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Abstract

In this note, we study effective Cartier divisors with totally real or totally
complex supports on a projective curve over R. We give some numerical conditions
for an invertible sheaf to be isomorphic or not to such a divisor. We show that these
conditions are strongly related to the singularities of the curve and to topological
properties of the real part of the Jacobian variety.

Introduction

Scheiderer has shown in [12] that on a smooth real projective curve, there is an integer
N such that any divisor of degree ≥ N is linearly equivalent to an effective divisor whose
support is contained in the set of real points of the curve. One interesting question of
Scheiderer is whether this result can be generalized to singular projective curves. The
affirmative solution would allow one to decide if, for singular affine real curves, the
Hilbert’s 17th problem and the moment problem are solvable in the affirmative or in
the negative, depending on the points at infinity.

In this note, a real algebraic curve X is a proper geometrically integral scheme over
R of dimension 1 with normalization π : X̃ → X and singular locus S. A closed point
P of X will be called a real point if the residue field at P is R, and a non-real point if
the residue field at P is C. The set of real points of the normalization, X̃(R), will always
be assumed to be non empty. It decomposes into finitely many connected components,
whose number will be denoted by s. By Harnack’s Theorem we know that 1 ≤ s ≤ g + 1,
where g is the genus of X̃. If X̃ has g +1−k real connected components, we will say that
X̃ is an (M − k)-curve. We will say that X̃ has many real components if s ≥ g (see [6]).
Topologically, each semi-algebraic connected component of X(R) is either contractible
(no loop), or homotopy equivalent to a bouquet of n circles (n loops), n ≥ 1. Let l be the
number of loops of X(R), then l = dimZ/2H

1(X(R), Z/2).

∗Work supported by the European Community’s Human Potential Programme under contract HPRN-
CT-2001-00271, RAAG.

1



Let U = X \S. The group Div(U) of divisors on U is the free abelian group generated
by the closed points of U . Let D ∈ Div(U) be an effective divisor. We may write
D = Dr+Dc, in a unique way, such that Dr and Dc are effective and with real, respectively
non-real, support. We call Dr (resp. Dc) the real (resp. non-real) part of D. In the sequel,
we will say that D is totally real (resp. non-real), if D = Dr (resp. D = Dc).

By R(X), we denote the function field of X. Let Pic(X) denote the Picard group of
X i.e. the group of isomorphism classes of invertible sheaves on X. We know that any
invertible sheaf on X is isomorphic to a Cartier divisor O(D) for some D ∈ Div(U) (see
[5] for definitions and [5][p.298] for the assertion). In particular, we define the degree of an
invertible sheaf L as the degree of any Weil divisor D ∈ Div(U) such that L' O(D). In
fact Pic(X) may be identified with the quotient of Div(U) by the subgroup of divisors of
elements in R(X) which are units in the local rings at the points of S. Since such principal
divisors have even degree on each loop of X(R) (see Lemma 1.4), we may introduce the
following invariants of X:

(i) N(X), the smallest integer n ≥ 1 such that any invertible sheaf of degree n on X is
isomorphic to a Cartier divisor O(D) with D a totally real effective divisor on U .
If such an integer does not exist, then N(X) = +∞.

(ii) M(X), the smallest integer m ≥ 1 such that any invertible sheaf L of degree 2m on
X with the property that the degree of L on each loop of X(R) is even, is isomorphic
to a Cartier divisor O(D) with D a totally non-real effective divisor on U . If such
an integer does not exist, then M(X) = +∞.

The first goal of the paper is to study the finiteness of these invariants. Such a
finiteness result would be an important tool in the study of the Hilbert’s 17th problem
and the moment problem for singular affine real curves. Concerning the links between the
Hilbert’s 17th problem and the invariants introduced in this note, the reader is reffered
to the beautiful paper of Scheiderer [12].

The second goal of the paper is to bound the previous invariants (when they are finite)
in terms of g, s, l and invariants related to the singularities of X. These problems have
been raised by Scheiderer. In the smooth case, Scheiderer [12] (for N(X)) and the author
[8] (for M(X)) proved that these invariants are finite. Moreover the reader is reffered to
[8] for lower and upper bounds on M(X) and N(X) in terms of the genus when the curve
is smooth. From now on, we will always assume that S 6= ∅.

We briefly describe the structure of the paper and we state the main results. In
Sections 2 and 4, we show that

Theorem A
g ≤ M(X) ≤ 2pa,

with pa denoting the arithmetic genus.

In section 3, we show that

Theorem B
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(i) If X has non-real singularities, then N(X) is infinite (i.e. Scheiderer’s result does
not hold in this case).

(ii) If X is a nodal curve with only real nodes, then N(X) is finite (i.e. Scheiderer’s
result holds in this case).

Moreover, if l denotes the number of loops of X(R), we prove the analogue of the
Harnack inequality:

l ≤ pa + 1.

Likewise the smooth case, we say that a singular curve has many loops if l ≥ pa.
Concerning curves with many loops, we obtain the following theorem.

Theorem C Assume X has many loops, then

N(X) ≤ 2pa.

Furthemore, we show that the preceding theorem still holds when X is a real curve
such that:

(i) the singularities of X are non isolated nodes in X(R), ν cusps in X(R), ν ′ isolated
nodes in X(R) with ν + ν ′ ∈ {0, 1}, and

(ii) X̃ has many real components.

In the last section, we give lower bounds for N(X) and M(X).
The author wishes to express his thanks to D. Naie and A. Ducros for several helpful

comments concerning the paper. I am also greatly indebted to C. Scheiderer for suggesting
the problem and for many stimulating conversations.

1 Preliminaries

We recall here some classical concepts and more notation that we will be using throughout
this paper.

Let X be a real curve. We will denote by XC the base extension of X to C. The group
Div(XC) of divisors on XC is the free abelian group on the closed points of XC. The
Galois group Gal(C/R) acts on the complex variety XC and also on Div(XC). We will
always indicate this action by a bar. If P is a non-real point of X, identifying Div(X) and
Div(XC)Gal(C/R), then P = Q + Q̄ with Q a closed point of XC. We use similar notation
for X̃.

If D is a divisor on X̃, we will denote by [D] its class in Pic(X̃), and by Õ(D) its
associated invertible sheaf. The dimension of the space of global sections of this sheaf will
be denoted by ˜̀(D).
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If D ∈ Div(U), we will denote by (D) the class of O(D) in Pic(X). Let us denote
`(D) = dimR(H0(X,O(D))).

