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Abstract. Given an affine algebraic variety V over R with compact set V (R)
of real points, and a non-negative polynomial function f ∈ R[V ] with finitely
many real zeros, we establish a local-global criterion for f to be a sum of

squares in R[V ]. We then specialize to the case where V is a curve. The
notion of virtual compactness is introduced, and it is shown that in the local-

global principle, compactness of V (R) can be relaxed to virtual compactness.

The irreducible curves are classified on which every non-negative polynomial
is a sum of squares. All results are extended to the more general framework

of preorders. Moreover, applications to the K-moment problem from analysis

are given. In particular, Schmüdgen’s solution of the K-moment problem for
compact K is extended, for dim(K) = 1, to the case when K is only virtually

compact.

Introduction

Let V be an affine algebraic variety over the field R of real numbers, and let R[V ]
denote its coordinate ring (alias ring of regular functions). We consider elements
f ∈ R[V ] which are positive semidefinite (psd), i.e. take non-negative values on
the set V (R) of real points of V , and ask when such f can be written as a sum of
squares (sos) in R[V ].

The same basic question was studied in [15] already, and so the present paper is
a sequel to [15]. However, the methods used here are new, and they complement
our previous ones. In [15], the case which proved to be most elusive was when V (R)
is compact. (See in particular Problems 2 and 3 on p. 1067.) It is precisely this case
on which we now focus our attention, and for which we develop new tools. One very
particular application is the (affirmative) solution to Problem 2. Also, an extension
of the present methods will lead to a solution of Problem 3 (concerning algebraic
surfaces), see the forthcoming article [17]. However, it must be emphasized that
the compact case is by no means the only one to which our new methods apply.

As the title indicates, the primary case studied here is algebraic curves. Never-
theless, the first part of the paper applies to algebraic varieties of arbitrary dimen-
sion. The principal tool is introduced in Sect. 2 and must be seen as an extension
of Schmüdgen’s Positivstellensatz [18]. Recall that (one version of) this theorem
asserts that when V (R) is compact, every f ∈ R[V ] which is strictly positive on
V (R) is a sum of squares. We extend this to a result where f is only required to be
non-negative, i.e. is allowed to have real zeros. Namely, for such f to be a sum of
squares on V it suffices that f is a sum of squares ‘in’ a certain infinitesimal neigh-
borhood of its real zero locus (Theorem 2.11). This result becomes particularly
attractive when f has isolated real zeros. Then it translates into a perfect local-
global principle: f is a sum of squares in R[V ] if and only if it is a sum of squares
in the completed local ring at each of its (finitely many) real zeros (Corollary 2.16).
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Sums of squares can be seen as a particular case of the important notion of pre-
orders. Much like in quadratic form theory, where the unit quadratic form x2 is just
the most basic example of a Pfister form, is the set of sums of squares in a ring the
most basic example of a (finitely generated) preorder. Preorders play a central role
in the various real Stellensätze, which describe the polynomials which are (strictly
or non-strictly) positive on a set of the form {g1 ≥ 0, . . . , gr ≥ 0}. Preorders have
also applications outside real algebra, for example to moment problems in analysis
(see [12] and further below).

The preorder version of Schmüdgen’s Positivstellensatz says that a finitely gener-
ated preorder T in R[x1, . . . , xn] whose associated set K ⊂ Rn is compact contains
every polynomial f which is > 0 on K. Similarly to what was said before about
sums of squares, we obtain generalizations of this result where f is allowed to have
zeros in K. In particular, if f has finitely many zeros in K, we get a local-global
criterion for membership in T , vis-à-vis the completed local rings at the zeros of f
in K (Corollary 3.17).

The general results described so far form the contents of Sections 2 (sums of
squares) and 3 (preorders). We actually develop them in a broader and more ab-
stract context, in which we work over general rings A and use the language of
the real spectrum. The compactness conditions get replaced by the condition that
the preorder in question is archimedean. In Section 2, this preorder is ΣA2, and
we disguise the archimedean condition in the form of two conditions (TA) and
(TP ), which express directly the properties we work with. In the next section, a
short introduction to archimedean preorders and the central results around them
is given (notably the ‘Stone-Krivine-Kadison-Dubois’ Representation Theorem and
Wörmann’s theorem), before we generalize the main results of Section 2 to pre-
orders.

For the benefit of those readers who are only interested in the ‘geometric’ (semi-
algebraic) cases, we restate the central results explicitly in the semi-algebraic lan-
guage. We would like to point out, however, that there are cases other than real
algebraic varieties to which our methods can be successfully applied, for example
curves over number fields. Theorem 3.19 is one example, but more can be done.

The second part (Sections 4–6) of the paper specializes to real algebraic curves.
We not only solve Problem 2 from [15], and thus complete the discussion of sums
of squares on non-singular curves started in loc. cit., but also give a fairly complete
treatment of the case of arbitrary singular (even non-reduced) curves. The inclusion
of non-reduced cases may seem superficial, but is needed for the corresponding
results on preorders, even in reduced situations.

Let C be an affine algebraic curve over R. For all our results on curves, the
points of C at infinity play a key role. For simplicity, let us assume that C is
irreducible. If at least one point of C at infinity is non-real, then C can be obtained
from a larger affine curve C ′ with C ′(R) compact by removing finitely many closed
points. On the other hand, if all points of C at infinity are real, this is not possible
(4.8). We therefore say that C(R) is virtually compact if C has at least one non-real
point at infinity. Suitably modified, the notion of virtual compactness generalizes
to arbitrary closed semi-algebraic subsets K of C(R) (5.1). The moral is, roughly,
that for sums of squares (or, more generally, preorder) matters on curves, virtual
compactness is as good as compactness itself. More concretely, we extend the local-
global criterion for being a sum of squares (resp., for membership in a finitely
generated preorder T ) from the compact to the virtually compact case (Theorem
4.9 resp. Theorem 5.5). Thus, in the virtually compact case, checking membership
in T reduces to checking a finite number of local conditions, which (at least in
principle) can be decided algorithmically in a finite number of steps.
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Combining this local-global principle with results on sums of squares in local
rings obtained previosuly [16], we are able to give the complete list of irreducible
curves C on which ‘psd = sos’ holds, i.e. every non-negative polynomial is a sum
of squares (Theorem 4.17). Namely, apart from non-singular rational curves and
curves without real points, these are precisely the reduced curves for which C(R) is
virtually compact and C has no real singularities except ordinary multiple points.

The generalization of the comparison between sums of squares and psd polyno-
mials to preorders is the comparison between a preorder and its saturation. Given
a finitely generated preorder T in R[C], let K be the closed subset of C(R) asso-
ciated with T . The preorder T is called saturated if it contains every f which is
non-negative on K. For example, the preorder of sums of squares is saturated iff
psd = sos holds. Under the condition that K is virtually compact, we obtain a
local-global principle for T to be saturated (Theorem 5.15). On the other hand,
we turn things around and fix a closed semi-algebraic set K of dimension one. We
ask: Under which conditions on K is it true that the preorder of all polynomials
which are non-negative on K is finitely generated? If K is virtually compact, we
establish a local-global principle for this to be the case (Theorem 5.21).

In both local-global principles, we get a finite number of concretely verifiable
conditions, corresponding to the points in K which are either boundary or singular
points. We illustrate our general results by explicit examples, and study the most
basic real singularities (double points and cusps) in some detail. This already
reveals some surprising phenomena.

In the final Section 6, we apply some of our curves results to the moment problem
from analysis. The most important result is the extension of Schmüdgen’s solution
of the K-moment problem for dim(K) = 1 from the compact case to the virtually
compact case (Theorem 6.3). It is in fact an immediate corollary to the local-global
criterion 5.5. On the other hand, we produce, in the spirit of [12], a large class of
new examples of one-dimensional closed (singular) sets K whose moment problem
is not finitely solvable.

We remark that this paper contains proofs to almost all assertions that were
used without proof in [12]. See 6.1 for the details.

1. Notation and preliminaries

This section contains a brief review of some basic notions from real algebra, and
it introduces notation that is used throughout the paper. In particular, preorders,
their associated closed sets, and their saturations are discussed.

1.1. All rings are commutative and have a unit. If A is a ring, an element a ∈ A
will be called regular if it is not a zero divisor in A. The total ring of quotients of
A is Quot(A) = AS , the localization of A with respect to the multiplicative system
S of regular elements of A. If A is a local ring, Â denotes the completion of A with
respect to the m-adic topology, where m is the maximal ideal of A.

It will be convenient to employ the language of schemes for speaking about
algebraic varieties, since we sometimes have to deal with non-reduced structures.
We use standard terminology (as in [6], for example). The local ring of a scheme
X at a point x is OX,x. If k is a field and X is a k-scheme, we often write
k[X] for the ring of global sections of OX . For any k-algebra E we put X(E) :=
Homk(SpecE,X), the set of E-valued points of X.

1.2. We briefly recall a few basic notions of real algebra, and refer to the literature
(in particular, [4], [8], [13]) for more details. Let A be a ring. The real spectrum
of A, denoted SperA, is the set consisting of all pairs α = (p, ω) where p ∈ SpecA
and ω is an ordering of the residue field of p. The prime ideal p is called the support
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of α, written p = supp(α). A prime ideal is called real if it supports an element of
SperA, i.e., if its residue field can be ordered.

For f ∈ A, the notation ‘f(α) ≥ 0’ (resp., ‘f(α) > 0’) indicates that the residue
class f mod p is non-negative (resp., positive) with respect to ω. The Harrison
topology on SperA is defined by taking the sets {α : f(α) > 0} (for f ∈ A) as a
subbasis of open sets. The support map SperA→ SpecA is continuous.

Given α, β ∈ SperA, one says that β is a specialization of α, or α is a general-
ization of β, if β ∈ {α}.

An element f ∈ A is said to be positive semidefinite, or psd, for short, if f(α) ≥ 0
for every α ∈ SperA. We write A+ for the set of all psd elements of A. An element
f ∈ A is said to be a sum of squares (or sos, for short), if it is a sum of squares
of elements of A. The set of sums of squares in A is written ΣA2. One always
has ΣA2 ⊂ A+, and the comparison between the two sets is a central issue in this
paper. For brevity we will say that psd = sos holds in A if A+ = ΣA2, i.e. if every
psd element in A is a sum of squares.

An element f ∈ A is called totally positive if f(α) > 0 for every α ∈ SperA.
By the Nichtnegativstellensatz, f is psd iff there exists an identity fs = f2m + t
with m ≥ 0 and s, t ∈ ΣA2. By the Positivstellensatz, f is totally positive iff there
exists an identity fs = 1 + t with s, t ∈ ΣA2.

Given an ideal I of A, the real radical of I, denoted re
√
I, is defined as the

intersection of all real prime ideals of A which contain I. The real nilradical of A
is re

√
(0). The weak real Nullstellensatz says

re√
(0) = {a ∈ A : − a2m ∈ ΣA2 for some m ≥ 1}.

1.3. Assume that A is a finitely generated algebra over a real closed field R, and
write V = SpecA. We consider the set V (R) as a subset (and, in fact, a topological
subspace) of SperA. The Artin-Lang density property implies that the map K 7→
K ∩ V (R) is a bijection between the constructible subsets K of SperA and the
semi-algebraic subsets S of V (R). The inverse map is traditionally denoted S 7→ S̃.

The topology on V (R) induced by the inclusion V (R) ⊂ SperA is the usual
semi-algebraic topology. See the references, in particular [4], for more about semi-
algebraic geometry. If needed, we can get a closed embedding of V in affine n-space
An by choosing a system x1, . . . , xn of generators of the R-algebra A. A semi-
algebraic subset S of V (R) is called semi-algebraically compact if its image in Rn

is closed and bounded. An equivalent condition is that every closed point of S̃ is
archimedean over R. In particular, this property does not depend on the choice of
the embedding V ↪→ An. If R = R, semi-algebraic compactness is equivalent to
ordinary compactness.

