(x)},
(g, f)X := {(x, y)|g(x) < y < f(x)},

(h)X := {(x, y)|y = h(x)}.
For the functions f and g we also say that g < f on X. Further, we denote by X
the topological closure, by ∂X we denote the frontier X \ X, and by int(X) the
interior of X, respectively.

4.2. The disjoint union of finitely manifolds, each of which admitting an algebraic
model, admits an algebraic model. So, without loss of generality, we may assume
that the considered manifold M is connected. Let d be the dimension of M .

First, we prove that M can be definably imbedded into a bounded semialgebraic
C1 manifold S of dimension dim(M) via the definable C1 map ψ : M → S such that
ψ(M) ⊂ S.

This requires the following lemma.
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Lemma 4.1. Let U be a bounded definable connected open subset of Rn. Let V ⊂ U
be open such that V ⊂ U . Let f : U → R be a definable C1 function. Then, for
every ε > 0, there is a semialgebraic open set W between V and U , and a definable
C1 function f̃ : U → R such that

(a) f̃ restricted to W is semialgebraic,
(b) f̃ = f near ∂U ,
(c)

∣∣∣f̃ − f
∣∣∣
1

< ε (with respect to U),

(d) f̃ is locally semialgebraic at all locally semialgebraic points of f .

Proof. The sets V and ∂U are disjoint and compact so that they can be separated
by a polynomial. Hence, there are semialgebraic neighbourhoods V1 and V2 of V
such that

(1) V ⊂ V1, V1 ⊂ V2, and V2 ⊂ U.

We apply the Weierstrass Approximation Theorem to f restricted to V2, and obtain
for every δ > 0 a polynomial p such that

|p− f |1 < δ

on V2. Let ϕ : Rn → [0, 1] be a semialgebraic C1 function that equals 1 in V1 and
vanishes outside of V2, cf. [11, Theorem C.11]. This function has compact support
such that its derivative is bounded. Set

f̃ := pϕ + (1− ϕ)f.

By construction, the function f̃ is a definable C1 function, and it is locally semi-
algebraic at every point at which f is locally semialgebraic, because both p and ϕ
are semialgebraic functions. Moreover, the restriction of f̃ to V1 is semialgebraic,
and f̃ coincides with f outside of V2. By taking the number δ sufficiently small, we
can bound ∣∣∣f − f̃

∣∣∣
1

by ε on V1. Set W := V1. ¤

Let us briefly resume how to construct a definable compactifiated C1 submanifold
of Rn which is definably C1-diffeomorphic to the given definable C1 manifold M ,
which we can find for example in [7] or [19, Proof of Theorem 1.2].

First, we may assume that M is imbedded into some Rn, cf. [18]. Then, one
selects a definable one point compactification of M , that is, a definable imbedded
C1 manifold M ′ which is definably C1-diffeomorphic to M , such that M ′ ∪ {0} is
compact. Consider the definable C1 submersion f : M ′ → I given by f(x) = 1/‖x‖,
where I = [a,∞) is the largest interval making f surjective. By applying the
technique of piecewise definable C1 trivialization to f one obtains a real number b
such that M is definably C1-diffeomorphic to

f−1([a, c))

for every c ≥ b. Hence, we may assume that M is definably C1-diffeomorphic to
the interior of a compact definable C1 manifold with boundary M ′′ of Rn such that
M ′′ is contained in a definable C1 submanifold M̃ of the same dimension as M ′′.
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Remark 4.2. Let Gd,n denote the d-dimensional linear subspaces of Rn. We equip
Gd,n with the metric given by the sine of the angle between two subspaces. This
metric induces a topology on Gd,n making the tangent mapping from a d-dimensional
imbedded C1 submanifold of Rn to Gd,n continuous.

For δ > 0 and x ∈ Rn we denote by Bδ(x) the ball with radius δ and center x.
For a manifold M and x ∈ M , let TxM denote the tangent space in M at x.

Lemma 4.3. Let M be a definable C1 manifold. Then there is a definable C1

map ψ : M → S, where S is a semialgebraic C1 manifold of dimension dim(M),
such that ψ is a diffeomorphism onto its image, ψ(M) is the interior of a compact
manifold with boundary, and ψ(M) ⊂ S.

Proof. By the above construction we may assume that M is a definably compacti-
fiable C1 submanifold such that M is contained in a bounded definable C1 manifold
N of dimension dim(M).

For every x ∈ N there exists an open ball Bε(x) such that the projection on TxN
restricted to N ∩Bε(x) is a definable diffeomorphism onto its image. By choosing
ε sufficiently small we may assume that the derivative of this diffeomorphism is
bounded. The manifold M is compact. Hence, there are finitely many of these
diffeomorphisms, φ1, . . . , φr say, whose domains cover M .