Let J be the generalized Jacobian of X (see [10], [11] or [2]), this is an algebraic group
scheme over R. It is well known that J(R) can be identified with the quotient of the
group of degree 0 elements in Div(U) by the subgroup of divisors of rational functions
f ∈ R(X) which are units in the local rings at the points of S.

We now reformulate the definitions of the invariants N and M .

Definitions 1.1 (i) N(X) is the smallest integer n ≥ 1 such that for any real point
P0 ∈ U(R), and for any α ∈ J(R), there exist P1, . . . , Pn ∈ U(R) such that
α =

∑n
i=1(Pi − P0). If such an integer does not exist, then N(X) = +∞.

(ii) M(X) is the smallest integer m ≥ 1, such that for any real closed point P0 ∈ U(R),
and for any α ∈ 2J(R), there exist non-real points Q1, . . . , Qm ∈ U such that
α =

∑m
i=1(Qi − 2P0). If such an integer does not exist, then M(X) = +∞.

Let OX (resp. OX̃) be the structure sheaf on X (resp. X̃) and Õ = π∗(OX̃). Let P
be a closed point of S and let OX,P be the local ring at P . The integral closure of OX,P

in R(X) is the stalk ÕP of Õ at P . This is a semi-local ring. Let c be the conductor of Õ
in OX , this is a coherent sheaf of ideals on X with support S. Let δP = dimR(ÕP /OX,P )
and let rP be the Jacobson radical of ÕP . Since the R-vector space ÕP /cP has finite
dimension, the ideal cP contains a power of rP (see [11, p. 68]). Let nP be the smallest
power with this property. We set

δ =
∑
P∈S

δP

and
M =

∑
Q∈π−1(P ),P∈S

nP Q.

Obviously, deg(M) ≥ 2 since X is singular. We would say that S is local (resp. real
local) if S = {P} with P a closed point (resp. a real point). Let pa denote the arithmetic
genus of X. Then

pa = g + δ,

and pa > 0 since S is assumed to be nonempty.
To justify the introduction of M, we state the following lemma:

Lemma 1.2 Let f ∈ R(X) be a rational function such that div0(f), the divisor of zeros
of f on X̃, is ≥M. Then f belongs to all the maximal ideals associated the closed points
of S.

The proof follows easily from above remarks and definitions. In this paper, we will make
an extensive use of the previous lemma. Moreover, we will use several times the following
lemma [11, Prop. 7 , p.80].
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Lemma 1.3 Let P ∈ S. We have

δP + 1 ≤ deg(
∑

Q∈π−1(P )

nP Q) ≤ 2δP ,

and
δ + 1 ≤ deg(M) ≤ 2δ.

1.1 The structure of the real part of the generalized Jacobian

Now we need to study the real part of the generalized Jacobian of a real curve. To do
this, let us introduce the following notation.

Let k be a field. We denote by Gm,k the multiplicative group Spec k[t, t−1] and by Ga,k

the additive group Spec k[t]. If L is a finite extension of k and Y is a quasi-projective
L-variety, we denote by RL/kY the Weil restriction of Y to k (see [13, Ch. 4] concerning
the notion of Weil restriction). Assume now that k = R and L = C, we denote by
R1

C/RGm,C the algebraic subgroup of RC/RGm,C which is the kernel of the norm map. It

can be defined by the affine equation x2 + y2 = 1.
Let J̃ denote the Jacobian of X̃. By [10, Th. 11], J is an extension of J̃ by an algebraic

group scheme H over R, i.e we have an exact sequence

0 → H → J → J̃ → 0.

Moreover, the algebraic group HC = H ×Spec R Spec C is isomorphic to Ga
m,C ×Gb

a,C with
a, b ∈ N well understood in terms of the singularities of X. By classical results on real
algebraic groups, H is a direct product of copies of Gm,R, RC/RGm,C, R1

C/RGm,C and Ga,R.

Let us denote by L1, . . . , Ll the loops of X(R). Arguing as in [4, Lem. 4.1], we have
the following result:

Lemma 1.4 Let f ∈ R(X) be a rational function such that f is a unit in all the local
rings at the points of S. Then div(f) has an even number of points on each loop of X(R).

Hence we have a surjective morphism

µ : Pic(X) → (Z/2)l,

(D) 7→ (. . . , degLi
(D) mod 2, . . . )

where D ∈ Div(U).

Proposition 1.5 The following properties hold:

(i) µ induces isomorphisms Pic(X)/2Pic(X) ' (Z/2)l and J(R)/2J(R) ' (Z/2)l−1.

(ii) Norm(J(C)) = 2J(R) = J(R)0 with Norm denoting the norm induced by Gal(C/R)
and J(R)0 denoting the connected component of the identity of J(R).
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Proof : Pedrini and Weibel have shown that Pic(X)/2Pic(X) ' (Z/2)l [14]. Moreover,
it follows that 2J(R) ⊆ Norm(J(C)) ⊆ J(R)0 since Norm is continuous and J(C) is
connected. The inclusion Norm(J(C)) ⊆ 2J(R) follows from the fact that J(C) is
divisible since J̃(C) and H(C) are divisible. Next, since J(R)0 is a direct product of
copies of R and of R/Z, it is divisible and 2J(R) = J(R)0.

Finally, the short exact sequence

0 → J(R) → Pic(X)
deg→ Z → 0

splits. Since Pic(X)/2Pic(X) ' (Z/2)l, tensoring by Z/2 we get

J(R)/2J(R) ' (Z/2)l−1.

ut

Remark 1.6 In the definition of M(X), we may change 2J(R) by J(R)0 as in the smooth
case (see [8]).

We give some examples of generalized Jacobians.

Example 1.7 Consider the nodal plane curve X ⊆ P2
R given by the equation zy2 =

x2(x + z). Let P be the singular real point of X and let P1, P2 denote the real points of
the rational curve X̃ over P . Since X̃ is rational and X is nodal, J(R) is easy to work
out: Start with D ∈ Div(U) of degree 0. As a divisor on X̃, D is the divisor of a rational

function f . The ratio f(P1)
f(P2)

represents the obstruction to (D) being zero in J(R). It’s easy
to verify that it sets up an isomorphism of groups

J(R)
∼→ R∗ with (D) 7→ f(P1)

f(P2)
.

Then J(R)0 corresponds to classes of divisors D = div(f) ∈ Div(U), with f ∈ R(X) such

that the ratio f(P1)
f(P2)

> 0. It proves that J is isomorphic to Gm,R.