Given a closed pointM of V , its residue field is either R or R(
√
−1). Accordingly,

we call M a real point or a non-real point.

1.4. A subset T of A is called a preorder of A if T + T ⊂ T , TT ⊂ T and a2 ∈ T
for every a ∈ A. (We are allowing T = A.) Every preorder of A contains ΣA2,
the preorder of all sums of squares of A. Any intersection of preorders is again a
preorder. Therefore it is clear what is meant by the preorder generated by a subset
M of A. It is denoted by PO(M) or POA(M), and consists of all finite sums of
products

a2f1 · · · fr

with a ∈ A, r ≥ 0 and f1, . . . , fr ∈ M . If M = {f1, . . . , fm} is finite, one also
writes PO(f1, . . . , fm) := PO(M). A preorder is called finitely generated if it can
be generated by finitely many elements.

Although preorders play a role in real algebra which is in some ways similar to
the role played by ideals in commutative algebra, the reader should be aware that
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preorders are generally much harder to understand. For example, it is almost never
true that subpreorders of finitely generated preorders are again finitely generated.

1.5. Associated with the preorder T (or with any subset T of A) is the closed subset

XT := XT (A) := {α ∈ SperA : f(α) ≥ 0 for every f ∈ T}
of SperA. If one thinks of the elements of SperA as prime cones in A, then XT

is the set of prime cones which contain T . We have XT = ∅ ⇔ −1 ∈ T . If T =
PO(f1, . . . , fm) is finitely generated, then XT = {α : f1(α) ≥ 0, . . . , fm(α) ≥ 0} is
a constructible subset of SperA.

In the geometric situation we use the following notation. Let R be a real closed
field, A a finitely generated R-algebra and V = SpecA. If T is a preorder in
A = R[V ], we write

S(T ) :=
⋂

f∈T

{M ∈ V (R) : f(M) ≥ 0} = V (R) ∩ XT

for the ‘trace’ of XT ⊂ SperR[V ] = Ṽ (R) in V (R). This is a closed subset of V (R),
which is semi-algebraic if T is finitely generated.

1.6. Let T be a preorder of A. The saturation of T is the preorder
Sat(T ) := {f ∈ A : f ≥ 0 on XT }

of A. We have T ⊂ Sat(T ) tautologically, and T is called saturated if equality holds.
For example, Sat(ΣA2) = A+.

With every subset Z of SperA we can associate a saturated preorder of A, namely

P(Z) := {a ∈ A : a ≥ 0 on Z}.
We remark that the operators P and X set up a Galois correspondence between the
subsets of SperA and the subsets of A, the closed objects of which are the pro-basic
closed subsets of SperA on one side and the saturated preorders of A on the other.

2. Basic tools: Sums of squares

The results in this section form the basis for all later results in this paper.
They are basically extensions of Schmüdgen’s Positivstellensatz, whose object are
strictly positive functions, to non-negative functions (which may have real zeros).
The most important applications are to algebraic and semi-algebraic sets over the
real numbers R. But there exist interesting and non-trivial applications to other
situations as well, e.g. over number fields.

Therefore we believe that it is desirable to develop these basic tools in a general
and more abstract setup. In this section we study sums of squares in a ring A.
Everything depends on two abstract conditions on A (2.1 below). In the next
section we generalize to preorders, and identify the two conditions as saying that
the preorder ΣA2 is archimedean.

2.1. For a ring A we consider the following two properties:
(TA) Every closed point of SperA is an archimedean order of its residue field.
(TP ) Every totally positive element of A is a sum of squares in A.

Remarks 2.2.
1. Rings satisfying (TA) have been called totally archimedean ([1] VI.6). Condi-

tion (TA) is equivalent to the condition that the image of the canonical (injective)
map

Hom(A,R) → SperA
(Hom := Homrings) is (SperA)max, the set of closed points of SperA. Since
(SperA)max is always a compact (Hausdorff) space in the Harrison topology of
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SperA ([8] p. 126, [13] p. 107), (TA) implies that Hom(A,R) is, via its natural
embedding into

∏
A R, a compact topological space.

2. In this section we will directly work with conditions (TA) and (TP ). In the
next section it will be shown that the conjunction of (TA) and (TP ) is equivalent
to the condition that the preorder ΣA2 of A is archimedean, provided there exists
an integer n > 1 with 1

n ∈ A (Corollary 3.5).

Examples 2.3.

1. Let A be a finitely generated R-algebra and V = SpecA. If the space V (R)
of its R-points is compact, then A satisfies conditions (TA) and (TP ). Indeed,
(TA) is clear, and (TP ) is a formulation of Schmüdgen’s Positivstellensatz [18].
The same is true if R is replaced by a real closed subfield of R (and compactness by
semi-algebraic compactness). Both (TA) and (TP ) fail in general over real closed
base fields which are not archimedean.

2. Let A be a finitely generated algebra over Q or over Z[ 12 ], and write V =
SpecA. Then (TA) and (TP ) hold for A if (and only if) the space V (R) is compact.
This is proved in the next section (Corollary 3.8).

3. Let A be a ring with 1
2 ∈ A which satisfies (TA) and (TP ), and let B be a

finitely generated A-algebra. If the fibres of SperB → SperA are semi-algebraically
compact (or equivalently, if HomR(B⊗A,ϕR,R) is compact for every ring homomor-
phism ϕ : A → R), then B satisfies (TA) and (TP ) as well. Again, this is proved
in the next section (Corollary 3.7).

For example, the compactness condition is satisfied if the A-algebra B is finite.

4. IfX is a compact real analytic space, then its ring A = O(X) of global analytic
functions satisfies condition (TA) ([1] VIII.5). Condition (TP ) holds trivially.

Notation 2.4. In the sequel, if A is a ring and f ∈ A, we write

Z(f) := {α ∈ SperA : f(α) = 0}

for the zero set of f in SperA. This is a closed subset of SperA.

Proposition 2.5. Let A be a ring satisfying (TA) and (TP ), and let f ∈ A be a
psd element. Assume that there is an identity f = s + bt where s, t are sums of
squares in A, and b ∈ A is such that b > 0 on Z(f). Then f is a sum of squares
in A.

Note that Schmüdgen’s theorem, or rather its abstract form (TP ) (see 2.3.1),
corresponds to the case Z(f) = ∅, and is included by setting s = 0, t = 1 and
b = f .

We first need a lemma from point set topology. Let 〈x, y〉 =
∑

i xiyi be the
Euclidean inner product on Rn, and let ‖x‖ be the associated Euclidean norm.

Lemma 2.6. Let T be a normal (T4) topological space, and let a, b : T → R and
u = (u1, . . . , un) : T → Rn be continuous maps. Assume that a(x) ≥ 0 for all x ∈ T ,
and that for every x ∈ T there exists y ∈ Rn with

a(x) · ‖y‖2 +
〈
u(x), y

〉
< b(x). (1)

Then (1) can be solved continuously in x, i.e., there is a continuous map ϕ : T → Rn

such that

a(x) · ‖ϕ(x)‖2 +
〈
u(x), ϕ(x)

〉
< b(x) (2)

holds for every x ∈ T .
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Proof. First we construct such a map on T0 := {x ∈ T : a(x) = 0}. Hypothesis (1)
implies b > 0 on T0 ∩ {u = 0}. Therefore the function

λ : T0 → R, λ(x) :=

{
1 if b(x) ≥ 0,
1− b(x)

‖u(x)‖2 if b(x) ≤ 0

(x ∈ T0) is well-defined, and it is clearly continuous. Put ψ0(x) := −λ(x)u(x), for
x ∈ T0. Then ψ0 : T0 → Rn is a continuous function which satisfies〈

u(x), ψ0(x)
〉
< b(x)

for all x ∈ T0.
Extend ψ0 to a continuous function ψ : T → Rn on all of T . Then a‖ψ‖2 +

〈u, ψ〉 < b holds on T0, and hence also on some neighborhood U of T0 in T . Let
ε : T → [0, 1] be a continuous function with ε = 1 on a neighborhood of T0 and
ε = 0 on T r U . Define the continuous map ζ : T r T0 → Rn by

ζ(x) := − u(x)
2a(x)

.

Given x ∈ T r T0, the set of y ∈ Rn satisfying (1) is a non-empty open ball with
centre ζ(x). In particular, this set is convex. Define ϕ : T → Rn by

ϕ(x) :=

{
ψ(x) if x ∈ T0,
ε(x)ψ(x) + (1− ε(x))ζ(x) if x /∈ T0

(x ∈ T ). Then ϕ is a continuous map which satisfies (2) everywhere on T . �

Proof of Proposition 2.5. By hypothesis, there is an identity

s = u2
1 + · · ·+ u2

n

with ui ∈ A. The idea is to modify the ui modulo the ideal (t) in such a way that
the b in the new identity becomes strictly positive on SperA.

As explained in 2.2.1, the topological space X := (SperA)max = Hom(A,R) is
compact. We regard the elements of A as continuous R-valued functions on X.
The canonical (evaluation) homomorphism Φ: A → C(X,R) has dense image, by
the Stone-Weierstraß Approximation Theorem. Write a(x) := Φ(a)(x), for a ∈ A
and x ∈ X, and let u(x) := (u1(x), . . . , un(x)) for x ∈ X. We claim that for every
x ∈ X there exists y ∈ Rn with

t(x) · ‖y‖2 + 2
〈
u(x), y

〉
< b(x).

Indeed, if t(x) = 0 this is clear unless also u(x) = 0, in which case, however,
f(x) = 0, and therefore b(x) > 0 by hypothesis. If t(x) > 0, we may multiply
the desired inequality with t(x) and add ‖u(x)‖2 = s(x), after which we get the
equivalent inequality

‖t(x)y + u(x)‖2 < f(x),

which is solved, for example, by y = −u(x)
t(x) , since f(x) > 0 by the hypothesis.

Therefore, by Lemma 2.6, there exists a continuous map ϕ = (ϕ1, . . . , ϕn) : X →
Rn satisfying t‖ϕ‖2 + 2〈u, ϕ〉 < b pointwise on X. Since Φ(A) is dense, we can
approximate the ϕi by elements of Φ(A). Therefore, there are h1, . . . , hn ∈ A such
that

q := b− t
∑

i h
2
i − 2

∑
i uihi

is strictly positive on X, and hence on SperA. So q is a sum of squares in A by
(TP ). On the other hand,

qt = bt−
∑

i

(ui + thi)2 +
∑

i

u2
i = f −

∑
i

(ui + thi)2,
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which shows that f is a sum of squares as well. �

Remark 2.7. Let us record the following additional information furnished by the
proof. Assume the conditions of Proposition 2.5.

(a) If s = u2
1 + · · ·+u2

n with ui ∈ A, then there are h1, . . . , hn ∈ A and a totally
positive element q ∈ A (hence a sum of squares) such that

f = qt+
∑

i

(ui + thi)2.

(b) If I is an ideal of A, and if s and t are sums of squares of elements of I,
then f is a sum of squares of elements of I as well.

From now on we assume that all our rings contain 1
2 .

Theorem 2.8. Let A be a ring containing 1
2 which satisfies (TA) and (TP ), and

let f ∈ A be a psd element. If f is a sum of squares in A/f
√

(f), then f is a sum
of squares in A.

In particular, if f is a sum of squares in A/(f2), then it is a sum of squares in
A.

Geometrically speaking, the theorem shows that the property of being a sum
of squares depends, for a psd element f in A, only on the behaviour of f ‘in’ an
infinitesimal neighborhood of its zero set in the Zariski spectrum of A.

We will prove Theorem 2.8 in the following version, which is slightly more precise.
(Theorem 2.8 corresponds to the case I = A.) Given any ideal I of A, we write
ΣI2 for the set of sums of squares of elements of I.