For i = 1, . . . , r, let Ui denote the domain of φi. The sets Ui are open in N so
that there are definable subsets Vi of Ui which are open in N such that

M ⊂ V1 ∪ · · · ∪ Vr

and Vi ⊂ Ui for i = 1, . . . , r. We may assume that if j 6= i, then xj 6∈ Ui.
We inductively construct definable C1 manifolds N0, . . . , Nr and definable C1

diffeomorphisms ψi : Ni−1 → Ni such that
(a) Ni is locally semialgebraic in ψi ◦ · · · ◦ ψ1(V1 ∪ · · · ∪ Vi),
(b) ψi is identity on {xi+1, . . . , xr} and outside of ψi ◦ · · · ◦ ψ1(U1 ∪ · · · ∪ Ui),
(c) for j = i + 1, . . . , r, the projection on Txj Ni restricted to ψi ◦ · · · ◦ ψ1(Uj)

is a diffeomorphism onto its image whose derivative is bounded.
By setting N0 = N , and ψ0 = Id, the case i = 0 is evident.
Let Nj and ψj be constructed for j < i. Denote by π the orthogonal projection

on TxiNi−1 restricted to Ui. Let U and V be the images of ψi−1 ◦ · · · ◦ ψ1(Ui)
and ψi−1 ◦ · · · ◦ ψ1(Vi) under π, respectively, and let f := π−1. For any ε > 0, we
may apply Lemma 4.1 to f to obtain the function f̃ : U → Rn−d satisfying the
conclusions of Lemma 4.1. Near the boundary of U , the functions f and f̃ coincide,
such that the union of Ni−1 \U and the graph of f̃ form the definable C1 manifold
Ni. There is a definable C1 diffeomorphism ψi : Ni−1 → Ni given by

ψi(x) =

{
x, if x ∈ Ni \ U

f̃ ◦ π(x), if x ∈ U.

Since f̃ is locally semialgebraic in Vi as well as at every point at which Ui is locally
semialgebraic, this diffeomorphism satisfies item (a). Item (b) is evidently satisfied.
By taking ε sufficiently small, the tangent space of x at Ni−1 and that of ψi(x) at
Ni are sufficiently close for all x, which implies item (c).

The manifold Nr is locally semialgebraic in a neighbourhood N ′
r of M ′ :=

ψr ◦ · · · ◦ ψ1(M) which is a compact definable C1 manifold with boundary, since
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M has this property. Let S be a semialgebraic neighbourhood of M ′ in N ′
r such

that S ⊂ N ′
r, let ψ = ψr ◦ · · · ◦ ψ1 restricted to M , and let N = ψ(M). ¤

Our next aim is to make the boundary of the manifold ψ(M) of Lemma 4.3
semialgebraic. This requires the following lemma.

Lemma 4.4. Let U ⊂ Rn be a bounded definable open subset, and let f, g, h : U →
R be bounded definable C1 functions. Let V be a semialgebraic open subset of U
such that V ⊂ U . Assume further that

(i) g < f in V ,
(ii) g = f outside of V ,
(iii) h < g on U .

Then, for every ε > 0, there exists a definable C1 function f̃ : U → R which satisfies
(a) f̃ = f on some definable open neighbourhood of ∂U ,
(b) f̃ restricted to V is locally semialgebraic,
(c) f̃ is locally semialgebraic at every point at which f is locally semialgebraic,
(d)

∣∣∣f̃ − f
∣∣∣
1

< ε.

such that there is a definable C1 diffeomorphism

φ : (h, f ]U → (h, f̃ ]U

which is identity outside of (g, f ]Ũ , where Ũ = {x ∈ U : g(x) 6= f(x)}.
Proof. Let p : (−∞, 1] → R be the semialgebraic C1 function

p(t) :=

{
0, if t ≤ 0,

−2t3 + 3t2, if 0 < t ≤ 1.

We note that p(1) = 1, and that, for t ∈ (−∞, 1],

(2) |p′(t)| ≤ 3
2
.

According to the Lemma 4.1, there exists for every ε > 0 a function f̃ satis-
fying (a) to (d) of Lemma 4.1 with Ũ in place of U . We extend f̃ continuously
differentiable to U by setting f̃ = f outside of Ũ . Note that the closure of the set

{x ∈ U : f(x) 6= f̃(x)}
is contained in Ũ . Moreover, the set V2 used in the proof of Lemma 4.1 does not
depend on the choice of δ and ε. Hence, by taking ε sufficiently small, we may
assume that

(3)
∣∣∣f̃(x)− f(x)

∣∣∣ ≤ 1
2
|g(x)− f(x)|

for all x ∈ Ũ .
We define the function φ : (h, f ]U → Rn by

φ(x, y) :=





(x, y), if x 6∈ Ũ ,(
x, y + p

(
y − g(x)

f(x)− g(x)

) (
f̃(x)− f(x)

))
, if x ∈ Ũ .