Example 1.8 Consider the example treated by Rosenlicht [10, p. 520] i.e X̃ is the
projective line and M = Q with Q a non-real point of X̃. We may take for example
X the projective plane curve with equation zy2 = x3 − zx2. Then J(C) = H(C) is C∗

as a group. But H(R) = J(R) is isomorphic as a group with R1
C/RGm,C(R). To explain

this fact, let P be the real isolated point and let P1, P̄1 be the conjugated closed points
X̃C = X̃ ×Spec R Spec C over P . Let D ∈ Div(U) of degree 0. As a divisor on X̃, D is the

divisor of a rational function f . As explained in the previous example, the ratio z = f(P1)
f(P1)

represents the obstruction to (D) being zero in J(R). But here z is a complex number
with |z| = 1. Note that in this case J(R) is compact and the complex conjugation acts
on the torus C∗ by z 7→ z−1.
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2 Divisors with complex supports on singular real

curves

Let X be a singular real curve X and fix P0 ∈ U(R). The map

ϕn,P0 : Divn(U) → J(R); D 7→ (D − nP0)

is surjective for n >> 0, where Divn(U) denote the subgroup of degree n effective elements
in Div(U). We give a more precise result. The following theorem gives lower bounds for
n for this surjectivity to hold.

Theorem 2.1 The map

ϕn,P0 : Divn(U) → J(R); D 7→ (D − nP0)

is surjective

(i) for n ≥ 2g + 2δ = 2pa,

(ii) for n ≥ 2g − 1 + deg(M) if g ≥ 1 and S is local,

(iii) for n ≥ deg(M) if g = 0 and S is local,

(iv) for n ≥ δ = pa if g = 0, S is real local and OP = R + cP at the real point of S.

Moreover the map

ϕpa,P0 : Divpa(U) → J(R); D 7→ (D − paP0)

is surjective on V , with V a Zariski open subset of J(R).

Proof : We refer to [10], for the generic surjectivity of the map ϕpa,P0 : Divpa(U) → J(R)
and for the statement (iv).

Let α ∈ J(R). We may clearly find an effective divisor D ∈ Div(U) of degree pa such
that α− (D−paP0) is in the image of the map ϕpa,P0 . It proves the surjectivity of ϕ2pa,P0 .

Assume now that g ≥ 1 and that S is local. Let α ∈ J(R) and let D ∈ Div(U) be
a divisor of degree 0 such that (D) = α. Set D′ = D + (2g − 1 + deg(M))P0. Remark
that D′ is a divisor of degree 2g − 1 + deg(M) whose support is contained in U . By
Riemann-Roch for singular curves [11, Th. 1]

`(D′) ≥ 2g − 1 + deg(M) + 1− (g + δ) = g + deg(M)− δ.

By the classical Riemann-Roch Theorem, we have ˜̀(D′ −M) = 2g − 1− g + 1 = g.
Claim. H0(X,O(D′)) \ (H0(X̃, Õ(D′ −M)) ∪ {0}) is in bijection with the set of

effective divisors D′′ ∈ Div(U), such that (D′) = (D′′).
Let f be a non-zero rational function on X and assume f ∈ H0(X,O(D′)). Then f

is in the local ring OX,P at the singular point P of X. Moreover f is a unit in OX,P if
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and only if f 6∈ H0(X̃, Õ(D′ −M)) if and only if (D′) = (D′ + div(f)), which proves the
claim (see also [11, P. 85]).

Since `(D′) − ˜̀(D′ −M) ≥ deg(M) − δ and δ ≤ deg(M) − 1 (see Lemma 1.3), it
follows that (D′) = (D′′) with D′′ ∈ Div(U) an effective divisor of degree 2g−1+deg(M)
and the proof of statement (ii) is done. If g = 0, the proof runs as before but with
D′ = D + (deg(M))P0. ut

We recall some classical properties of Krull valuations.

Lemma 2.2 Let v be a valuation of a field K.

(i) Let a1, a2 ∈ K, if v(a1) 6= v(a2) then v(a1 + a2) = min{v(a1), v(a2)}.

(ii) Let a1, . . . , an ∈ K and assume v has a formally real residue field. Then

v(a2
1 + . . . + a2

n) = 2 min{v(a1), . . . , v(an)}.

Now we prove that the invariant M(X) is finite for any singular real curve X and we
give an upper bound in terms of the arithmetic genus.

Theorem 2.3 Let X be a real curve. Then

M(X) ≤ 2g + 2δ = 2pa.

Proof : Let P0 be a real point of X and V = X(C)\ (X(R)∪S(C)), where X(C) denotes
the set of closed points of XC and S(C) denote the singular points of X(C). X(R) is seen
as a subset of X(C). By [10], the map

X(pa) → J

is birational. Here X(pa) denotes the symmetric pa-fold product of X over R. Hence the
map

(X(C) \ S(C))pa → J(C);

(P1, . . . , Ppa) 7→ (

pa∑
i=1

Pi − paP0)

is surjective on a Zariski open subset of J(C). Therefore the image W of the map

V g → J(C), (Q1, . . . , Qpa) 7→
pa∑
i=1

(Qi − P0),

contains a dense open subset of J(C) for the complex topology. Thus W + W = J(C).
By Lemma 1.5, the image of the norm map Norm : J(C) → J(R), α 7→ α + ᾱ, is J(R)0.
So Norm(W ) + Norm(W ) = J(R)0, and M(X) ≤ 2pa. ut

In the local case, we give a better result (see Lemma 1.3).
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Theorem 2.4 Let X be a real curve and assume S is local. Then

M(X) ≤ 2g + deg(M).

Proof : Let β ∈ J(R) such that 2β = α. By Theorem 2.1 there exists an effective divisor
D ∈ Div(U) of degree d = 2g+deg(M) such that β = (D−dP0). Since deg(D−M) ≥ 2g,
the linear system |D−M| on X̃ is base point free. Consequently, since the supports of D
and M are disjoint, there exists a non constant rational function h ∈ H0(X̃, Õ(D−M))
such that

D ≥ div∞(h) ≥ Dr,

where div∞(h) denotes the pole divisor of h and Dr denotes the real part of D. Then
h2 ∈ H0(X̃, Õ(2D− 2M)) ⊆ H0(X̃, Õ(2D)) and also 1 + h2 ∈ H0(X̃, Õ(2D)). Moreover
we have:

1) div∞(1 + h2) ≥ (2D)r = 2Dr by Lemma 2.2 (i),

2) div0(1 + h2), the divisor of zeros of 1 + h2, is totally non-real by Lemma 2.2 (ii),

3) 1 + h2 is a unit in the local ring at the closed point of S by lemma 1.2, since
2M≤ div0(h

2),

4) div0(1 + h2) has support in U by 3).