Theorem 2.9. Let A be a ring containing 1
2 which satisfies (TA) and (TP ), and

let f ∈ A be a psd element. Let I be an ideal of A which contains f . Equivalent
conditions:

(i) f ∈ ΣI2;
(ii) there is an element g ∈ ΣI2 such that f ≡ g (mod f

√
(f)).

Proof. The implication (i) ⇒ (ii) is trivial. For the converse assume that g is as in
(ii), and write f = g + fh, i.e. f(1 − h) = g, with h ∈

√
(f). Consider the ring

B = A/(f3). In B, the element h is nilpotent, and so 1− h is a unit and a square.
So there is a ∈ A with

f ≡ a2g mod (f3).

Similarly, since 1− f is a (unit) square in B, there is b ∈ A with

1− f ≡ b2 mod (f3).

Together we get f − f2 = (ab)2g + cf3 with c ∈ A, and so

f = (ab)2g + f2(1 + cf).

Here s = (ab)2g and t = f2 are sums of squares of elements of I. The assertion
follows now from Proposition 2.5 and Remark 2.7(b). �

Remark 2.10. Under the conditions of Theorem 2.8, if f is a sum of n squares in
A/f

√
(f), then f is a sum of n squares in A/(fr) for every r ≥ 1, and is a sum of

n+ p+(A) squares in A, where

p+(A) := sup{`A(h) : h is totally positive in A}

is the totally positive Pythagoras number of A. (This follows from the preceding
proof by using Remark 2.7(a).)
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We now show that by a recursive application of Theorem 2.8, we can even go
significantly further:

Theorem 2.11. Let A be a ring containing 1
2 which satisfies (TA) and (TP ), and

let f ∈ A be a psd element. Assume that f is a sum of squares in A/J for every
ideal J of A with

√
J = re

√
(f). Then f is a sum of squares in A.

Remarks 2.12.
1. An ideal J as in the theorem corresponds to an infinitesimal neighborhood of

the locus of real zeros of f in SpecA. This locus can in general be much smaller
than the full zero locus of f . In this sense, Theorem 2.11 goes significantly further
than Theorem 2.8.

2. Theorems 2.8 and 2.11 have perfect analogues in the context of arbitrary
(semi-) local rings. See [16], Cor. 2.3 and Thm. 2.5.

Again, we give a sharper version which is concerned with sums of squares of a
fixed ideal. It will be needed in Section 4.

Theorem 2.13. Let A be a ring containing 1
2 and satisfying (TA) and (TP ). Let

f ∈ A be psd, and let I be an ideal of A. Assume f ∈ ΣI2 + J for every ideal J of
A with

√
J =

√
I ∩ re√(f). Then f ∈ ΣI2.

We will actually prove a slightly better version, in that we explicitly construct
an ideal J of A with

√
J =

√
I ∩ re

√
(f) such that f ∈ ΣI2 + J implies f ∈ ΣI2.

The essential argument for the proof is contained in the following simple obser-
vation:

Lemma 2.14. Let A be as before, and let f ∈ A be psd. Let I be an ideal of A
with f ∈ I, and let s ∈ A with ±s ∈ ΣI2. If f ∈ ΣI2 + (f + s)2A, then f ∈ ΣI2.

Proof. f ∈ ΣI2 +(f + s)2A ⇒ f + s ∈ ΣI2 +(f + s)2A ⇒ f + s ∈ ΣI2 by 2.9 (note
f + s ∈ I) ⇒ f ∈ ΣI2. �

Proof of Theorem 2.13. First note that f ∈ I (e.g. by using the hypothesis for
J = I ∩ re√(f)). Choose a family (gλ)λ∈Λ of elements of I with

√
I ∩ re√

(f) =
√

(f) + (gλ : λ ∈ Λ).

By the weak real Nullstellensatz (see 1.2), each gλ satisfies a relation

g2N
λ + a2

1 + · · ·+ a2
r ∈ (f2)

with N , r ∈ N and ai ∈ A. Upon multiplying this by g2
λ and replacing gλ by gN+1

λ ,
we see that we can assume ±g2

λ ∈ ΣI2 + (f2) for every λ. Put

J := (f2) +
(
(f + g2

λ)2 : λ ∈ Λ
)
,

an ideal of A with
√
J =

√
I ∩ re√(f). By hypothesis we have f ∈ ΣI2 + J . So

there are finitely many among the gλ, say g1, . . . , gr, such that f ∈ ΣI2 + J0 with
J0 := (f2, (f + g2

1)2, . . . , (f + g2
r)2). Now a repeated application of Lemma 2.14

shows f ∈ ΣI2 + (f2). By Theorem 2.9, therefore, f ∈ ΣI2. �

Theorem 2.11 becomes particularly useful in the case where the real zero locus
is zero-dimensional:

Corollary 2.15. Let A be a noetherian ring containing 1
2 and satisfying (TA)

and (TP ), and let f ∈ A be a psd element. Assume that the ring A/
re√(f) is

zero-dimensional, and let m1, . . . ,mr be the real maximal ideals of A containing f .
Then the following are equivalent:

(i) f is a sum of squares in A;
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(ii) f is a sum of squares in the completion Âmi for i = 1, . . . , r;
(iii) f is a sum of squares in A/mn

i for every n ∈ N and i = 1, . . . , r.

Note that the condition ‘dimA/
re√(f) = 0’ says that every real prime ideal of

A which contains f is a maximal ideal.

Proof. (i) ⇒ (ii) ⇒ (iii) are trivial. Conversely put J := re√(f) = m1 ∩ · · · ∩ mr.
Then (iii) implies that f is a sum of squares in A/Jn for every n. Since A is
noetherian, this implies (i), according to Theorem 2.11. �

For ease of reference we isolate the ‘geometric’ case of the corollary:

Corollary 2.16. Let V be an affine R-scheme of finite type for which V (R) is
compact. Assume that f ∈ R[V ] is psd and has only finitely many zeros M1, . . . ,Mr

in V (R). If f is a sum of squares in ÔV,Mi for i = 1, . . . , r, then f is a sum of
squares in R[V ]. �

3. Basic tools: Preorderings

We now extend the results of Section 2 from sums of squares to (other) preorders.
At the same time we show that the key conditions (TA) and (TP ) correspond
precisely to the archimedean property of the preorder of sums of squares. We also
gives proofs to the claims made in the list of examples 2.3.

See Section 1 for generalities and notational issues on preorders. The notion of
archimedean preorder is the key for this entire section. Good references are the
books [13] and [10]. Recall:

Definition 3.1. Assume that k is a ring, A is a k-algebra and T is a preorder of A.
(a) T is called archimedean over k if for every a ∈ A there exists b ∈ k with

b± a ∈ T .
(b) T is called weakly archimedean over k if for every a ∈ A there exists b ∈ k

with |a| ≤ b on XT .
If k = Z one simply says (weakly) archimedean, instead of (weakly) archimedean
over Z.

Remarks 3.2.
1. The term ‘archimedean preorder’ is standard in the literature. There does

not seem to be a coherent terminology for what we call the ‘weak archimedean’
property.

2. By definition, T is weakly archimedean over k iff its saturation Sat(T ) is
archimedean over k. Trivially, archimedean (over k) implies weakly archimedean
(over k).

3. T is weakly archimedean over k if and only if, for every closed point α = (p, ω)
in XT , the ordered residue field (κ(p), ω) is archimedean over the image of k. (For
the proof see, e.g., [8] p. 160.)

In particular: T is weakly archimedean (over Z) if and only if the residue field
of every closed point in XT is archimedean.

4. If A is generated as a k-algebra by x1, . . . , xn, then T is weakly archimedean
over k iff there exists b ∈ k with x2

1 + · · ·+ x2
n ≤ b on XT .

Proposition 3.3. Let A be a ring with 1
n ∈ A for some integer n > 1, and let T

be a preorder of A. Equivalent conditions:
(i) T is archimedean;
(ii) T is weakly archimedean, and T contains every a ∈ A with a > 0 on XT .
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Proof. (i) ⇒ (ii) is essentially Lemma 5.2.7 in [13]. It suffices to note that in the
proof given in loc. cit., we can take l to be a power of n.

(ii) ⇒ (i) is trivial: Given a ∈ A, there exists n ∈ N with |a| < n on XT , since T
is weakly archimedean. The second part of (ii) implies therefore n± a ∈ T . �

Remark 3.4. The non-trivial part of Proposition 3.3 is the fact that every archi-
medean preorder contains all elements which are strictly positive on the associated
closed set. This is the core of the so-called Representation Theorem ([13], Thm.
5.2.6), which is often attributed to Kadison and Dubois. Its essential content,
however, dates back to M. Stone in 1940. A full version was also proved by Krivine
in 1964. See also [2]. We refer to [13], 5.6, for more precise historical information
on this important theorem.

Corollary 3.5. Let A be a ring with 1
n ∈ A for some n > 1. Then A satisfies

conditions (TA) and (TP ) (see 2.1) if and only if the preorder ΣA2 is archimedean.

Proof. This is just a reformulation of Proposition 3.3, since (TA) says that the
preorder ΣA2 is weakly archimedean (c.f. 3.2.3). �

The following can be considered to be an ‘abstract’ version of Schmüdgen’s
Positivstellensatz. It is essentially due to Wörmann:

Theorem 3.6. Let k be a ring containing 1
2 , and let A be a finitely generated

k-algebra. Let T be a preorder of A which is weakly archimedean over k. Then
(a) T is archimedean over k; and
(b) if the preorder k ∩ T of k is archimedean (over Z), then so is T .

Proof. (a) follows from a straightforward extension of Wörmann’s approach to
Schmüdgen’s theorem [3]; the details can be found in [11], Thm. 1.1. (b) is an
immediate corollary to (a): Given a ∈ A, there exists b ∈ k with b ± a ∈ T , by
(a). If k ∩ T is archimedean, there is n ∈ Z with n − b ∈ k ∩ T , and we conclude
n± a = (n− b) + (b± a) ∈ T . �

The next two corollaries establish claims made in 2.3:

Corollary 3.7. Let k be a ring containing 1
2 , and let A be a finitely generated k-

algebra. If the preorder Σk2 of k is archimedean and the fibres of SperA→ Sper k
are semi-algebraically compact, then the preorder ΣA2 of A is archimedean, too.

Proof. The fibres of SperA → Sper k are semi-algebraically compact if and only
if ΣA2 is weakly archimedean over k, or equivalently, over Z (c.f. 3.2.3 and 1.3).
Hence the corollary is a particular case of Theorem 3.6. �

Corollary 3.8. Let k be a subring of Q (the algebraic closure of Q) with 1
2 ∈ k. Let

A be a finitely generated k-algebra, and write X = SpecA. If X(R, ϕ) is compact
for every homomorphism ϕ : k → R, then the preorder ΣA2 is archimedean.

Here X(R, ϕ) is the set of points of X in the k-algebra R given by ϕ, i.e.,
X(R, ϕ) = Homk,ϕ(A,R). Note that the compactness condition is obviously neces-
sary for the conclusion.

Proof. The preorder Σk2 is archimedean. Indeed, it suffices to see this if k is finitely
generated (as a Z[ 12 ]-algebra). In this case it is clear, e.g. by applying Theorem 3.6
to the Z[ 12 ]-algebra k. From Corollary 3.7 we now conclude that the preorder ΣA2

is archimedean. �

We can now extend the results from the previous section to the setting of pre-
orders. We start with a very simple observation which sometimes allows to reduce
questions about preorders to questions about sums of squares. Let A be a ring, let
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(gi)i∈I be a family of elements of A, and let T = PO(gi : i ∈ I) be the preorder it
generates in A. We formally adjoin the square roots of the gi and write

B = A[ti : i ∈ I]
/
(t2i − gi : i ∈ I).