This map is a definable C1 function by construction. The function φ is identity on

(h, f ]U \ (g, f ]Ũ .
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For x ∈ Ũ , the partial derivative of the nth coordinate function φn with respect to
y is

φn(x, y)
∂y

= 1− p′
(

y − g(x)
f(x)− g(x)

)
f̃(x)− f(x)
g(x)− f(x)

which is bounded from below by 1/4 by combining the inequalities (2) and (3).
Therefore, the function φ is injective, and the determinant of the Jacobi matrix of
φ is always strictly positive. So φ is a definable C1 diffeomorphism onto its image.
Moreover, the image of φ is (h, f̃ ]U . ¤

Lemma 4.5. Given the situation in Lemma 4.3. Then ψ(M) is definably C1-
diffeomorphic to the interior of a compact semialgebraic C1 manifold with boundary.

Proof. For any x ∈ ∂M let πx : M → TxS denote the tangent mapping. Let Bx

be a ball with center x such that πx restricted to M ∩Bx is a diffeomorphism onto
its image whose derivative is bounded. Then πx(∂M ∩ Bx) ⊂ Rd is a definable C1

submanifold of dimension d − 1. Let ωx : πx(∂M) → Tπx(x)πx(∂M) denote the
orthogonal projection. By choosing Bx sufficiently small, we may assume that ωx

restricted to πx(∂M ∩ Bx) is a diffeomorphism onto its image whose derivative is
bounded.

Since ∂M is compact, there are finitely many points x1, . . . , xr ∈ ∂M , such that
Bxi , πxi and ωxi possess the above properties for i = 1, . . . , r, and the union of the
sets Bxi cover ∂M . To simplify notation, we write Bi, πi and ωi in place of Bxi ,
πxi and ωxi for i = 1, . . . , r.

Let Ui := Bi ∩M , and Vi ⊂ Ui be a definable set which is open in M such that

Vi ∩ ∂M ⊂ Ui ∩ ∂M

and
∂M ⊂ V1 ∪ · · · ∪ Vr.

We inductively construct definable C1 submanifolds N0, . . . , Nr of S with bound-
ary, where M = N0, and definable C1 diffeomorphisms ψi : Ni−1 → Ni such that

(a) ∂Ni is locally semialgebraic in ψi ◦ · · · ◦ ψ0(V1 ∪ · · · ∪ Vi),
(b) ψi is identity on {xi+1, . . . , xr} and outside of ψi ◦ · · · ◦ ψ0(U1 ∪ · · · ∪ Ui),
(c) for j = i + 1, . . . , r, the projections πj and ωj restricted to

ψi ◦ · · · ◦ ψ0(Ui) and ψi ◦ · · · ◦ ψ0(πj(Vj ∩ ∂M))

are diffeomorphisms onto their images whose derivatives are bounded.
By setting ψ0 = Id the case i = 0 is evident.

Now suppose that the diffeomorphisms ψj are constructed for j < i. Let

Ũ := πi(ψi−1 ◦ · · · ◦ ψ1(Ui))

and
U := ωi(πi(ψi−1 ◦ · · · ◦ ψ1(∂M ∩Bi))),

and select a semialgebraic open set V ⊂ U such that V ⊂ U ,

V ∪ ωi(ψi−1 ◦ · · · ◦ ψ1(∂M ∩Bi ∩ (V1 ∪ · · · ∪ Vi−1 ∪ Vi+1 ∪ · · · ∪ Vr))) = U

and
ωi(πi(Vi)) ⊂ V.
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This set V exists, as the boundary of U and the set ωi(πi(Vi)) are disjoint and
compact. Set f := ω−1

i (restricted to U). Notice that the graph of f is the set
Ũ \ int(Ũ). For every x ∈ (f)U we have

dist(x, ∂Ũ) > 0.

Hence, there is a positive continuous definable function ∆ : U → R such that

(f −∆, f)U ⊂ Ũ .

Set h := f −∆. Let δ : Rd−1 → R be a semialgebraic C1 function which vanishes
outside of V and is positive in V . Since V ⊂ U is a compact set, we may assume
that δ < ∆ on U . Set g := f − δ.

For ε > 0 we apply Lemma 4.4 to f, g, h, U and V , and obtain the function f̃
and the diffeomorphism φ : (h, f)U → (h, f̃)U .