Consequently, (2D) = (D′) with D′ = 2D + div(1 + h2) ∈ Div(U), and D′ is a totally
non-real effective divisor. Hence α = (D′ − 2dP0) and the proof is complete. ut

Remark 2.5 The proof of the previous theorem works also in the non local case and we
may show that M(X) ≤ 2g + sup{2δ, deg(M)} using Theorem 2.1.

3 Divisors with real supports on singular real curves

Some remarks on the finiteness of N .

We will see that N(X) is infinite if X has a non-real singularity.

Definitions and notation 3.1 We say that an intermediate curve X̃ → X ′ → X has
property (E) if no two non-real points (counted with multiplicity) of S×X X ′ lie over the
same point of S and no non-real point of S×X X ′ lies over a real point of S. If X ′

1 and X ′
2

have this property then so does X ′
1 ×X X ′

2. Therefore, there is the largest intermediate
curve X ′ having property (E); we call X ′ the partial real normalization of X. It may
be obtained from X̃ by glueing together the non-real points (counted with multiplicity) of
π−1(S) lying over each point of S. Let S ′ denote the singular locus of X ′ and U ′ = X ′\S ′.
Let J ′ denote the generalized Jacobian of X ′, it is an extension of J̃ by an algebraic group
scheme over R denoted by H ′.

We prove that N(X) and N(X ′) are related.
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Lemma 3.2 If N(X) is finite then so does N(X ′).

Proof : Fix P0 ∈ U , and suppose that the map

U(R)n → J(R); D 7→ (D − nP0)

is surjective. By [10, Th. 11], J is an extension of J ′ by an algebraic group scheme H ′′

over R, i.e we have an exact sequence

0 → H ′′(C) → J(C) → J ′(C) → 0.

Hence we get the following exact sequence of Galois cohomology groups

0 → H ′′(R) → J(R) → J ′(R) → H1(G, H ′′(C))

with G = Gal(C/R). Remark that the properties satisfied by X ′ imply that
H1(G, H ′′(C)) = 0 and the surjectivity of the map J(R) → J ′(R). Clearly there is
an injective map U(R)n → U ′(R)n. Moreover a rational function f ∈ R(X̃) which is a
unit in the local rings at the points of S is also a unit in the local rings at the points of
S ′. Hence we get a commutative diagramm

U ′(R)n → J ′(R)
↑ ↑

U(R)n → J(R)

and by the above remarks the top horizontal map is surjective. ut

Lemma 3.3 Let X be a real curve such that X(R) has only isolated singularities (i.e
X = X ′) and J(R) is not compact. Let P0 ∈ U(R). We cannot find an n ∈ N such that
for any α ∈ J(R), there exist P1, . . . , Pn ∈ X(R) such that α =

∑n
i=1(Pi − P0).

Proof : Assume that such an n exists. Then the map

U(R)n → J(R); D 7→ (D − nP0)

is surjective. It follows that J(R) is compact since U(R) is, hence a contradiction. ut

Following the proof of Scheiderer [12, Thm. 2.7], we may show that for curves such
that the real part of the generalized Jacobian is compact (e.g. Example 1.8), M(X) is
finite.

Lemma 3.4 Let X be a real curve such that J(R) is compact. Let P0 ∈ U(R). There
is a n ∈ N such that for any α ∈ J(R), there exist P1, . . . , Pn ∈ X(R) such that
α =

∑n
i=1(Pi − P0).

The previous results may be summarized in the next theorem.
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Theorem 3.5 Let X be a real curve. By classical results on linear algebraic groups we
have

H ′
C ' Ga′

m,C ×Gb′

a,C

and
H ′ ' Ga′1

m,R × (RC/RGm,C)a′2 × (R1
C/RGm,C)a′3 ×Gb′

a,R

with a′, b′, a′1, a
′
2, a

′
3 ∈ N satisfying a′ = a′1 + a′3 + 2a′2.

(i) If N(X) is finite then so does N(X ′).

(ii) N(X ′) is finite if and only if J ′(R) is compact if and only if H ′(R) is compact if and
only if a′1 = a′2 = b′ = 0.

(iii) If b′ + a′1 + a′2 > 0 then N(X) = N(X ′) = +∞.

Proof : We first prove that J ′(R) is compact if and only if H ′(R) is compact. If J ′(R)
is compact, then clearly H ′(R) is. Now assume that H ′(R) is compact. From the exact
sequence

0 → H ′(C) → J ′(C) → J̃(C) → 0

we get the following exact sequence of Galois cohomology groups

0 → H ′(R) → J ′(R) → J̃(R) → H1(G, H ′(C))

with G = Gal(C/R). Since H1(G, H ′(C)) is finite, the image K of J ′(R) in J̃(R) is an
open subgroup of J̃(R). So K is also closed and then compact. Then, the map J ′(R) → K
is a locally trivial fibre bundle with compact base space and with compact fibers. It follows
that J ′(R) is compact.

Statements (i) and (ii) are consequences of above results. As for statement (iii), if
b′ + a′1 + a′2 > 0, then at least one copy among Gm,R, RC/RGm,C, Ga,R is a direct factor
of H ′ and clearly H ′(R) cannot be compact. Hence J ′(R) is not compact and from
statements (i) and (ii), we get (iii). ut

Remarks 3.6 If X has “sufficiently” non-real singularities then b′ > 0 as it is shown in
[11, Ch. 5], and then N(X) is not finite. If H ′(C) is a torus then H ′(R) may be compact
(see Example 1.7).

The following theorem shows that we have to study the invariant N(X) when X has
only real singularities.

Theorem 3.7 Let X be a real curve and assume that X has at least a non-real singular
point. Then N(X) is +∞.

Proof : Under the hypotheses of the theorem, X ′ has also a non-real singular point. It
implies that X̃C = X̃×Spec R Spec C has a closed point P lying over a singular closed point
Q of X ′

C = X ′ ×Spec R Spec C such that the conjugate closed point P̄ of P lies over the
conjugate closed point Q̄ of Q and Q 6= Q̄. By a closer look at this situation, we see that

11



P and P̄ create a direct factor in H ′ which is not isomorphic to R1
C/RGm,C. Consequently,

H ′(R) is not compact and the proof is complete by Theorem 3.5. ut

The following theorem gives a stronger result than Theorem 3.7, since we calculate
explicitely the invariant a′3 of Theorem 3.7 in terms of topological invariants of X and S.
In particular, we say when the invariant N of the partial real normalization of a curve
is finite or not. It also allows us to give examples of curves with only real (isolated)
singularities for which N = +∞.