Then the following hold for f ∈ A:

Lemma 3.9. (a) f lies in T iff f is a sum of squares in B.
(b) f lies in the saturation of T iff f is a psd element of B.

Proof. As an A-module, B is free with basis (tJ)J⊂I finite, where tJ :=
∏

i∈J ti. Let
s : B → A be the A-linear map with s(1) = 1 and s(tJ) = 0 for finite J 6= ∅. Given
b =

∑
J aJ tJ ∈ B with aJ ∈ A, we have

s(b2) =
∑

J

a2
JgJ ∈ T,

where gJ := t2J =
∏

i∈J gi. Thus, if f ∈ A is a sum of squares in B, it follows from
f = s(f) that f ∈ T . The converse is obvious. And (b) is clear since the restriction
map SperB → SperA has as its image the subset XT of SperA. �

The following results 3.10, 3.11, 3.13 and 3.17 are the generalizations (from sums
of squares to preorders) of 2.5, 2.8, 2.11 and 2.16, respectively:

Proposition 3.10. Let A be a ring containing 1
2 , let T be an archimedean preorder

of A, and let f ∈ Sat(T ). Assume that there is an identity f = s+ bt with s, t ∈ T
and b ∈ A, such that b > 0 on Z(f) ∩ XT . Then f ∈ T .

Proof. One reduces easily to the case where T is finitely generated. So assume
T = PO(g1, . . . , gm) with gi ∈ A, and put B := A[t1, . . . , tm]/(t21−g1, . . . , t2m−gm).
The preorder ΣB2 of B is weakly archimedean over A and satisfies A ∩ ΣB2 = T
(Lemma 3.9(a)). Since T is archimedean, ΣB2 is archimedean by Theorem 3.6.
Since s, t are sums of squares in B, and the image of the map SperB → SperA
is XT , we can apply Proposition 2.5 to the identity f = s + bt in B and conclude
f ∈ ΣB2. This means f ∈ T . �

Corollary 3.11. Let A be a ring containing 1
2 , let T be an archimedean preorder

of A, and let f ∈ Sat(T ). If f ∈ T + f
√

(f), then f ∈ T .

Proof. Exactly as in the proof of 2.8 we produce an identity f = s + bt with s,
t ∈ T and b > 0 on Z(f). Conclusion by Proposition 3.10. �

Remark 3.12. For the next result we have to recall the notion of support of a
preorder. Given a ring A containing 1

2 and a preorder T in A, the support of T
is the ideal supp(T ) := T ∩ (−T ) of A. Using the general Stellensatz from real
algebra, it is an easy exercise to show that√

supp(T ) =
re√

supp(T ) =
⋂

α∈XT

supp(α).

In other words, the ring A/ supp(T ) corresponds to (a possibly non-reduced version
of) the Zariski closure of supp(XT ) in SpecA.

Theorem 3.13. Let A be a ring containing 1
2 , let T be an archimedean preorder

of A, and let f ∈ Sat(T ). Assume f ∈ T + J for every ideal J of A with
√
J =√

supp(T + fA). Then f ∈ T .

Note that the ideal
√

supp(T + fA) corresponds to the (reduced) Zariski closure
of supp

(
Z(f) ∩ XT

)
in SpecA (Remark 3.12).

The essential argument for the proof is contained in the following lemma:
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Lemma 3.14. Let A and T be as in 3.13, and let f ∈ Sat(T ). If s ∈ supp(T ) and
f ∈ T + (f + s)2A, then f ∈ T .

Proof. Assume f ∈ T + (f + s)2A. Then also f + s ∈ T + (f + s)2A, since s ∈ T .
Since f + s ∈ Sat(T ), we have f + s ∈ T by Cor. 3.11. This in turn implies f ∈ T
since −s ∈ T . �

Proof of Theorem 3.13. Let (gλ)λ∈Λ be a family of elements in supp(T +f2A) such
that √

supp(T + fA) =
√

(f) + (gλ)λ.

(Note
√

supp(T + fA) =
√

supp(T + f2A).) Put J := f2A +
∑

λ∈Λ(f + gλ)2A.
Obviously,

√
J =

√
supp(T + fA). Assume f ∈ T + J . There are finitely many

among the gλ, say g1, . . . , gr, such that
f ∈ T +

(
f2, (f + g1)2, . . . , (f + gr)2

)
.

A repeated application of Lemma 3.14 shows f ∈ T + f2A. By Corollary 3.11,
therefore, f ∈ T .

Notation 3.15. If T is a preorder in A and p is a prime ideal of A, we denote by
T̂p the preorder generated by T in the completed local ring Âp.

Corollary 3.16. Let A be a noetherian ring containing 1
2 , let T be an archimedean

preorder of A, and let f ∈ Sat(T ). Assume that supp(α) is a maximal ideal of A
for every α ∈ Z(f) ∩ XT . If f ∈ T̂supp(α) for every such α, then f ∈ T .

Proof. The assumption implies that the set {supp(α) : α ∈ Z(f) ∩ XT } consists of
finitely many maximal ideals m1, . . . ,mr of A. Since f ∈ T̂mi by assumption, we
have f ∈ T + mN

i for every N ≥ 0, and hence also f ∈ T + J for every ideal J of
A with

√
J = m1 ∩ · · · ∩ mr =

√
supp(T + fA). We conclude f ∈ T by Theorem

3.13. �

For ease of reference we restate this corollary in the geometric case:

Corollary 3.17. Let V be an affine R-scheme of finite type. Let T be a finitely
generated preorder in R[V ] for which the subset K := S(T ) of V (R) is compact.
Let f ∈ R[V ] with f ≥ 0 on K, and assume that f has only finitely many zeros
M1, . . . ,Mr in K. If f lies in T̂Mi

for i = 1, . . . , r, then f ∈ T . �

Here, of course, T̂M denotes the preorder generated by T in the completed local
ring ÔV,M , for M ∈ V (R).

Example 3.18. We give a simple example illustrating the use of the last corollary.
Since it is for illustration purposes only, we are not trying to make the hypotheses
as sharp as possible.

Let p ∈ R[x] = R[x1, . . . , xn] be a polynomial for which the subset K := {p ≥ 0}
of Rn is compact. Let f ∈ R[x] satisfy f ≥ 0 on K. Assume that the following
conditions hold:

(1) f has only finitely many zeros M1, . . . ,Mr in K, each lying in the interior
of K:

(2) the Hessian D2f(Mi) is positive definite for i = 1, . . . , r.
Then there are sums of squares of polynomials s and t with f = s+ pt.

Let M = Mi for some i. By Corollary 3.17 it suffices to show: If f ∈ R[[x]] =
R[[x1, . . . , xn]] has vanishing order 2 and has positive definite Hessian, then f is a
sum of squares in R[[x]]. We may assume f = x2

1 + · · · + x2
n + g with ord(g) ≥ 3.

One sees easily that it suffices to show: For every a ∈ R and m ≥ 3, the polynomial

x2
1 + · · ·+ x2

m + ax1 · · ·xm
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is a sum of squares of power series. We can rewrite this polynomial as∑
i

(
1
2xi + a

mui

)2 + 3
4

∑
i x

2
i − a2

m2

∑
i u

2
i

where ui =
∏

j 6=i xj . From this form it is clear that we have a sum of squares, since
x2

i + cu2
j is a square for any j 6= i and c ∈ R.

The abstract approach we have chosen permits us to give applications from
outside of real algebraic geometry. We would like to illustrate this by one example
which features algebraic curves over number fields. It is clear that more can be
done:

Theorem 3.19. Let A be a finitely generated integral Q-algebra of dimension one,
let C = SpecA and F = Quot(A). Assume:

(1) C(R) is compact;
(2) every singular point of C with real residue field is an ordinary multiple point

with independent tangents (c.f. 4.13).
Then A ∩ ΣF 2 = ΣA2.

Proof. It follows from (2) that SperF is dense in SperA. Therefore, every f ∈
A ∩ ΣF 2 is psd in A. For every maximal ideal m of A, f is a sum of squares in
Âm, by (2) and [16] Thm. 3.9. Moreover A satisfies conditions (TA) and (TP )
(Corollary 3.8). Therefore f is a sum of squares in A by Theorem 2.15. �

4. Sums of squares on algebraic curves

4.1. We now consider affine algebraic curves C over a real closed base field R and
study the sums of squares of polynomial functions on C.

The most interesting results will always need that R is archimedean, since their
proofs rely on the techniques of Section 2. As a rule, we will state those results only
for R = R, although they extend to arbitrary real closed subfields of R (with iden-
tical proofs). Certain other results, however, will not depend on the archimedean
property of the base field. They will be stated (and proved) for arbitrary real closed
R.

It will be convenient to use the language of schemes, as in [6], for example. We
employ the following terminology:

4.2. Let k be a field. By a curve over k we mean a separated k-scheme C of finite
type whose irreducible components have dimension one. By Csing we denote the
singular locus of C, and Creg = C rCsing is the regular locus. As usual, Cred is the
reduced curve underlying C.

An affine curve over k is therefore the same as SpecA, where A is a finitely
generated k-algebra with dim(A/p) = 1 for every minimal prime ideal p. Note that
curves need not be reduced, unless otherwise stated.

If R is a real closed field, C is an affine curve over R and f ∈ R[C], we write

Z(f) := {M ∈ C(R) : f(M) = 0}

for the zero set of f in C(R).

Let now R = R. If the set C(R) of real points is compact, we have a local-global
criterion for sums of squares in R[C], namely Corollary 2.16:

Theorem 4.3. Let C be an affine curve over R for which C(R) is compact. Let a
psd function f ∈ R[C] be given. Assume that Z(f) is finite and that f is a sum of
squares in ÔC,M for every M ∈ Z(f) ∩ Csing(R). Then f is a sum of squares in
R[C]. �
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Remarks 4.4.
1. The statement becomes false if Z(f) is allowed to be infinite. See Example

4.15 below.
2. The statement becomes false if R is replaced by a real closed base field R

which is not archimedean. An example was given in [15] Thm. 4.11.

The first main result of this section (Theorem 4.9 below) generalizes Theorem 4.3
to cases where C(R) is not necessarily compact. Clearly, the theorem is wrong in the
absence of any condition on C(R) (c.f. also Theorem 4.16 below), but compactness
can be relaxed to what we call ‘virtual compactness’ (Definition 4.8 below). To
explain this notion, we need the points of C at infinity:

Let C be an affine (not necessarily reduced) curve over a field k. There exists an
open embedding C ↪→ C̃ into a projective curve C̃ over k. By repeatedly blowing
up points in C̃ r C we see:

Lemma 4.5. Given an affine curve C over a field k, there exists an open dense
embedding C ↪→ C̃ into a projective curve C̃ over k for which the points in C̃ r C

are non-singular as points on C̃red. The open embedding Cred ↪→ C̃red does not
depend on the choice of C̃. �

Definition 4.6. Let C be an affine curve over k. Any embedding C ↪→ C̃ as in
Lemma 4.5 will be called a good completion of C. The (finitely many) points in
C̃ r C are called the points at infinity of the curve C. They do (in an obvious
sense) not depend on the choice of C̃. The curves C and Cred have the same points
at infinity.

Remark 4.7. Let C be an affine curve over k, with good completion C ↪→ C̃.
1. If C1, . . . , Cr are the irreducible components of C, the set of points of C at

infinity is the disjoint union of the sets of points of Ci at infinity, for i = 1, . . . , r.
Each Ci has at least one point at infinity.

2. Now let the base field k = R be a real closed field. Then any real point of
C at infinity lies in the topological closure of C(R) inside C̃(R). Since C̃(R) is
semi-algebraically compact, we see that C(R) is semi-algebraically compact if and
only if every point of C at infinity is non-real.