We define the manifold Ni as the union of Ni−1 \ ψi−1 ◦ · · · ◦ ψ1(Ui) and the
graph of

π−1
i ◦ φ ◦ πi

restricted to ψi−1 ◦ · · · ◦ ψ1(Ui). This union is a definable C1 submanifold of S. A
definable C1 diffeomorphism ψi : Ni−1 → Ni is given by identity on Ni−1 \ ψi−1 ◦
· · · ◦ ψ1(Ui) and π−1

i ◦ φ ◦ πi on ψi−1 ◦ · · · ◦ ψ1(Ui).
The items (a) and (b) are satisfied by construction. By choosing ε > 0 sufficiently

small, item (c) is satisfied. ¤

4.3. By the previous lemmas, every abstract definable Ck manifold M , is abstract
definably C1-diffeomorphic to some non-singular Ralg-definable real algebraic set
S. If k is finite, then by [14, Theorem 1.11], the manifold M is abstract definably
Ck-diffeomorphic to S. This proves Theorem 1.1.

If in addition, the o-minimal structure expands the real exponential field and
admits smooth cell decomposition, and k = ∞, then, by [16, Theorem 1.4], the
manifold M is abstract definably C∞-diffeomorphic to S. This proves Theorem 1.2.

5. Consequences

5.1. As mentioned in the introduction, it is not trivial to decide whether a manifold
is compactifiable or not. If we are not interested in the definability of diffeomor-
phisms every definable smooth manifold admits an algebraic model.

Corollary 5.1. Every abstract definable smooth manifold is C∞-diffeomorphic to
some non-singular real algebraic set.

Proof. By Theorem 1.1 the manifold M is (definably) C1-diffeomorphic to some
non-singular real algebraic set S. By a theorem of Whitney, cf. [32, Theorem 2],
the manifolds M and S are C∞-diffeomorphic. ¤

A similar argument implies the following corollary.

Corollary 5.2. Every affine abstract definable analytic manifold is Cω-diffeomorphic
to a non-singular real algebraic set.
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5.2. We also obtain an o-minimal version of the Whitney Imbedding Theorem,
cf. [32, Theorem 1]. The Whitney Theorem states that every n-dimensional Cm

manifold (with reasonable topological restrictions) is Cm-diffeomorphic to some
imbedded analytic submanifold of some R2n+1. Whitney’s proof is actually a Ck

imbedding into R2n+1 followed by approximating the imbedded manifold by an
analytic manifold in the Whitney topology. Such an approximation by analytic
manifolds is, with the exception of the semialgebraic structure, not yet known for
any other o-minimal structure. However, in the o-minimal context the Whitney
Imbedding Theorem reads as follows.

Corollary 5.3. Let m ∈ N. Then every abstract definable Cm manifold M of di-
mension n is abstract definably Cm-diffeomorphic to some Nash manifold in R2n+1.

Proof. The manifold M is abstract definably Cm-diffeomorphic to some non-singular
algebraic set S. By an argument of general position we may assume that S can be
Nash-imbedded into R2n+1. ¤

5.3. Two abstract definable Ck manifolds are called equivalent if they are definably
Ck-diffeomorphic. A definable Ck diffeomorphism class is a maximal collection of
equivalent abstract definable Ck manifolds. It is evident that there are infinitely
many definable diffeomorphism classes.

The real algebraic numbers Ralg form a countable set. Hence, Ralg[X1, . . . , Xn]
is a countable set. So there are only countably many (non-singular) Ralg-algebraic
sets.

In connection with Theorem 2.1 we obtain the following corollary.

Corollary 5.4. Let 0 < k ∈ N. There are only countably many definable Ck

diffeomorphism classes.

5.4. Let M be an o-minimal expansion of Rexp that admits smooth cell decompo-
sition. The next corollary concerns the compactification of abstract definable C∞
manifolds.

Corollary 5.5. Let M be an abstract definable smooth manifold. Then M is ab-
stract definably C∞-diffeomorphic to the interior of a compact Nash manifold with
boundary.

Proof. This follows from Theorem 1.2 and the fact that every Nash manifold is
Nash compactifiable. ¤

The Whitney Imbedding Theorem reads for the present structures as follows.

Corollary 5.6. Let M be an abstract definable smooth manifold of dimension n.
Then M is abstract definably C∞-diffeomorphic to some Nash manifold N ⊂ R2n+1.

Proof. This follows from the previous corollary and an argument of general position.
¤

Similar to Corollary 5.4 we obtain the following corollary.

Corollary 5.7. There are only countably many definable C∞ classes.
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