Theorem 3.8 Let X be a real curve. We use the notation of Theorem 3.5. We also
denote by yc (resp. ỹc) the number of non-real points of S (resp. π−1(S)), and by p′a the
arithmetic genus of X ′. Then

(i) a′3 = ỹc − yc.

(ii) N(X ′) is finite if and only if p′a − g = ỹc − yc if and only if p′a − g = ỹc.

(iii) N(X) = +∞ if ỹc − yc < p′a − g.

Proof : Let c denote the compact dimension of J ′(R) i.e the greatest integer c such that
J ′(R) admits a compact real Lie subgroup of dimension c. Let G = Gal(C/R) and denote
by X ′(C) the set of closed points of X ′

C. Then G acts naturally on X ′(C) and we denote
by X ′(C)/G the quotient of X ′(C) by the action of G. We define the following integers

s′ = dim H0(X ′(R), Z/2),

l′ = dim H1(X ′(R), Z/2),

u = dim H1(X ′(C)/G, Z/2).

Remark that s′ and l′ correspond respectively to the number of connected components and
the number of loops of X ′(R). Using an exponential exact sequence, GAGA-principles
and some classical comparison theorems, Huisman [7, Th. 6.3] has shown that

s′ + u = l′ + c. (1)

Now we have to calculate u in terms of l′, s′, g and ỹc, yc. Let j : X ′
et → X ′

b be the
morphism of sites introduced in [13]. Then the Leray spectral sequence for j∗,

Hp(X ′
b, R

qj∗Z/2) ⇒ Hp+q
et (X ′, Z/2)

(Hp+q
et (X ′, Z/2) is the (p + q)-th étale cohomology group) together with a comparison

theorem give the exact sequence (see [13, 20.3.1, p. 237] or [9, p. 275])

0 → H1(X ′(C)/G, Z/2) → H1
et(X

′, Z/2)
e→ H0(X ′(R), Z/2) → H2(X ′(C)/G, Z/2).

The map e is the evaluation map for étale cohomology classes at real points, and e is
surjective (see the proof of [9, Th. 3.6, p. 280]). Hence

u = dim H1
et(X

′, Z/2)− s′,

12



and since ([9, Prop. 3.1])

H1
et(X

′, Z/2) = (Z/2)g+(ỹc−yc)+l′ ,

we get
c = g + (ỹc − yc) (2)

from (1). With the notation of Theorem 3.5, the algebraic group J ′(R) of dimension p′a
has compact dimension g + a′3. From (2), we obtain the first statement of the theorem.
The other statements follow now from Theorem 3.5. Note that if p′a − g = ỹc − yc then
yc = 0, it gives another proof of Theorem 3.7. ut

We give some consequences of the previous theorem.

Corollary 3.9 Let X be a real curve such that X(R) has only isolated singularities (i.e
X = X ′). Then N(X) is finite if and only if the multiplicity δ of S in X is equal to ỹc.

Definitions 3.10 Let P ∈ X(R) be a singular point of X. As usual, we say that P is a
real node if nP = 1 and π−1(P ) = {P1, P2} with P1, P2 some real points of X̃ or π−1(P )
is a non-real closed point of X̃. In the second case, P is an isolated point of X(R). We
say that P is a real cusp if nP = 2 and π−1(P ) is a real point of X̃. Note that δP = 1 in
any of these cases by Lemma 1.3.

Corollary 3.11 Let X be a real curve such that the singularities of X are only real
isolated nodes. Then N(X) is finite.

Example 3.12 Consider the projective curve X defined by the affine equation y2 =
(x2 − 1)(x2 − 2)(x2 − 3)(x2 + 1)3. More precisely, X is the projective plane curve defined
by z10y2 = (x2−z2)(x2−2z2)(x2−3z2)(x2+z2)3 after smoothing the point at infinity. Then
X̃ is an hyperelliptic curve which is the smooth completion of the affine curve defined by
t2 = (x2−1)(x2−2)(x2−3)(x2 +1). By Hurwitz formula, we have g = 3. If SC denote the
base extension of S = Sing(X) to C, then SC consists of two conjugated cusps denoted
by P and P̄ . By Theorem 3.7, N(X) = +∞, but we would like to calculate H. Since the
singularities of X are non-real, we get X = X ′ and H = H ′. Moreover π−1(SC) = {Q, Q̄}
and we have M = 2(Q + Q̄) as a divisor on XC (π : X̃C = X̃ ×Spec R Spec C → XC is the
normalization map). Looking at the computation in [11] or [10], we have

HC = H ′
C = G2

a,C.

It follows that
H = H ′ = G2

a,R.

Example 3.13 Consider the projective curve X defined by the affine equation y2 =
(x2 + 1)2(x2 − 2)(x2 − 3) in the sense of the previous example. Then X is its own partial
real normalization. The singularities of XC consist of two conjugated nodes and Theorem
3.7 implies that N(X) = +∞. Using [11] or [10], we may show that HC = H ′

C = G2
m,C.

Over R, we get
H = H ′ = RC/RGm,C.
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4 The case of nodal curves with real nodes

In this section, we will prove the finiteness of N(X) for X a nodal curve with only real
nodes. Let us state the following result of Scheiderer [12, Thm. 2.7, Rem. 2.14]:

Theorem 4.1 Let X be a smooth real curve, T be a finite subset of X(R) and P0 ∈
X(R) \ T . There is an integer n ≥ 1 such that for any α ∈ J(R) there are n distinct
points P1, . . . , Pn ∈ X(R) \ T such that α =

∑
i[Pi − P0].

Notation 4.2 Let X be a real curve. For D =
∑

niPi ∈ Div(U), with ni positive,
and the sum taken over distinct closed points of U , we define Dodd =

∑
ni odd Pi and

DR = (Dr)odd. In particular, MR is the effective subdivisor of M =
∑

Q∈π−1(P ),P∈S nP Q
defined by

MR =
∑

Q∈π−1(P )∩X̃(R),P∈S, nP odd

Q.

First we try to find in a linear system a divisor with a big real part:

Theorem 4.3 There is an integer n ≥ 1 such that any invertible sheaf on X of degree
≥ n is isomorphic to an O(D), with D an effective divisor on U whose non-real part has
degree

≤


deg(M)− deg(MR)− 2 if M has a real point Q in its support,

appearing with an even multiplicity,
deg(M)− deg(MR) if not.