The following lemma is quite obvious. We isolate it for its importance:

Lemma and Definition 4.8. Let C be an affine curve over a real closed field R.
The following conditions on C are equivalent:

(i) Every irreducible component of C has a non-real point at infinity;
(ii) there exists an open embedding of C into an affine curve C ′ for which C ′(R)

is semi-algebraically compact.
If these conditions are satisfied, we say that C(R) is virtually (semi-algebraically)
compact.

Usually we will be sloppy and just say ‘virtually compact’ instead of ‘virtually
semi-algebraically compact’, even if the real closed base field is different from R.

Proof. Let C ↪→ C̃ be a good completion of C, and assume that (i) holds. On every
irreducible component of C̃ remove a non-real point not lying on C, and call the
resulting curve C ′. Then C ′ is affine, C ↪→ C ′ is an open dense immersion, and
C ′(R) = C̃(R) is semi-algebraically compact.

For the converse let C ↪→ C ′ be as in (ii). Let C ′ ↪→ C̃ ′ be a good completion of
C ′. By blowing up points in C̃ ′ outside C, we find a good completion C ↪→ C̃ of C



16 CLAUS SCHEIDERER

which maps to C̃ ′ (under C):

C
� � //
� _

��

C ′� _

��
C̃ //___ C̃ ′

Now (i) is clear, since only non-real points of C̃ can lie over the points in C̃ ′rC ′. �

Theorem 4.9. Let C be an affine curve over R for which C(R) is virtually compact.
Let f ∈ R[C] be psd, and assume that Z(f) is finite. If f is a sum of squares in
ÔC,M for every M ∈ Z(f) ∩ Csing(R), then f is a sum of squares in R[C].

Remarks 4.10.
1. Virtual compactness of C(R) is not only sufficient, but essentially also neces-

sary for the theorem to hold: If Cred has an irreducible component whose points
at infinity are all real, and which is not an open subcurve of the affine line, then
the assertion of the theorem is false. In fact, on such C there exists an everywhere
strictly positive regular function which is not a sum of squares. This is proved in
Theorem 4.16 below.

2. It has already been remarked that the theorem becomes false without the
hypothesis that Z(f) is finite.

Proof of Theorem 4.9. The proof is somewhat technical due to the fact that we do
not make any reducedness assumptions on C. (In particular, the non-reduced locus
of C may be one-dimensional.) This greater generality will pay off in the next
section (c.f. Remark 5.7).

Let C ↪→ C ′ be an open dense immersion into an affine curve C ′ for which C ′(R)
is compact and for which the points in C ′rC are non-singular as points of C ′red (see
4.8). Replacing C ′ by the scheme-theoretic image of C, i.e., R[C ′] by its image in
R[C], we can in addition assume that R[C ′] → R[C] is injective. We write A = R[C]
and B = R[C ′], and identify B with a subring of A. Let J := {b ∈ B : bf ∈ B}, an
ideal in B.

Lemma 4.11. There exists an element h ∈ J such that
(1) h is not a zero divisor in A;
(2) for every M ∈ C ′(R)rC(R) the function h2f is a sum of squares in ÔC′,M .

Proof. Let m1, . . . ,mr be the maximal ideals of B which correspond to the points
in C ′ r C. Then

√
J = m1 ∩ · · · ∩ mr. None of the mi is an associated prime

ideal of B. Therefore, J does not entirely consist of zero divisors of B, and every
regular element of B stays regular in A. Choose a regular element h0 in J , put
g0 := h2

0f ∈ B, and fix an index i ∈ {1, . . . , r} such that m = mi has residue
field R (so m corresponds to a point M ∈ C ′(R) r C(R)). Let ordm denote the
(vanishing) order of elements in the discrete valuation ring (Bm)red. Clearly g0 is
psd in B, so ordm(g0) = 2d is even. Assume that b ∈ B is an arbitrary element
with ordm(b) = d. Then there are a unit u and a nilpotent element n in B̂m such
that g0 = (ub)2 + n holds in B̂m. Let k ≥ 0 with Nil(B)k+1 = 0. Then b4kg0 is a
square in B̂m = ÔC′,M , thanks to the following lemma:

Lemma 4.12. Let A be a ring containing 1
2 , let x = a2 + n with a, n ∈ A, and

assume nk+1 = 0 (with k ∈ N). Then a4kx is a square in A.

Proof. Indeed, a4kx = y2 with y =
∑k

i=0

(
1/2
i

)
a2k−2i+1ni, by power series expansion

of the square root or by direct calculation. �
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This argument shows that all we have to find is a regular element b in B with
prescribed vanishing orders in the finitely many points of C ′(R) r C(R). Then
h := b2kh0 will satisfy the conditions of Lemma 4.11. �

We return to the proof of Theorem 4.9. Fix h ∈ J as in Lemma 4.11 and
put g := h2f . Then g is psd in B since C(R) is dense in C ′(R), and Z(g) is a
finite subset of C ′(R). Moreover, g is a sum of squares in ÔC′,M for every point
M ∈ Z(g)∩C ′sing(R). (If M ∈ C(R), this follows from the corresponding hypothesis
on f , while for M ∈ C ′(R) r C(R) it is property (2) from 4.11.) Therefore, g is a
sum of squares in B by Theorem 4.3.

Let I := hA ∩ B, an ideal of B. We are going to prove that g is actually a
sum of squares of elements of I. This will complete the proof of the theorem, since
h2f = g =

∑
i(hai)2 with ai ∈ A implies f =

∑
i a

2
i by 4.11(1). Clearly g ∈ I, and

so we can apply the local criterion Theorem 2.13, to prove g ∈ ΣI2. This means
that we have to show g ∈ ΣI2 + b for every ideal b of B with

√
b =

√
I ∩ re√(g).

For such b, the ring B/b is zero-dimensional. By the Chinese Remainder Theorem
it suffices therefore to show

g ∈ ΣI2 + mn (∗)

for every n ∈ N and every maximal ideal m of B containing I ∩ re√(f). Since
g ∈ ΣB2 is already known, (∗) is clear if I 6⊂ m (i.e. I + m = (1)). On the other
hand, if I ⊂ m, then m corresponds to a real point on C. In the local ring of such
a point it is obvious that g is a sum of squares of elements of I, since f is a sum of
squares there. The proof of Theorem 4.9 is complete. �

4.13. Let A be a one-dimensional noetherian local ring with residue field k. We
say that A is an ordinary multiple point with independent tangents if its completion
Â is isomorphic to k[[x1, . . . , xn]]/(xixj : 1 ≤ i < j ≤ n) for some n.

Example: If f ∈ k[x, y] satisfies f(0, 0) = ∂f
∂x (0, 0) = ∂f

∂y (0, 0) = 0, then the origin
is an ordinary multiple point with independent tangents of the affine plane curve
f = 0 iff the quadratic homogeneous part f(2) of f is a product of two non-associated
linear factors.

Corollary 4.14. Let C be an affine algebraic curve over R for which C(R) is
virtually compact.

(a) If C has no real singularities other than ordinary multiple points with inde-
pendent tangents, then every psd function in R[C] with only finitely many
real zeros is a sum of squares.

(b) If, in addition, C is integral, then psd = sos holds in R[C].

Proof. Recall that C integral means that R[C] is an integral domain. (a) is clear
from Theorem 4.9, since psd = sos holds in a curve singularity which is an ordinary
multiple point with independent tangents ([16] Thm. 3.9). (b) follows from (a)
since there is no nonzero element in R[C] with infinitely many real zeros. �

Example 4.15. Corollary 4.14(a) fails in general for psd functions f with Z(f)
infinite, even if C is reduced. This is illustrated by the following example, in which
C has no real singularities and C(R) is compact:

Let C1, C2 be affine plane conics over R for which C1(R) and C2(R) are disjoint
non-concentric circles. Let C = C1 ∪ C2(reduced union). Then C1 ∩ C2 = {Q} is
an ordinary double point on C with residue field C.

Let f be the equation of C2. Then (after changing the sign of f if necessary)
f > 0 on C1(R), and so f is psd in R[C]. But f is not a sum of squares in R[C].
Indeed, if there were an identity f =

∑
i f

2
i in R[C], the fi would have to vanish
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identically on C2. So fi(Q) = 0, and hence the vanishing order of
∑

i(fi|C1)2 in Q
(on C1) would be at least 2, contradicting that f |C1 has order one in Q.

Observe that f is a square in OC,M for every closed point M 6= Q in C (namely
either zero or the square of a unit). In particular, this holds for every M ∈ C(R).
Looking at the completions, f is even a sum of squares in every ÔC,M without
exception (including M = Q), since this ring has empty real spectrum for non-real
M . On the other hand, f is clearly not a sum of squares in the uncompleted local
ring OC,Q.

The following theorem shows that the previous results fail badly if one drops
the condition of virtual compactness, and if the curve is not contained in the affine
line. The case C ⊂ A1 can therefore be considered as exceptional.

Theorem 4.16. (R an arbitrary real closed field) Let C be an affine curve over R.
Assume that Cred has an irreducible component all of whose points at infinity are
real and which is not an open subcurve of the affine line A1. Then there exists a
function f ∈ R[C] which is strictly positive on C(R) but is not a sum of squares in
R[C].

Proof. Let C ′ be the component in question (with its reduced structure). Since
R[C] → R[C ′] is surjective, and since any strictly positive function in R[C ′] can be
extended to a strictly positive function n R[C] ([15] Cor. 5.5), it suffices to show
that there is a strictly positive function in R[C ′] which is not a sum of squares in
R[C ′].

In other words, we may assume that C is an integral affine curve whose points
at infinity are all real, and which is not an open subcurve of A1.

Let C ↪→ C̃ be the (unique) open embedding of C in a projective integral curve C̃
for which the points in C̃ rC are regular, and let π : C̃ ′ → C̃ be the normalization
of C̃. Choose a (necessarily real) point ∞ ∈ C̃ r C. Put U = C̃ r {∞} and
U ′ = π−1(U) = C̃ ′ r {∞̃}, where ∞̃ is the (unique) point in C̃ ′ which lies over ∞:

U ′

��

⊂ C̃ ′

π

��
C ⊂ U ⊂ C̃

We consider the subsemigroup of N defined by

Σ := {n ≥ 1: there exists t ∈ R[U ] with ord∞(t) = −n}.

Then 1 /∈ Σ. Indeed, if t ∈ R[U ] has ord∞(t) = −1, then t is a rational function on
C̃ ′ with a single pole, which is of order one. This implies C̃ ′ ∼= P1

R and U = U ′ ∼= A1,
thus contradicting the hypothesis.

The set NrΣ is finite. Hence there exists d ∈ N with 2d ∈ Σ but d /∈ Σ. Choose
g ∈ R[U ] with ord∞(g) = −2d. Such g is never a sum of squares in R[C], since in
any representation g =

∑
i g

2
i with gi ∈ R[C], the gi would have to lie in R[U ] (by

[15] 0.2, since the points in U − C are regular and real), and v∞(gi) = −d would
have to hold for at least one index i, contradicting d /∈ Σ. On the other hand, g
is either bounded above or bounded below on U(R) (c.f. [15], proof of Theorem
3.2). So there are ε ∈ {±1} and a positive constant c in R such that the function
f := c + εg is strictly positive on C. Since ord∞(f) = −2d, f is not a sum of
squares in R[C]. �

We are now able to give the complete list of all affine curves over R on which
psd = sos holds, at least if we restrict to irreducible curves:
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Theorem 4.17. Let C be an irreducible (not necessarily reduced) affine curve over
R. In each of the following cases we have psd = sos in R[C]:

(1) C(R) = ∅;
(2) C is an open subcurve of the affine line A1;
(3) C is reduced, has a non-real point at infinity, and all real singular points

are ordinary multiple points with independent tangents.

In all other cases we have psd 6= sos in R[C]. That is, if at least one of the following
holds:

(4) C(R) 6= ∅ and C is not reduced;
(5) all points of C at infinity are real, and C is not an open subcurve of A1;
(6) C has a real singular point which is not an ordinary multiple point with

independent tangents.

Proof. (1) is clear, (2) was proved in [15] 2.17, and (3) is Corollary 4.14 above.
(4) follows from [15] 6.3, and (5) is contained in Theorem 4.16. For (6) we can

assume that C is reduced (otherwise see (4)). If M ∈ Csing(R) is not an ordinary
multiple point with independent tangents, then psd 6= sos in OC,M ([16] Thm. 3.9).
By the following Lemma 4.18, this implies psd 6= sos in R[C]. �

Lemma 4.18. Let A be any ring and S any multiplicative subset of A. If psd = sos
holds in A, it also holds in AS.

Proof. We will prove a more general (preorder) version of this lemma in 5.8 below.
�

Remark 4.19. Some parts of Theorem 4.17 can be rephrased in terms of the function
field of the curve. For example:

Let C be an integral affine curve over R, with coordinate ring A = R[C] and
function field F = R(C). If C has a non-real point at infinity, and if every real
singularity of C is an ordinary multiple point with independent tangents, then A ∩
ΣF 2 = ΣA2.

Indeed, A ∩ ΣF 2 is the set of psd elements in A, since C(R) has no isolated
points. So this is a reformulation of (3) above.

4.20. In real algebraic geometry one sometimes considers the ring of real regular
functions on a real variety. It is the ring of all rational functions which are defined
in every real point. More formally, if V is a quasi-projective scheme over a real
closed field R, its ring of real regular functions is defined to be

R[V ] := lim−→
U

R[U ]

where the limit is taken over the Zariski open subsets U of V with U(R) = V (R). If
V is affine, R[V ] is the localization of R[V ] with respect to the set of denominators
1 + ΣR[V ]2.

Corollary 4.21. Let C be a curve over a real closed field R, and let R[C] be its
ring of real regular functions.

(a) If psd = sos holds in R[C], then every real singularity of C is an ordinary
multiple point with independent tangents.

(b) Conversely, if C is irreducible and every real singularity is an ordinary
multiple point with independent tangents, and if R = R, then psd = sos
holds in R[C].

Part (b) can fail if C is not irreducible, see Example 4.15.
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Proof. (a) is the argument used in the proof of Thm. 4.17(6): If C has a real
singularity M which is not an ordinary multiple point with independent tangents,
then psd 6= sos in OC,M ([16] Thm. 3.9), and hence also in R[C] (Lemma 4.18),
since OC,M is a localization of R[C].

(b) OC,M is reduced for every M ∈ C(R). By removing finitely many non-real
points we may therefore assume that C is affine and integral and has a non-real
point at infinity. Now the claim follows from Thm. 4.17(3) and Lemma 4.18. �

5. Preorders on algebraic curves

We are now going to extend the results of the previous section from sums of
squares to arbitrary finitely generated preorders. The question whether a non-
negative function is a sum of squares generalizes to the question whether a member
of the saturation of a preorder lies in the preorder itself.

We first have to generalize the notion of virtual compactness from C(R) to
arbitrary closed semi-algebraic subsets thereof:

Definition 5.1. Let C be an affine curve over a real closed field R, and let K be a
closed semi-algebraic subset of C(R). We say thatK is virtually (semi-algebraically)
compact if every irreducible component of C has either a non-real point at infinity,
or a real point at infinity which does not lie in the closure of K.

Remark 5.2. Here, and in the sequel, we take a good completion C ↪→ C̃ of C (see
4.6). Of course, the closure of K refers to the closure inside C̃(R).

By Remark 4.7.2, this definition generalizes the definition in 4.8 (the case K =
C(R)).

Alternatively, we can characterize virtual compactness of K as follows (c.f. 4.8):

Lemma 5.3. Let C be an affine curve over a real closed field R, and let K be a
closed semi-algebraic subset of C(R). Then K is virtually compact if and only if
there exists an open embedding of C into an affine curve C ′ such that the closure
of K in C ′(R) is semi-algebraically compact.

The proof is similar to that of 4.8. �

Notation 5.4. Here are some notational reminders. Let C be an affine curve over
the real closed field R, and let T be a preorder in R[C].

(a) For f ∈ R[C] we write Z(f) = {M ∈ C(R) : f(M) = 0}.
(b) S(T ) = {M ∈ C(R) : f(M) ≥ 0 for every f ∈ T} is the closed subset of

C(R) associated with T . It is semi-algebraic if T is finitely generated.
(c) For every closed point M of C we denote by T̂M the preorder in the com-

pleted local ring ÔC,M which is generated by (the image of) T .

The first main result generalizes, and is deduced from, Theorem 4.9. It is a
local-global criterion for membership in a finitely generated preorder, under the
condition that the associated semi-algebraic set is virtually compact:

Theorem 5.5. Let C be an affine curve over R, let T be a finitely generated pre-
order in R[C], and assume that the subset K := S(T ) of C(R) is virtually compact.
Let f ∈ R[C] with f ≥ 0 on K. If f ∈ T̂M for every M ∈ Z(f)∩K, and if this set
is finite, then f ∈ T .

Remark 5.6. It suffices that f ∈ T̂M for every M ∈ Z(f) ∩ K which is either a
singular point of C or a boundary point of K. Indeed, if M ∈ Creg(R) is an interior
point of K, then T̂M consists of the psd = sos elements in ÔC,M . Therefore it
contains f automatically.
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Proof. Let g1, . . . , gm ∈ R[C] be a system of generators for the preorder T . Let the
affine curve X = Spec R[X] be defined by

R[X] = R[C] [y1, . . . , ym]/(y2
1 − g1, . . . , y

2
m − gm),

and consider the natural finite morphism X → C. Given f as in the theorem,
we have to show that f is a sum of squares in R[X] (3.9(b)). The image set of
X(R) → C(R) is K, so it is clear that f is psd in R[X] and has only finitely many
zeros in X(R).

Let X ′ be an arbitrary irreducible component of X. We claim that X ′ has a
non-real point at infinity. Let C ′ be the irreducible component of C over which X ′

lies. The claim is clear if C ′ has a non-real point at infinity. Otherwise C ′ has,
by the hypothesis, a real point at infinity which is not in the closure of K. Every
point of X ′ at infinity which lies over this point must be non-real. Indeed, every
real point of X ′ at infinity lies in the closure of X ′(R), and hence its image is a real
point of C ′ at infinity which lies in the closure of K.

Finally, every point N ∈ X(R) with f(N) = 0 lies over some point in Z(f)∩K.
Therefore, f is a sum of squares in ÔX,N by the hypothesis. Now Theorem 4.9
implies that f is a sum of squares in R[X], as desired. �

Remark 5.7. If one of the generators gi of T is a zero divisor in R[C], the curve
X in the preceding proof is non-reduced. Therefore, if we had proved Theorem 4.9
only for reduced curves, we would get Theorem 5.5 only under the condition that
T can be generated by regular elements.

In the previous section we have listed all irreducible affine curves C over R for
which every psd element in the coordinate ring R[C] is a sum of squares. We
now generalize this question to preorders. More precisely, we ask for the finitely
generated preorders in R[C] which are saturated. The second main result of this
section (Theorem 5.15 below) is a local-global principle for saturatedness, under
the usual condition that the associated closed set is virtually compact. As was the
case for sums of squares, this criterion is in general restricted to non-zero divisors.
For the most interesting cases, like integral curves, this does of course not mean a
restriction.

We refer to Section 1 for more about saturation of preorders.

Lemma 5.8. Let A be a ring and S a multiplicative subset of A. If T is a preorder
in A, and if TS is the preorder generated by T in AS, then T saturated (in A)
implies TS saturated (in AS).

Proof. We identify SperAS with a subspace of SperA in the natural way, and
similarly for the Zariski spectra. Let K be the closed subset of SperA associated
with T , so KS := K ∩ Sper(AS) is the closed subset of SperAS associated with
TS . Let f ∈ AS with f ≥ 0 on KS , we want to show f ∈ TS . We can assume
f ∈ A. Let W := {f < 0} ∩K, a pro-constructible subset of SperA, and let Z be
the Zariski closure of supp(W ) in SpecA. Then Z consists of all prime ideals p in
A for which there is α ∈W with supp(α) ⊂ p, since supp(W ) is a pro-constructible
subset of SpecA. Since f ≥ 0 on KS , we have W ∩ Sper(AS) = ∅, and hence
Z ∩ Spec(AS) = ∅. So there is s ∈ S with s ∈ p for all p ∈ Z, and hence s ≡ 0 on
W . The function g := s2f ∈ A satisfies g ≥ 0 on K, hence g ∈ T by the hypothesis
on T , and so f = s−2g lies in TS . �

Proposition 5.9. Let A be a one-dimensional noetherian local ring with maximal
ideal m, and let Â be its completion. Then the canonical map ψ : Sper Â→ SperA
is injective. Hence it is a homeomorphism from Sper Â to the closed subset S :=
{α : α has a specialization with support m} of SperA.
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(We remark that injectivity of ψ was mentioned without proof in [14], under the
additional condition that A is excellent.)

Proof. im(ψ) = S has been proved in [16] Lemma 3.3. We show that ψ is injec-
tive and leave the homeomorphism property to the reader. Let α ∈ S. We can
assume supp(α) 6= m, and then (replacing A by A/ supp(α)) that A is integral and
supp(α) = (0). Assume that we know supp(β) = supp(β′) for all β, β′ in Sper Â
which lie over α. Then we get uniqueness of β: Given g ∈ Â, g /∈ supp(β), there
is a regular element g̃ in Â with g̃ ≡ g mod supp(β). From [16] Lemma 3.1 we
conclude that there are f ∈ A and u ∈ Â∗ with g̃ = u2f , and it follows that
signβ(g) = signα(f).

So let β ∈ Sper Â with ψ(β) = α, and put p = supp(β), a minimal prime ideal of
Â. The normalization (Â/p)′ of Â/p is finite over Â (see [5] ch. IX §4 no. 3 Thm. 2),
and hence is a complete local domain. Let A′ be the normalization of A (a semilocal
Dedekind domain). The inclusions A ↪→ Â/p ↪→ (Â/p)′ induce A′ ↪→ (Â/p)′, and
therefore also Â′ → (Â/p)′, where Â′ is the Rad(A′)-adic completion of A′. Note
that the canonical map Â → (Â/p)′ factors as Â → Â′ → (Â/p)′. We have the
commutative diagram

A //

��

Â //

��

Â/p

��
A′ //

Â′
// (Â/p)′

Let q be the kernel of Â′ → (Â/p)′, and let n be the maximal ideal of Â′ which
contains q. (Note that Â′ is a direct product of finitely many discrete valuation
rings.) Thus n is the preimage of the maximal ideal of (Â/p)′ in Â′. It follows that
α (considered in SperA′) has a specialization in SperA′ with support n∩A′. Since
there is at most one maximal ideal of A′ which supports a specialization of α, we
see that α determines n ∩A′, and hence also n and q. Since p is the preimage of q

in Â, α determines p = supp(β), which is what we had to show. The proof of the
lemma is complete. �

Remark 5.10. Let C be a curve over R, and let M ∈ C(R). With the above result
in mind, we can identify Sper ÔC,M with a subset of SperR[C], namely the set of
all generalizations of M . This set consists of M itself together with one point for
every (germ of a) half-branch of C(R) centered at M .

Definition 5.11. A preorder Q in a ring A is called regular-saturated if Q contains
every regular element of its saturation in A.

Obviously, regular-saturated is the same as saturated when A is a domain. In
general, however, it is weaker than saturated.

Proposition 5.12. Let C be an affine curve over a real closed field R and T a
preorder in R[C]. If T is regular-saturated then, for every closed point M of C, the
preorder T̂M of ÔC,M generated by T is regular-saturated, too.