Proof : By Theorem 2.1, there is an integer n1 such that any divisor of degree d ≥ n1

is congruent in Pic(X) to an effective divisor on U . By Theorem 4.1, there is an integer
n2, such that any divisor of degree d ≥ n2 is congruent in Pic(X̃) to an effective divisor
whose support consists of d distinct real points in U(R).

Set n = sup{n1, n2 + deg(M)} and let D ∈ Div(U) be a divisor of degree d ≥ n. By
the above remarks, we may assume that D is effective and that there are d′ distinct
points P1, . . . , Pd′ ∈ U(R) such that [D − M] =

∑
i[Pi] with d′ = d − deg(M).

Hence, there exists a rational function f ∈ R(X) such that the divisor of zeros of f
is

∑m
i=1 Pi +M with 1 ≤ m ≤ d′ or M. Note that, if Pi is not a zero of f , then D−Pi is

effective. Since such an f ∈ H0(X̃, Õ(D −
∑n

i=m+1 Pi)) and D −
∑n

i=m+1 Pi is effective,

a + f ∈ H0(X̃, Õ(D −
∑n

i=m+1 Pi)) for any a ∈ R. Then, f considered as a function on

X̃(R), changes sign at P1, . . . , Pm and at any point in the support of MR. Choosing a
sufficiently small a ∈ R∗, a + f has at least m + deg(MR) real zeros. If M has in its
support a multiple real point of even order, a + f has two more real zeros for a choice of
the sign of a. Moreover, by Lemma 1.2, a + f is a unit in the local rings at the points
of S since M ≤ div0(f). Hence (D −

∑n
i=m+1 Pi) = (D′) with D′ ∈ Div(U) an effective

divisor whose non-real part has degree

≤


deg(M)− deg(MR)− 2 if M has a real point Q in its support,

appearing with an even multiplicity,
deg(M)− deg(MR) if not.
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Then (D) = (D′ +
∑n

i=m+1 Pi) and the proof is done. ut

The previous theorem may be generalized as follows.

Theorem 4.4 Let X be a real curve. Let Y be an intermediate curve X̃ → Y → X such
that N(Y ) is finite (e.g. we may take Y = X̃). We denote by MY the divisor on X̃
corresponding to X̃ → Y as defined for X̃ → X. There is an integer n ≥ 1 such that any
invertible sheaf on X of degree ≥ n is isomorphic to an O(D), with D an effective divisor
on U whose non-real part has degree

≤


deg(M)− deg(MY )− deg((M−MY )R)− 2 if M−MY has a real point Q

in its support, appearing
with an even multiplicity,

deg(M)− deg(MY )− deg((M−MY )R) if not.

Proof : We proceed analogously as in the proof of Theorem 4.3 replacing X̃ by Y . We
have just to explain why there is an integer n2 such that any divisor of degree d ≥ n2

on Y \ Sing(Y ) is congruent in Pic(Y ) to an effective divisor whose support consists of
d distinct real points in Y (R) \ Sing(Y )(R). This is a consequence of the finiteness of
N(Y ) using an argument similar to [12, Thm. 2.7, Rem. 2.14]. ut

The previous theorem proves the finiteness of N(X) for curves such that N(X ′) is finite
(it is a necessary condition) and such thatMR = M−MX′

orMR+2P = M−MX′
with

P a real point (remark that MX′

R = 0). In particular, it implies the following theorem.

Theorem 4.5 Let X be a real curve such that the singularities of X are only real nodes
(maybe isolated) and at most one real cusp. Then N(X) is finite.

Some effective results

Notation 4.6 In the remainder of this section we will use the invariant e defined by

e =

{
1
2
(g − s) if g − s even.

1
2
(g − s + 1) if g − s odd.

We will always denote by C1, . . . , Cs the connected components of X̃(R). Let
D ∈ Div(U), and denote by degCi

(D) the degree of the restriction of D to Ci. The
parity of the integer degCi

(D) does not depend on the class of D in Pic(X̃) [4]. We will
write γ(D) for the number of connected components C of X̃(R) such that degC(D) is
odd.

Rational curves

We will give an effective version of Theorem 4.3.
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Proposition 4.7 Let X be a singular real curve of genus g = 0. Set

n =

{
deg(M) if S is local,
2δ = 2pa if not.

Any invertible sheaf on X of degree ≥ n is isomorphic to an O(D), with D an effective
divisor on U whose non-real part has degree

≤


deg(M)− deg(MR)− 2 if M has a real point Q in its support,

appearing with an even multiplicity,
deg(M)− deg(MR) if not.

Proof : Looking at the proof of Theorem 4.3, we have n = sup{n1, n2+deg(M)}. Clearly
we may take n2 = 0 and the integer n1 is given by Proposition 2.1. ut

We draw some immediate and nice consequences of Proposition 4.7.

Corollary 4.8 Let X be a real curve of genus g = 0 such that MR = M or MR + 2P =
M with P a real point. Then, in general N(X) ≤ 2δ = 2pa. Moreover, if S is local, then
N(X) ≤ deg(M).

Theorem 4.9 Let X be a singular real curve of genus g = 0. Suppose the singularities
of X are r non isolated real nodes and ν real cusps, with ν ∈ {0, 1}. Then

N(X) ≤ 2r + 2ν = 2pa.

Remarks 4.10 If X is the curve of Example 1.7, the previous theorem implies that
N(X) ≤ 2. If X is the curve of Example 1.8, Theorem 3.5 says that N(X) is finite, but
the method described in this paragraph does not give an upper bound on N(X). Anyway,
we will treat this example differently in the next section.

Curves with g > 0

For curves with positive genus, we need the following proposition in order to give an upper
bound on the integer n2 appearing in the proof of Theorem 4.3.

Proposition 4.11 Assume g ≥ 1. Let D be a divisor of degree d ≥ 2g whose support is
contained in U . Then [D] = [D′] with D′ an effective divisor with support in U such that
D′ is smooth (i.e. D′ = P1 + . . . + Pk and the points P1, . . . , Pk are distinct from each
other) and such that the non-real part of D has degree ≤ 2e.

Proof : Let D be a divisor of degree d ≥ 2g with support in U . Looking at the
proof of [8, Th. 3.3], we may choose P1, . . . Pd−g suitable real points in U(R) such that

γ(D−
∑d−g

i=1 Pi) = g−2e. Using Riemann-Roch on X̃, it follows that [D−
∑d−g

i=1 Pi] = [D′′],
with D′′ an effective divisor on X̃ such the non-real part of D′′ has degree ≤ 2e. Moreover,
we may replace any Pi by any closed point in the same connected component of X̃(R).
Hence dim |D| = d − g and by the above remark A = {D′ =

∑d−g
i=1 Pi + D′′ ∈ |D| | Pi ∈
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U(R), γ(D′′) = g − 2e} ⊆ |D| has also dimension d − g. Since |D| is base point free,
using Bertini’s Theorem, there exists D′ ∈ A with support in U such that D′ is smooth.

ut

For smooth curves having many real components, we get an effective version of
Theorem 4.1.