We need a technical patching lemma. With an eye on later applications we state
it in a form which is slightly stronger than needed at this moment.

Lemma 5.13. Let C be an affine curve over R. Suppose we are given the following
data:

• A closed subset Z of SperR[C];
• pairwise different points M1, . . . ,Mr in C(R);
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• for each i = 1, . . . , r, a regular element fi in ÔC,Mi
with fi ≥ 0 on ẐMi

:=
Z ∩ Sper(ÔC,Mi

).

Then there exists a regular element f in R[C] with f ≥ 0 on Z such that, for each
i = 1, . . . , r, there exists a unit ui in ÔC,Mi with f = u2

i fi (in ÔC,Mi).

Note that the notation ẐM = Z ∩ Sper(ÔC,M ) means, strictly speaking, the
preimage of Z under the canonical inclusion map Sper(ÔC,M ) → SperR[C] (Propo-
sition 5.9). We can identify ẐM with the set of generalizations of M in SperR[C]
which lie in Z, see 5.10.

Proof. We start by adjusting the situation. We can enlarge Z, so that Z becomes a
constructible closed set, say Z = K̃ with K a closed semi-algebraic subset of C(R).
Also, we can add further points to the Mi (as well as suitable new fi), and in this
way assume that every isolated point of K is one of the Mi.

Let mi be the maximal ideal of R[C] corresponding to Mi, and m̂i the maximal
ideal of ÔC,Mi

. For each i = 1, . . . , r there exists an integer ni ≥ 1 such that g ∈
R[C] and g ≡ fi mod m̂ni

i (in ÔC,Mi
) together imply g = u2

i fi with ui ∈ (ÔC,Mi
)∗

([16] Lemma 3.1). By the Chinese Remainder Theorem, we find an element g in
R[C] with g ≡ fi mod m̂ni

i for i = 1, . . . , r. In addition we can require that g is
regular in R[C]. Indeed, none of the points Mi with fi ∈ m̂i is an embedded point
of C, since otherwise fi could not be regular.

We still have to modify g, since so far we know g|K ≥ 0 only around the points
Mi. To achieve this, consider B, the semilocalization of R[C] in M1, . . . ,Mr and
in the associated prime ideals of R[C]. In other words, B = R[C]S , where S
consists of the regular elements in R[C] which do not vanish in any of the Mi. Let
F = QuotR[C] be the total ring of quotients of R[C]; it is a localization of B. There
is a locally constant map ε : SperF → {±1} with ε = sign(fi) in the generalizations
of Mi and with ε = +1 on K̃ ∩ SperF . The map ε · sign(g) : SperF → {±1} has
constant value +1 around the Mi. Therefore it extends to a locally constant map
σ : SperB → {±1} with σ(Mi) = +1. Since the semilocal ring B has stability
index ≤ 1 ([7] Thm. 9.5), the sign distribution σ is solved by a unit u in B. It
is clear that we can choose u to lie in R[C], and hence to be a regular element of
R[C]. The element f := ug in R[C] has the desired properties, since u(Mi) > 0,
and hence u is a unit square in ÔC,Mi

, for each i. �

Proof of Proposition 5.12. For non-real M there is nothing to show, since ÔC,M

has empty real spectrum. Thus let M ∈ C(R). Let Z = XT be the closed subset
of SperR[C] associated with T . Let a regular element g in ÔC,M be given with
g ≥ 0 on ẐM . We have to show g ∈ T̂M . By Lemma 5.13, there is a regular
element f in R[C] which satisfies f ≥ 0 on Z and f = u2g in ÔC,M with a unit
u ∈ (ÔC,M )∗. Since T is regular-saturated, we have f ∈ T , and it follows that
g ∈ T̂M , as desired. �

Remark 5.14. The word ‘regular-saturated’ cannot be replaced by ‘saturated’ in
Proposition 5.12. In other words, if T is a saturated preorder in R[C], the preorder
T̂M need not be saturated.

Example: Assume that C is integral, and that M ∈ C(R) is such that ÔM :=
ÔC,M has exactly two minimal prime ideals p and q, where p is real and q is not.
Let T be the (saturated) preorder of all psd elements in R[C]. The induced preorder
T̂M is not saturated. Indeed, let f ∈ prp2. Then f is psd in ÔM since p is the real
nilradical of this ring. However, f /∈ T̂M , since otherwise there would an identity
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f = a2
1t1 + · · ·+ a2

rtr with ti ∈ T and ai ∈ ÔM , which would force ai ∈ p and hence
f ∈ p2, contradiction.

Theorem 5.15. Let C be an affine curve over R, let T be a finitely generated
preorder in R[C], and assume that K = S(T ) is virtually compact. Then the pre-
order T is regular-saturated if and only if, for every M ∈ ∂K ∪ (K ∩Csing(R)), the
preorder T̂M of ÔC,M is regular-saturated.

Proof. ‘Only if’ has just been proved (Proposition 5.12). ‘If’ follows directly from
Theorem 5.5 (observe Remark 5.6): If f is a regular element of R[C] with f ≥ 0
on K, then the hypothesis of this theorem is satisfied since the T̂M are regular-
saturated. (Note that f remains regular in the rings ÔC,M since these are flat over
R[C].) �

This corollary reduces the saturatedness question essentially to the completed
local preorders in finitely many (singular or boundary) points of K. To illustrate
the theorem by more explicit examples, we explain the case of non-singular curves:

Example 5.16. Consider the power series ring A = R[[x]] over a real closed field R.
Let ξ± ∈ SperA be the ordering in which ±x is positive, and let ω be the closed
point of SperA. Let {fi}i∈I be a family of elements in A, and let T be the preorder
generated by these elements. Let K = XT be the closed subset of SperA associated
with T .

If K = SperA then T = ΣA2 is saturated, since psd = sos holds in A. If
K = {ξ+, ω} or K = {ξ−, ω}, then T is saturated iff ord(fi) = 1 for at least one i.
If K = {ω}, then T is saturated iff there are i, j ∈ I such that ord(fi) = ord(fj) = 1
and the leading coefficients of fi and fj have opposite signs. If K = ∅, then T = A
(this is true in any ring which contains 1

2 ), hence is saturated.
From this discussion we obtain directly the next theorem, using Theorem 5.15:

Theorem 5.17. Let C be a non-singular irreducible affine curve over R, and let
T = PO(f1, . . . , fr) with fi ∈ R[C]. Assume that K = S(T ) is virtually compact.
Then the preorder T is saturated if and only if the following two conditions hold:

(1) For every boundary point M of K there is an index i with ordM (fi) = 1;
(2) for every isolated point M of K there are indices i, j with ordM (fi) =

ordM (fj) = 1 and fifj ≤ 0 in a neighborhood of M on C(R). �

Remark 5.18. This gives, in particular, a proof to Thm. 3.11 of [12], which claimed
a sufficient condition for saturatedness and was stated without proof. Indeed, it is
immediate to check that the hypotheses in loc. cit. entail conditions (1) and (2)
above.

Remark 5.19. Some of our preorder results allow function field reformulations as
well (c.f. 4.19). Given a ring A and a diagonal quadratic form q = <f1, . . . , fr>
over A, let us say that q weakly represents the element f ∈ A over A if there are
s1, . . . , sr ∈ ΣA2 with

f = s1f1 + · · ·+ srfr.

(We do not require that the fi are units in A.) As a particular case of the local-
global principle 5.5 we get:

Let C be an integral affine curve over R. Let φ = <1, f1>⊗ · · · ⊗<1, fn> be a
Pfister form over the function field F = R(C) with entries fi in A = R[C]. Assume
that the set K = {f1 ≥ 0, . . . , fn ≥ 0} ⊂ C(R) is virtually compact and has no
isolated points. Let f ∈ A. If φ weakly represents f over F and over ÔC,M for
every M ∈ ∂K ∪ (K ∩ Csing(R)), then φ weakly represents f over A.
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Note that the preorder PO(f1, . . . , fn) in A is saturated if and only if φ weakly
represents over A every element of A which it weakly represents over F (still as-
suming that K has no isolated points). Theorem 5.17 gives an explicit necessary
and sufficient condition for this to hold, in the case where C is non-singular.

5.20. We now turn things around and fix a closed semi-algebraic set K ⊂ C(R),
where C is an affine curve over R. Let P(K) be the saturated preorder associated
to K:

P(K) = {f ∈ R[C] : f ≥ 0 on K}.
We ask: Under what conditions (on K) can P(K) be finitely generated?

For simplicity we restrict to the case where the curve C is integral. Then the
following theorem provides a satisfactory answer. In a spirit similar to the pre-
vious results, it says that the question can be decided locally, by looking at the
completions in finitely many points of K, provided that K is virtually compact:

Theorem 5.21. Let C be an integral affine curve over R, and let K be a closed
semi-algebraic subset of C(R), virtually compact, with associated saturated preorder
P(K) in R[C]. For M ∈ C(R) let QM be the preorder in ÔM := ÔC,M which
is generated by the regular elements of ÔM which are non-negative on K̂M :=
K ∩ Sper(ÔM ). Equivalent conditions:

(i) The saturated preorder P(K) is finitely generated;
(ii) for every M ∈ ∂K ∪ (K ∩Csing(R)), the preorder QM is finitely generated.

Moreover, if n ≥ 1 regular elements suffice to generate QM for every M as in (ii),
then P(K) can be globally generated by n elements.

Observe that K̂M corresponds to the set of half-branch germs at M which are
(locally) contained in K (5.10).

Proof. (i) ⇒ (ii): Write T := P(K), and assume T = PO(f1, . . . , fn) with elements
fj in R[C]. By Proposition 5.12, the preorder T̂M of ÔC,M is regular-saturated, for
every M ∈ C(R). Thus T̂M = QM , and so QM is finitely generated.

(ii)⇒ (i): For every M as in (ii), suppose that QM can be generated by n regular
elements. By Lemma 5.13 we find regular elements f1, . . . , fn in R[C] which are ≥ 0
on K and which generate QM for each such M . The preorder in R[C] generated
by f1, . . . , fn contains every f which is non-negative on K, by Theorem 5.5 and
Remark 5.6. Hence it coincides with T = P(K). �

Note that ‘(i) ⇒ (ii)’ does not require virtual compactness of K and is true over
any real closed base field.

A simple application is Theorem 3.12 from [12], which was stated without proof.
Here we give a slightly stronger version:

Theorem 5.22. Let C be a non-singular connected affine curve over R. Let K be
a closed semi-algebraic subset of C(R), and let P(K) be the saturated preorder in
R[C] associated with K.

(a) The preorder P(K) is finitely generated if and only if K is virtually compact
or C is an open subcurve of A1.

(b) If K is virtually compact, then P(K) can be generated by two elements, and
even by a single element if in addition K has no isolated points.

Proof. (b) follows from Theorem 5.21 and Example 5.16. Assume that C is an open
subcurve of A1. Let L be the closure of K in A1(R) = R. The saturated preorder
T := PR[t](L) of L in R[t] is finitely generated: See [9] Thm. 2.2 or Remark 5.23.1
below. By Lemma 5.8, T generates the preorder P(K) in R[C].
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Conversely, if neither C is rational nor K is virtually compact, it was proved in
[15] Thm. 3.5 that P(K) is not finitely generated. �

Remarks 5.23.
1. As a complement to (b), we point out that the preorder P(K) may require

an arbitrarily large (though finite) number of generators, if C ⊂ A1 and K is not
virtually compact. The minimum number of generators depends on the number of
connected components of K. Indeed, let R be any real closed field, and let K ⊂ R
be unbounded:

K = ]−∞, b0] ∪ [a1, b1] ∪ · · · ∪ [am, bm] ∪ [am+1,∞[

where
−∞ ≤ b0 < a1 ≤ b1 < · · · < am ≤ bm < am+1 ≤ ∞

(]−∞,−∞] := [∞,∞[ := ∅) and at least one of b0, am+1 is finite. Let f1, . . . , fr ∈
R[t] with K = {f1 ≥ 0, . . . , fr ≥ 0}. Then f1, . . . , fr generate the saturated preorder
P(K) in R[t] if and only if each of the polynomials

pi := (t− bi)(t− ai+1)

(i = 0, . . . ,m) is, up to a positive factor, among the fi. Here t − (−∞) := 1 and
t−∞ := −1. In particular, the saturated preorder P(K) can be generated by m+1,
but not by m, polynomials.