Corollary 4.12 Let X be a smooth real curve having many real components. Let T be a
finite subset of X(R) and P0 ∈ X(R) \ T . For any α ∈ J(R) there are 2g distinct points
P1, . . . , P2g ∈ X(R) \ T such that α =

∑
i[Pi − P0].

The previous results allow us to prove the analogue of Proposition 4.7 for curves with
positive genus. Note that the result remains valid if the curve is smooth.

Proposition 4.13 Let X be a real curve with genus g ≥ 1. Set

n =

{
2g + deg(M) if S is local,
2g + 2δ = 2pa if not.

Any invertible sheaf on X of degree ≥ n is isomorphic to an O(D), with D an effective
divisor on U whose non-real part has degree

≤


deg(M)− deg(MR) + 2e− 2 if M has a real point Q in its support,

appearing with an even multiplicity,
deg(M)− deg(MR) + 2e if not.

Proof : We repeat the proof of Theorem 4.3 using Proposition 4.11. ut

We give some immediate consequences of the previous proposition.

Corollary 4.14 Let X be a real curve with genus g ≥ 1. We assume that X̃ has many
real components, and that MR = M or MR + 2P = M with P a real point. Then, in
general N(X) ≤ 2g + 2δ = 2pa. Moreover, if S is local, then N(X) ≤ 2g + deg(M).

Theorem 4.15 Let X be a real curve of geometric genus g ≥ 1. We assume that X̃ has
many real components. Assume that the singularities of X are r non isolated real nodes
and ν real cusps, with ν ∈ {0, 1}. Then

N(X) ≤ 2g + 2r + 2ν = 2pa.

Example 4.16 Consider the projective curve X defined by the affine equation y2 =
x3

∏9
k=1(x−k)(x−10)2 in the sense of Example 3.12. The normalization X̃ is the smooth

completion of the affine plane curve defined by t2 =
∏9

k=0(x − k). Then g = 4 and X̃ is
an M -curve. With the notation of the previous theorem, we have r = 1 and ν = 1. Hence
N(X) ≤ 12.
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5 Curves with many loops

The previous results depend on the structure of M. In the sequel we will have a different
approach and try to give results only in terms of the invariants g, l and δ.

Notation 5.1 We will always denote by L1, . . . , Ll the loops of X(R). Let D ∈ Div(U),
and denote by degLi

(D) the degree of the restriction of D to Li. The parity of the integer
degLi

(D) does not depend on the class of D in Pic(X) (Lemma 1.4). We will write λ(D)
for the number of loops L of X(R) such that degL(D) is odd.

We prove the analogue of the Harnack inequality for singular curve.

Proposition 5.2 Let X be a real curve. Then

l ≤ g + 1 + δ = pa + 1.

Proof : Assume l ≥ pa + 2.
Let P ∈ U(R) and denote by D the divisor (2pa + 2)P . Let P0 ∈ U(R) and consider

the subset A of J(R) defined by

A = {(D −
pa+2∑
i=1

Pi − paP0)| Pi ∈ Li ∩ U(R) for i = 1, . . . , pa + 2}.

Clearly A has dimension pa and since the map

ϕpa,P0 : Divpa(U) → J(R); D1 7→ (D1 − paP0)

is surjective on a Zariski open subset of J(R) (Theorem 2.1), we get that A intersects
the image of ϕpa,P0 . So, there exist P1, . . . , Ppa+2 ∈ U(R) with Pi ∈ Li, and an effective
divisor D1 whose support is contained in U such that (D−

∑pa+2
i=1 Pi) = (D1). By Lemma

1.4, λ(D1) = λ(D −
∑pa+2

i=1 Pi) = pa + 2. This is impossible since the degree of D1 is pa.
ut

Remark 5.3 If the curve X is smooth, the statement of the previous proposition becomes
the Harnack inequality.

Definition 5.4 Let X be a real curve. We say that X has many loops if l ≥ pa.

Notation 5.5 In the remainder of this paragraph, we will use the invariant e′ defined by

e′ =

{
1
2
(pa − l) if pa − l is even,

1
2
(pa − l + 1) if pa − l is odd .

The following theorem is the analogue of Proposition 4.13, but here the number of
non-real points is bounded in terms of e′.
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Theorem 5.6 Let X be a real curve. Any invertible sheaf on X of degree ≥ 2pa is
isomorphic to an O(D), with D an effective divisor on U whose non-real part has degree
≤ 2e′.

Proof : Let D ∈ Div(U) be a divisor of degree 2pa. If pa ≥ l, then choose
P1, . . . , Ppa−l+1 ∈ U(R) and set D′ = D −

∑pa−l+1
i=1 Pi. If not, X has pa + 1 loops

(Proposition 5.2) and set D′ = D.
Claim: There is a totally real effective divisor D′′ on U of degree l − 1 such that

λ(D′ −D′′) = pa − 2e′.
The proof of the claim depends on the parity of pa − l.
First, assume that pa − l is odd. Then deg(D′) = pa + l − 1 is even and so does

λ(D′). If λ(D′) 6= l, then we choose a loop Li of X(R) such that degLi
(D′) is even.

(l − λ(D′) − 1) + 2k = l − 1 for some k ∈ N. l − λ(D′) corresponds to the number of
loops L of X(R) where degL(D′) is even. Hence we take for D′′ a divisor that cuts out
schematically a point of U on the loops Lj 6= Li where degLj

(D′) is even, and a point
with multiplicity 2k on Li ∩ U(R). If λ(D′) = l, we take D′′ = (l − 1)P with P ∈ U(R).
In both cases, λ(D′ −D′′) = l − 1 = pa − 2e′.

Second, assume that pa − l is even. Then deg(D′) is odd and λ(D′) ≥ 1 is odd. We
have l − 1 = (l − λ(D′)) + 2k for some k ∈ N, and again l − λ(D′) corresponds to the
number of loops L of X(R) where degL(D′) is even. For D′′, we take the sum of any real
point of U with multiplicity 2k, with a divisor whose support consists of a unique point
of U in each loop L of X(R) where degL(D′) is even. We get λ(D′ −D′′) = l = pa − 2e′.
This ends the proof of the claim.