Necessity is easy: Clearly, pi ≥ 0 on K. Since K is unbounded, we have for each

f =
∑

e∈{0,1}r

se · fe1
1 · · · fer

r ,

where the se are sums of squares in R[t], that deg(f) is the minimum of the degrees
of the summands. From this the claim follows.

Conversely, one checks PO(p0, . . . , pm) = P(K) by factoring a given polynomial
in P(K) into irreducibles.

2. The second part of (a) is true over arbitrary real closed R. More generally, if
C is an affine non-singular rational curve over R (i.e. C ⊂ P1), then all saturated
preorders associated to closed semi-algebraic sets in C(R) are finitely generated.

Remark 5.24. A closer analysis of Theorem 5.21 reveals unexpected features when
singularities are present. Recall that C denotes an integral affine curve over R and
K ⊂ C(R) is virtually compact. For M ∈ C(R) let PM = P(K̂M ) be the saturated
preorder in ÔM associated with the set K̂M = K̃ ∩ Sper ÔM . We keep writing QM

for the preorder in ÔM which is generated by the regular elements in PM .
1. First we note that if M is an isolated point of K, then QM is always finitely

generated. Indeed, if the maximal ideal of R[C] corresponding to M is generated
by g1, . . . , gm, then ±g1, . . . ,±gm generate the preorder QM = PM in ÔM .

2. If ÔM is a domain, then clearly QM = PM , i.e. the preorder QM is saturated.
However, if ÔM has zero divisors, this need not be the case. It can even happen
that PM is finitely generated but QM is not, as the next example shows:

Example 5.25. Let A = R[[x, y]]/(xy) be the (formal) ordinary double point singu-
larity. Given a closed subset Z of SperA, let PZ = P(Z) be the associated saturated
preorder of A, and let QZ be the preorder generated by the regular elements in PZ .

If Z = ∅ then PZ = QZ = A is generated by the single element −1. (This is
true in every ring which contains 1

2 .) If Z = SperA then PZ = QZ , since psd = sos
holds in A ([16] 3.8). However, for any proper closed subset Z ⊂ SperA which
contains a non-closed point, we have that PZ is finitely generated, while QZ is not!

Indeed, SperA consists of the closed point ω and four non-closed points, corre-
sponding to the four half-branches. Let ξ± be the point where sign(x) = ±1, and
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η± the point where sign(y) = ±1. The typical sets Z and their saturated preorders
are:

(a) Z = {ω, ξ+, ξ−, η+}: PZ = PO(y);
(b) Z = {ω, ξ+, ξ−}: PZ = PO(y,−y);
(c) Z = {ω, ξ+, η+}: PZ = PO(x, y);
(d) Z = {ω, ξ+}: PZ = PO(x, y,−y).

In none of these cases isQZ finitely generated. We show this by a uniform argument.
Suppose there are finitely many regular elements h1, . . . , hn in QZ such that

QZ ⊂ ΣA2 · h1 + · · ·+ ΣA2 · hn.

(Every sum of squares in A is in fact a square, but this plays no role here.) In each
of the four cases, the element fm := x2m + y lies in QZ for all m ≥ 0. So, fixing m,
we have an identity

fm =
n∑

i=1

gihi (∗)

with g1, . . . , gn ∈ ΣA2. Since fm /∈ m2, at least one of the gi must be a unit. Since
ξ+ ∈ Z, each hi has positive leading coefficient with respect to x. Therefore, the
order with respect to x of the right hand sum does not exceed the maximum of the
orders of the hi with respect to x. For large m, this contradicts the representation
(∗).

Combining this discussion with Theorem 5.21, we obtain:

Corollary 5.26. Let C be an integral affine curve over R whose only real singu-
larities are ordinary double points, and let K ⊂ C(R) be a closed semi-algebraic set
which is virtually compact. Again denote by P(K) the saturated preorder associated
to K.

If every double point of C contained in K is either an isolated or an interior
point of K, then P(K) can be finitely generated (by at most four elements, in fact).

On the other hand, if K contains a double point of C which is neither an isolated
nor an interior point of K, then P(K) cannot be finitely generated. �

Example 5.27. We study a second basic example, the (ordinary) cusp singularity
A = R[[x, y]]/(x3 − y2). Since A is a domain, there is no difference between the
preorders PZ and QZ . However, the preorder A+ of psd elements in A is not
finitely generated. Indeed, x + cy ∈ A+ for every c ∈ R. But for any choice of
finitely many elements h1, . . . , hn ∈ A+ we have x + cy /∈ PO(h1, . . . , hn) for |c|
large.

Proof: Since every unit in A+ is a square in A, we can assume hj ∈ m for every
j. Identify A with R[[t2, t3]] via x = t2, y = t3, and write hj = ajt

2 + bjt
3 + · · · ,

with · · · denoting terms of order ≥ 4. Then aj ≥ 0, and aj = 0 implies bj = 0.
Assuming x+ cy ∈ P , we have

t2 + ct3 =
∑

j

γj

(
ajt

2 + bjt
3
)

with γj ≥ 0. This shows that the point (1, c) has to lie in the closed cone spanned
by the (aj , bj) in R2, a condition which fails for |c| � 0.

Similarly we see: The saturated preorder in A associated to a half-branch of the
cusp is not finitely generated. (Take Z = {y ≥ 0}. Given h1, . . . , hn ∈ A with
hj ≥ 0 on Z, with aj , bj as before, then aj ≥ 0, and aj = 0 implies bj ≥ 0. So the
psd element x+ cy does not lie in PO(h1, . . . , hn) for c� 0.)

Using Proposition 5.12, we conclude:

Corollary 5.28. Let C be an affine curve over R with a real (ordinary) cusp
singularity M , and let K be a closed semi-algebraic subset of C(R) such that M
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is a non-isolated point of K. Then the saturated preorder P(K) in R[C] is never
finitely generated. �

6. Applications to the moment problem

Given a closed subset K of Rn, the K-moment problem asks for a characteriza-
tion of the linear forms L : R[x] → R which arise by integration with respect to a
suitable Borel measure on K. (Here and in the sequel we write x = (x1, . . . , xn).)
It is well known that the K-moment problem is closely related to questions about
preorders in R[x]. We refer to [12] for details and for basic terminology.

Remarks 6.1.
1. In our paper [12], we made essential use of several results on sums of squares

and preorders for which we referred to ‘work in progress’ (reference [20] in loc. cit.).
Proofs for the essential ones among these results are contained in the present paper.
Let us briefly indicate the precise references: [12] 3.11 is covered in 5.17, [12] 3.12
is covered in 5.22, and the fact that psd = sos holds in R[C], for C a smooth affine
curve with C(R) compact (mentioned in [12] 2.18) is covered in 4.14(b). In all
cases, the statements established here are much stronger than the corresponding
ones announced in [12].

Responding to some open problems from the paper [9], we mentioned at the end
of [12] (p. 86, bottom) that two (particular) preorders P1 and P2 in R[x, y] are
saturated. Unfortunately, the argument for P1 is not clear, and it seems to be an
open question whether P1 is indeed saturated. The proof for P2 will be given in
[17].

2. We take the opportunity to mention that the hypotheses in Examples 4 and 5
of [12] 3.14 need some adjustment, to make the statements correct.

We start by pointing out a large number of new (one-dimensional) cases where
the K-moment problem is solvable. This is a direct corollary to the results in
Sect. 5. We first need to extend the definition of virtual compactness to arbitrary
closed semi-algebraic sets of dimension one:

Definition 6.2. Let K be a closed semi-algebraic subset of Rn of dimension ≤ 1,
and let C ⊂ An be a curve over R for which C(R) contains K. We say that the set
K is virtually compact if it is so with respect to the curve C (in the sense of 5.1).
Note that this does not depend on the choice of C.

The following is an extension of Schmüdgen’s solution of the K-moment problem
theorem in the one-dimensional case, to the case where K is virtually compact (but
not necessarily compact):

Theorem 6.3. Let f1, . . . , fr ∈ R[x] = R[x1, . . . , xn]. Assume that the semi-
algebraic set K = {f1 ≥ 0, . . . , fr ≥ 0} ⊂ Rn has dimension ≤ 1 and is virtually
compact (6.2). Then the following hold:

(a) The preorder PO(f1, . . . , fr) contains every f ∈ R[x] which is strictly posi-
tive on K.

(b) f1, . . . , fr solve the moment problem for K.

Recall [12] that (b) means that every linear functional R[x] → R which is non-
negative on PO(f1, . . . , fr) comes from a Borel measure on K.

Proof. Let C be as in Definition 6.2. Then (a) is immediate from Theorem 5.5.
It implies that the preorder PO(f1, . . . , fr) is dense in its saturation, which means
(b) (see [12]). �



SUMS OF SQUARES ON REAL ALGEBRAIC CURVES 29

Remark 6.4. Let K be a one-dimensional closed semi-algebraic set in Rn which is
virtually compact. In [12], it was proved that the K-moment problem is finitely
solvable if the ‘support curve’ C is non-singular (loc. cit., Thm. 3.12). Theorem 6.3
generalizes this to arbitrary support curves.

Note however that a stronger statement was in fact proved in loc. cit.. Namely,
the saturated preorder P(K) was shown to be finitely generated in the non-singular
case. This stronger version, however, can fail in the general (singular) case, as we
have seen in 5.26 or 5.28.

On the other hand, we also derive new cases where the moment problem fails.
For this we start by remarking that the hypotheses of the central result of [12] Thm.
2.14 can be softened (we only give a formulation in the case of curves):

Proposition 6.5. Let C be a reduced affine curve over R, and let T be a finitely
generated preorder in R[C]. Suppose that every point of C at infinity is real and
lies in the closure of the set K = S(T ). Then T is stable and closed.

Proof. The proof given in [12] works: Let C ↪→ C̃ be a good completion of C, and
let C̃ rC = {M1, . . . ,Mr}. The points Mi are real and lie in the closure of K. For
n ≥ 0 let

Un = {f ∈ R[C] : ordMi
(f) ≥ −n, i = 1, . . . , r}.

Then Un is a finite-dimensional R-vector space, and U0 ⊂ U1 ⊂ · · · ⊂
⋃

n Un =
R[C]. Given elements a1, . . . , am in T with

∑
i ai ∈ Un, we have ai ∈ Un for each i.

As in [12], this implies that T is stable. Since K is Zariski dense in C(R) and C is
reduced, T is closed by [12] Cor. 2.11. �

Remark 6.6. We can produce many new examples of one-dimensional sets K whose
moment problem is not finitely solvable. Namely, assume that K ⊂ Rn is a closed
semi-algebraic set contained in C(R) for a curve C, such that every point of C at
infinity is real and in the closure of K. If the saturated preorder P(K) is not finitely
generated, then the K-moment problem cannot be finitely solved.

Indeed, assume that f1, . . . , fm ∈ R[x] solve the K-moment problem. Then the
preorder T := PO(f1, . . . , fm) in R[C] is dense in P(K). By Proposition 6.5, T is
closed in R[C]. But then P(K) = T , contradicting the hypothesis.

If K contains a cusp or a double point of C, neither as an isolated point of K nor
in the second case as an interior point of K, then P(K) is not finitely generated,
as we have seen in 5.26 and 5.28. In this way we construct plenty of new (singular)
examples.
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