Let P0 ∈ U(R). From the previous construction, we may find P1, . . . , Ppa ∈ U(R) such
that λ(D −

∑pa

i=1 Pi) = pa − 2e′. Moreover, we do not have any conditions for the choice
of pa− l +1 points among the Pi and each of the other Pi may move in the intersection of
U(R) with a loop of X(R). Consequently, if we consider the subset A of J(R) defined by

A = {(D −
pa∑
i=1

Pi − paP0)|P1, . . . , Ppa ∈ U(R) s.t. λ(D −
pa∑
i=1

Pi) ≥ pa − 2e′},

A intersects any Zariski open subset of J(R). By Theorem 2.1, the map

ϕpa,P0 : Divpa(U) → J(R); D1 7→ (D1 − paP0)

is surjective on a Zariski open subset of J(R). So there exist P1, . . . , Ppa ∈ U(R)
such that λ(D −

∑pa

i=1 Pi) = pa − 2e′ and an effective divisor D1 ∈ Div(U) such that
(D1) = (D −

∑pa

i=1 Pi). Since (D −
∑pa

i=1 Pi) = (D1), then λ(D1) = pa − 2e′ (Lemma 1.4)
and the proof is done. ut

If g = 0 and S is real local, we may improve the result of Theorem 5.6.

Proposition 5.7 Let X be a real curve with g = 0 such that S is real local and
OP = R + cP at the real point of S. Any invertible sheaf on X of degree ≥ δ = pa

is isomorphic to an O(D) with D an effective divisor on U whose non-real part has degree
≤ 2e′.
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Proof : Under these hypotheses, by Theorem 2.1 (iii), the map

ϕδ,P0 : Divδ(U) → J(R); D1 7→ (D1 − δP0)

is surjective. The result follows by the method used in the proof of Theorem 5.6. ut

In [8], an upper bound was given on N(X) for smooth curves having many real
components. We establish now the same kind of statement in the singular case for curves
with many loops.

Theorem 5.8 Let X be a real curve having many loops. Then

N(X) ≤


pa if g = 0, S is real local, and

OP = R + cP at the real point of S,
2pa if not.

We give some consequences of the previous results that cannot be established by
Theorem 4.3 or Theorem 4.15.

Theorem 5.9 Let X be a real curve. We assume that X̃ is an M-curve. Suppose that
the singularities of X are r non isolated real nodes and one real isolated node. Then

N(X) ≤ 2g + 2r + 2 = 2pa.

Proof : Under the hypotheses of the theorem, we have l = g + 1 + r and pa = g + r + 1.
Then X has many loops and the result follows from Theorem 5.8. ut

Remark 5.10 Let X be a real curve such that X̃ is an (M − 1)-curve and X has only a
real cusp as singularity. Theorem 4.15 gives an upper bound on N(X), but Theorem 5.8
does not, since X is not a curve with many loops.

Example 5.11 Consider the projective curve X defined by the affine equation y2 =
x2(x2 − 1)(x − 2)(x − 3)(x − 4)2 in the sense of Example 3.12. The normalization X̃ is
the smooth completion of the affine plane curve defined by t2 = (x2 − 1)(x − 2)(x − 3).
We have g = 1, pa = 3, l = 3 and X̃ is an M -curve. Hence N(X) ≤ 6.

Proposition 5.12 Let X be a real curve with g = 0 such that S is real local, δ = 1 and
OP = R + cP at the real closed point P of S. Then N(X) = 1.

Remarks 5.13 If X is the curve of Example 1.7, the previous proposition proves that
N(X) = 1. We improve the bound given in the previous section.

If X is the curve of Example 1.8, we are now able to give an upper bound on N(X).
We have N(X) = 1.

The same result holds if X is the cuspidal plane curve zy2 = x3.
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6 Lower bounds for N and M .

This section is devoted to the problem of finding lower bounds for N and M . We prove
that we may use the lower bounds obtained in [8] for N(X̃) and M(X̃).

Proposition 6.1 Let X be a real curve with pa ≥ 2. Then N(X) ≥ pa + 1.

Proof : Consider an effective divisor D on U of degree pa with nonzero non-real part. By
Riemann-Roch for singular curves [11, Th. 1], if we choose D sufficiently general, then
`(D) = 1. Hence O(D) is not isomorphic to O(D′), with D′ a totally real effective divisor.

ut
Proposition 6.2 Let X be a real curve with g ≥ 2. Assume that X̃ has a complete and
special gr

d i.e a complete and special linear system of degree d and dimension r (see [5] for
a definition of a special linear system), with d ≤ g − 1 and r ≥ 1. Then

N(X) > 2g − d.

Proof : By [8, Prop. 6.1], we have N(X̃) > 2g − d. It means that there is an effective
divisor on X̃ of degree 2g − d such that D is not linearly equivalent to a totally real
effective divisor. Looking at the proof of Proposition 6.1 [8], we see that we may take
D ∈ Div(U). Clearly D cannot be congruent in Pic(X) to a totally real effective divisor.

ut

From [8, Section 5.3] and Proposition 6.2, we obtain:

Corollary 6.3 Let X be a real curve with g ≥ 2. If θ ⊆ J̃(C) has a real singularity, then

N(X) ≥ g + 2.

If X̃ is hyperelliptic, by [8, Lem. 4.2] X̃ has a a g1
2 and we may state the following

result:

Corollary 6.4 Let X be a real curve with g ≥ 2 such that X̃ is hyperelliptic. Then

N(X) ≥ 2g − 1.

Example 6.5 Consider the projective curve X defined by the affine equation y2 =∏9
k=0(x − k)(x − 10)2 in the sense of Example 3.12. We have g = 4 and we know

that N(X) ≤ 10 by Theorem 5.9. Using the previous corollary, we obtain N(X) ≥ 7. By
Proposition 6.1, we could only obtain N(X) ≥ 5.

For M(X), we get following result:

Proposition 6.6 Let X be a real curve with g ≥ 2. Then

M(X) ≥ g.

Proof : By [8, Prop. 2.6], we know that M(X̃) ≥ g. It means that there is an effective
divisor on X̃ of degree 2g− 2 such that D has even degree on each connected component
of X̃(R), and such that D is not linearly equivalent to a totally non-real effective divisor.
Looking at the proof of Proposition 2.6 [8], we see that we may take D ∈ Div(U) with
D having even degree on each loop of X(R). Clearly O(D) is not isomorphic to a totally
non-real effective Cartier divisor whose support is contained in U . ut
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